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Abstract: The bicentric n-gons with incircle and those with excircle are in
the focus of our interest. Remodeled and extended results are presented con-
cerning Fuss’ relations and geometrical configurations with incircle and those
with excircle. These results are companion to ones exposed in [10]. Several
new conjectures are also posed and discussed.

1. Introduction

A polygon which is both chordal and tangential is shortly called
bicentric polygon. The relation (condition) that an n-sided polygon be a
bicentric one is called Fuss’ relation for bicentric n-gons and denoted by
F,.(R,r,d) = 0 in honor to Swiss mathematician Nicolaus Fuss who first
found the relation for bicentric quadrilateral. This relation is given by

(R? —d*? — 2r*(R* 4 d*) = 0,

where R and r are radii of circumcircle and incircle, respectively, and d
is distance between centers of circumcircle and incircle, see [3]. Fuss also
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found relations for bicentric n-gons where 5 < n <8, [4].
The main and key result in theory of bicentric polygons is Poncelet’s
celebrated closure theorem which can be stated as follows [5]:

Let C' and D be two nested conics such that there is an n-sided
polygon inscribed in D and circumscribed around C. Then for
every point X on D there is an n-sided polygon inscribed in
D and circumscribed around C' such that the point X is one
of its vertices. Hence, for every starting point X there is a
polygon with the same n-periodicity.

Berger, Cayley, Dorrie, Jacobi and others have worked on number
of problems related to this inspiring result. The problem of establishing
Fuss’ relation for bicentric quadrilateral is listed in [2, pp. 188-192] as
one of the 100 great problems of elementary mathematics; however, we
point out that the case n > 3 has been solved only recently (see [6] for
odd n and [11] for n being even).

In the following we shall restrict ourselves to the case when conics
are circles and deal with properties of the functions given in [10]. Some
frequently used notation and used in sequel are three positive real num-
bers Ry, 1o, dp which satisfy Ry > 1o + dy and F,,(Ry,ro,dy) = 0. Let Cy
and Cs be circles in the same plane so that

Ry = radius of Cy, ry = radius of C,,

dy = distance between the centers of C; and Cs.

By the Poncelet closure theorem, since F,(Ry,7o,dy) = 0, there is for
any point X of C; a bicentric n-gon inscribed in C; and circumscribed
about Cy with X one of its vertices. This fact will be shortly said that
(Ro,70,do) has n-closure.

The class of all bicentric n-gons inscribed in C; and circumscribed
about Cy will be denoted by C(Rg,79,dy). According to [10, Definition
1|:

| Let (Ryg,ro,dy) be positive real numbers and Ry > 1o + do.
Then (f%o, To, czo) is a triple obtained from the triple (Ry, o, do)
such that Ry and dy are mutually interchanged, that s

(1.1) (Ro, 7o, do) = (do, 70, Ro).

This kind of triples will be called dual triples.  Thus,
(do, 70, Ro) is dual to the triple (Ro,10,dy) and vice versa.
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Concerning to this definition we give the following extension:

Let (Rg,79,dg) be as in the previous definition. Then the
triples (1,79/ Ro, do/Ro) and (1,710/dy, Ro/dy) will be called re-

lational dual triples.

The first part of these definitions refers to bicentric polygons with
incircle and the second is connected to bicentric polygons with excircle.

Next, let R,7,d > 0 consist the triple (R,7,d). Then it will be
frequently said that (R,r,d) is positive or to write (R,r,d) € RY. Now
we recall

Definition 1.1. [8; Definition 1| Let S be the set given by
S={(R,r,d) eR :R>r+d}.

Let fi, fo : S — S be functions on the set S defined as follows. Let
(Ro,70,dp) € S. Then

(1.2) f1(Ro,70,do) = (Ra,71,d1),

where

R% :R0<R0+T0+\/<R0+T0)2—d%>,
(1.3) r? = (Ro+10)?* — d3,
d% :Ro <R0+7’0— \/(R0+7’0)2 —d%),

and

(1.4) f2(Ro, 7m0, do) = (Ra, 72, d3),

where

R%sz%—m+¢wrwW—ﬁ»
(1.5) r5 = (Ro—ro)* —dg,
dg :RQ<RQ—T0—\/(RQ—T0)2—d%>.
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In |7, 8| are proved the following findings. Let (R;, 7, d;), i = 1,2
and fi, fo be as in the last definition. Then

rR1>T‘1+d1, R2>T2+d2,
Rldl = R2d2 = ROdO;
Ri+di —r{ = RS +d3 —rj = R§+ dj — g,
(16) RQ _ d2 RZ _ d2
1 1 _ %2 2 _

— 4w,

27’1 27“2
2R1T1d1 . 2R2T2d2 .

(BRI —di  Rj-d

and
—(R2—|—d2— 2)+ R} —di 2+ 2Riridy
T 2, R — &
R2—@3\>  [2Ryreds\’
1. _ _ 2 d2— 2 iy — @ 21202 _ 2'
(1.7) (R3+d5 r2)+( 5 + @ re

Let K denote the set given by
K={(R.r.d) €5: (R~ &)’ = 2*(R* + &) = 0},

that is K denotes the set of all (positive) solutions of Fuss’ relations for
bicentric quadrilaterals.
Moreover, in [8, Theorem 2| we have established the following result:
Let (R,7,d) be a triple of the set S\ K and let g be function on the
set S\ K given by g(R,r,d) = (R,#,d), where

R—d 5 2Rdr

or R? — 2
) R — d2\* 2Rdr \*
T:\/—(R2+d2—7’2)+( o ) +<m)

Then S\ K is maximal subset of S such that

R:

(1.8)

(1.9) (R,#,d) e S\K = (R,r,d) € S\ K.

Notice 1.2. In [8, Theorem 2] it is shown that in the case when
(Ro, To, d(]) € K then TA’O =0.
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Definition 1.3. Let (R, 79,dy) € R3 be a solution of Fuss’ relation
F.(R,r,d) = 0. Let Cy,Cs be circles such that Cy is completely inside of
Ci. Let Ay --- A, be a bicentric n-gon from the class C'(Rq, 19, dp) and let
Ty, -+, T, be touching points of its sides (segments) A; Ay, - -+, A, A; and
circle Cy, respectively. Then |A;T;|, i = 1,--- ,n, are so-called tangent
lengths of the n-gon A;--- A,. If

- AT
Z arctan | | = km,

T
i=1 0

where k € N then n-gon A;--- A, is k-circumscribed and k is rotation
number for n.

If n-gons from the class C(Ry,19,dy) are k-circumscribed, then
Fuss’ relation for this class of the n-gons is denoted by F,gk)(R, r,d) = 0.

The term cycle will be also used in the following. Let (Ry,, 7k, dk,) €
R? be a solution of Fuss’ relation F,,(R,r,d) = 0, where n > 3 is an odd
integer. Then there is an integer m > 1 such that

g" (Rklv Tkys dkl) = (Rkl 2 Tkis dkl) )

where ki, - -, ky,, are rotation numbers for n. Then (ki, ..., k,,) is called
a cycle for n. For example, the cycles for n = 3,5,7,9 are (1), (1,2),
(1,2,3), (1,2,4), respectively.

The following conjecture [8, Conjecture 2| is also of importance.
Let (Ry,mx,dy) be a solution of Fuss’ relation F,,(R,r,d) = 0, where
n > 3 is an odd integer. Let

(1.10a) 9( Ry, m, di) = (Ry, 7y, dy),
where k and | are rotation numbers for n. Then

(110b) fl(Rl;rl; dl) = (Rk,rk,dk), if l is even,

(110C) fQ(Rl,Tl,dl) = (Rk,Tk,dk), if | is odd.

From (1.9) follow the following two assertions:

Assertion 1.4. Let (R, 70,dg) € S\ K. Then the solutions of the
system (R, 7,d) = (Ro,r0,do) are (R;,r;,d;), i = 1,2, described by (1.2)
and (1.4).
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In turn, g is a left inverse of fi, fo, that is g f;(Ro, 70, do) = (Ro,70,do),j =
1,2.

Assertion 1.5. Let (Ry,ro,do) € S. Then there are two triples in S
which g maps onto (Ry, g, dp); these are fi(Ry,ro,do) and fo( Ro, 7o, do).

Now let (Rp,70,do) € S and iy, ...,4, € {1,2} and n € N. Then by
definition

(Ril.,.z‘nﬂ”zl...z‘n, dil...in> = fin . fi1<RO>T07 do);

compare to Figure 1. It can be shown that

(1.11a)
R  +d2 . —r2 . R +d? —r?
cin ¥ Cipin " Vit T DOTTO _ oy e g 9y,
2R, i diy 2Rd,

where [ is the invariant of the above described corresponding pencil.
Indeed, it is sufficient to show that
Ri+di—rf Ri+d5—r3 Ry+dj—rj
2Ridy,  2Redy 2Rody
since the analogy is complete.

0
/ \
1 2
ARV
11 12 21 22
AUAWARN
111 112 121 122 211 212 221 222

Figure 1: The arrow + refers to fi(R;, 7, d;),
the arrow - refers to fo(R;, 7, d;).

It is often convenient the use of the triple (1, p,d), normalized with

respect to R, instead of (R,r,d), writing p = 5, 6 = }%, see e.g. [1]. So
R:+d%2—1? 7 = 1+ 62— pd o1

2R0d0 2(50

where

(1.11b) po=1—2I5+ 8.
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Supposing that (Rg, ro,dp) is not from K and using the relations given
by (1.8), it is easy to show that
A \2 ;2 52 S0 (D
(Ro)” +(do ) = (70)* _ , = 1+(%)°—(po)” _,

2 A
2R0d0 2 50

from which follows

A A A
(1.11c) (po)? =1 — 21 &y +(8)>.

A A .
where 50: do/Ro, LPo=— fo/Ro.
Let (R, 70, dp) be any given triple from S\ K. Then the triples
(Ro,70,do), (do, 70, Ro), (R07 fo,do), (do, 7o, }?0)
belong to the same pencil since
R+d3—r2 BH+RI—v} R4d3—i2 di+RI-7 _
2Rydy 2dy Ry 2Rody 2dy Ry ’
where [ is invariant of the corresponding pencil. The above equalities
can be written as

* * A A
L+ 8- 1+ = () 1+ — ()
209 Y A
2 0,
(1.11d) o 290
O
14 (80)% — (po)* I
- - =1,
2 o
where

do N 1) o Czo = ]%0

p R U S R L)
’ Ry ’ do ’ Ry ’ do

- To * To A_ 720 D_ T’AO

Po = RO’ Po= d07 Po= RO’ LPo= dAO

and from the equalities (1.11d) it follows

* * * A
po=1—2I0+ (%)? (po)* = 1 =21 dy +(0)*, (p0)*

A A O o 0
(1.11e) =1—2I 6y +(00)? (po)* = 1 —2I & +(5)*.
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Now, using the above relations will be about some functions which
play key role in research of bicentric polygons where conics are circles.
Let (Ro,ro,do) € S\ K. The relation given by

do  400(1 — 2180 + 63)

1.12a — =
) R -
will be important in the sequel; one obtains from
5 2R07’0d0
TR -
such that the both sides of this relation be divided by Ry, that is by
R-d& . . R-—d |
. Since Ry = we can write
27"0 27"0
CZO . 2ROT0d0 . R% - d% . 4R0T(2]d0 . Ré . 4[)%50
Ry FRj—di  2ro  (R§—d)*: Ry (1-0)"
Thus
o 46005
1.12b b= —=—
. TR

A
where do= dy/Ry and pi = 1 — 21y + 62, compare (1.11b) and (1.11e).
Using computer algebra it can be found that Eq. (1.12a) has four
solutions in dy:

(00)1 = = :

(1.12¢)

A LA
1+ po +\/2(1 — 1 60 + po)

do

A AN
1— po +\/2(1 —1 0 — po)
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A o
where pp= 79/ R and I denotes the invariant of the corresponding pencil.

Conjecture 1.6. [10| There exist functions 7;, ¢;,7 = 1,2 defined by

" (§> — (o)1, (f) ~ (G0}, & <§> — (bo)s, > (f?) ~ (o)

and
A
A 1+p%—\/2(1—150+p%)
71(do) = x :
do
A
A 1—p0— 2(1—150—p0)
72 50) = A )
(1.13) %
A
A 1+/%+\/2(1—160+/%)
801<50) = A )
do
N
A 1—/%]+\/2(1—I50—PAO)
p2(do) = x :
do

Now we formulate notation which will be used in defining functions
g;,Ti, 1= 1, 2.
~ Let (éo, To, 020) be given by Eq. (1.8). Then the dual of the triple
(Ro, o, do) is
(1.14)

~

(d07 7207 RO) =

_ | 2Rgrodo (P2 2 .2 R3—d3 2Rgrodo Rg—dg
= <—Rg—dg 7\/ (R§ + dg 7"0)+< o ) T R—E ) T |-

Thus, instead of the triple (Ro, 7o, do) used in obtaining (1.12b) we apply
the dual triple (do, 7o, Rp). So, we conclude

(1—55)°
480 (1 — 2001 + 62)

O
(1.15) So=

or
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O_(1-&)
o 450P(2)

Y

o .. )
where dp= Ro/dy and the last relation follows from RO = R2—d%/2rg
dividing both sides with do, that is by 2Rgrodo/(R% — d3), consult (1.14)

and Cf. Wlth (1.8) recalling that (50 in (1.12) equals do/Ry < 1 and in

(1.15) is 50: Ry/dy > 1. So we have the following equality

A LY I
RO CZO (1 )2 450p3
)

The equation in dy given by (1.15) has the following four solutions

O
(d0) 1—50+P0 \/250 50+P0 —]);

= 1.

2 0 50—PO—I )

(00)3 —50 + /)0 +

T
R

O
(504—50—,00+ 2 g 50—P0——7 )

O
2 o 50+P0 —I),

where pDo: 7o/dy and I remain the same as in (1.12).

Conjecture 1.7. [10| There exist functions o;, 7;, ¢ = 1,2 defined as

(

(
(1.16)

(

(
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It is worth to mention that the functions given by (1.13) refer to
bicentric polygons with incircle and the functions given by (1.16) are
associated with the excircle. Also we already mentioned that for each
triple from S\ K we get relations like those established for (Ro, 7o, do) €
S\K. Accordingly for any equality like (1.12b) we arrive at four solutions
in the form of (1.12¢). This shows that the definition of v;, ¢;,7 = 12, is
correct. The same holds true for o;, 7,7 = 1, 2.

In turn, with these argumentation the Conjectures 1.6, 1.7 have
been proved.

2. Properties of the functions ~;, p;, 0;,7;,2 = 1,2

The article primarily deals with connections between bicentric poly-
gons with incircle and those with excircle. The connection is precisely
established and cornerstone relations were inferred for bicentric polygons
where conics are circles. Firstly, we express v;, ;, 04, 7,1 = 1,2 in a
more appropriate form. Namely, using (1.11d) for invariant [ and writ-

.. . R A O
ing dy/ Ry, 7o/ Ry, Ry/dy, To9/dy instead of 6, o 1) b, respectively, we get
g 0/ 0, "o/ {10, fig/ Ao, To/ Ao 05 £05 90, Po p Y, g

~

)

d Ry + 7o — 1/ (Ro + 70)% — (do)?
(2.1a) 71< ): \/ -

=

0

(2.1b) V2

53>
(=]
|9
o

S
=
o
_|_
>
o
+
53>
o
+
=
[==]
e
|
—
S
(=]
Ny
o

jank
o

j N
o

(2.1d) P2

(216) 01
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P €A W e LG 0
. 2 = — A 9
do

2.1 T — | = - ,
( g) 1 i i
2o\ Ro— ot /(o — 7)? — (do)?
(2.1h) o [Ho) 2 fomTot Vi =) (0),
do do
where

v (2—2) L5 (2—2) =1,i=127 (%’) .0, (f;) =1,i=1,2
Also, let us remark that from (2.1) it follows:
do Ry do Ry
(i) (@) () ()
do Ry do Ry
i) (@) =) (2)

So the functions ~;, ; refer to bicentric polygons with incircle and the

functions o;, 7; refer to bicentric polygons with excircle being throughout
1=1,2.

Theorem 2.1. Let (Ry,ro,dy) be a triple from the set S\ K and let
Fn(Ro, To, do) = (0. Then

: d do do do
2.2 either ~ = — or - = —,
> o(%)-% = ()R
where 74 <g—‘;) and vy <%‘;) stand on the right hand sides of (2.1a) and

(2.1b) respectively.

Proof. First we consider the following equation in s:

(2.3) T <go> = s,
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where Ry, 7y, dy are given by

. O RR—d : ]
Ro= T80 gy (R )+ (o) + (do)?
0
(2.4) 2R
TR d

After rationalization and factorization (2.3) becomes

(doS - Ro) : (do - R()S)'
(dys — diris — 2d2R2s — dori Ros* — dor2 Ry — réR%s + Rjs) = 0,

which solutions are

dy Ry
2.5 - 0
( ) 51 RO, S9 do s
o —dy + d2rd + 2d3R2 + riR% — R§+
’ 2d0T8R0
" (d5 — R3)/((do — 10)* — R3)((do + 10)? — R3)
2d07”(2)R0 ’
o —dy + djry + 2d3RE + Ry — Ry
! 2d07’8R0
_ (d§ — BY)V/((do — 10)* — R5)((do + 10)* — Rp)
2d0T8R0 )
It is worth to notice that sy = s384 = 1. O

The same solutions, obtained in the same way, have the equation

Yo <g—%> = s. It turns out that

d d
(2.6a) S183 =" (R(())) “ V2 (R(())) )

jfi ~
(26b) S984 = T1 (CZ;)) D) (Czo) s

where 7 (%) and 7y <%§> are described in (2.1g), (2.1h) respectively.

Thus s; and s3 refer to bicentric n-gons with incircle and sy and
s4 refer to bicentric n-gons with excircle. So, establishing the equality
related to (2.6a) we mutually obtain the equality related to (2.6b).
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Corollary 2.2. Let (Rg,79,do) be as in Theorem 2.1. Then
either ")/1<R0, ’lﬁo, dAo) = (R[), To, do) or ’YQ(R(), ’lﬁo, dAo) = (R[), To, do)

The proof of the next result contains the same lines as the proof of
the previous Theorem 2.1.

Theorem 2.3. Let (Ry,ro,dy) be as in Theorem 2.1. Then

. Ry Ry Ro R,
2.7 either T ~ =— or T ~ = —.

Corollary 2.4. It holds
either 7 (do, 70, Ro) = (do, 70, Ro)  or7s(do, o, Ro) = (do, 1o, Ro).-

So the relation (2.6a) refers to bicentric n-gon with incircle, while
(2.6b) is associated to bicentric n-gon with excircle.

Theorem 2.5. Let (Ry,ro,dy) be as in Theorem 2.1. Then

) do Ry do Ry
2.8 either - = — or — | = —.
( ) s (R()) dO 72 (Ro) dO

Proof. Since the right hand sides of the relations

(Ci() > RO + TAO + \/(Ro + fo)2 - (Cio)Q
®1 - = =
Ry

are the same as the right hand sides of the relations (2.1g) and (2.1h),

the solutions of ¢, (%%) = s and 9 <;l}_%> = s coincide with the solutions

of 1y <&> = s and 7 <&> = s. O

do dO

Corollary 2.6. There holds
either 901(R07 TAO) dO) = <d0> 70, RO) or 902(R07 TA‘Oa dO) = (d07 7o, RO)
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Theorem 2.7. Let (Ry,ro,dy) be as in Theorem 2.1. Then

. Ro\ _ do Ro\ _ do
2.9 either oy | = ]| =— or o3| =— | =—.
Proof. Comparing the right hand sides of (2.1e) and (2.1f) and (2.1a)

and (2.1b), we deduce that o, <§JO) = s, 09 (%) = s have the same

solutions as (g—%) =S, Yo (%) =s. O
Corollary 2.8. It holds
either 0-1<dA07f0,R0) = (Ro,70,do) or Uz(CZO,foa Ro) = (Ro, 70, do).

A

A
Theorem 2.9. Let (R, ro, dy) be as in Theorem 2.1 and let R;, ?i, d;,i =
1,2 be defined as

(2.10a) (le)z = Ry (Ro + 7o + \/(Ro + 79)2 — (JO)Q) ,
(2.10b) <o‘~1)2 = (R + 70)* — (do)*,

(2.10c) (&1)2 = Ry (Ro + i — \/(RO + 7g)2 — (cfo)2> ,
)

(2.10d) (1522
(2.10e) (#2)2 = (Ro — 70)* — (do)?,

(2.10f) (212) R (1%0 o — 1/ (By — 0)? — (CZO)2> .

~ A N A
d d d
(211&) 4! (é_0> = T17 V2 <RO> = A_27
0 R, 0 R

~ A ~ A
R R
(2.11b) ©1 (5) - © (};) =0,
0 dy 0 do
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. A . A
d d

(2.11c) o (o) = . 0 fio ) _ =,

do R, do R,

R\ R R\ R
(2.11d) nl=|=1 nl>|=3

do d, do dy
Proof. We will use the following straightforward equalities

A A A A A A

(212) Rldl = R2d2 = Rodo.

Indeed,

A A 2 N ~ ~ ~
<R1d1> = {Ro (Ro + Fo + \/(R0 +70)% — (do)?

- [RO (RO 7o — /(o + )2 — (
:(Ron)Q.
Using (2.12) and (2.1) we arrive at

Rody

(g)- o) )

Ry

U . . a2
a?o B Ry (Ro —To — \/(Ro —7)% — (d0)2) <d2
" Fody

which finally confrim (2.11).
Corollary 2.10. For i = 1,2 we have

. do . do -1
71 BO 901 EO )
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Corollary 2.11. It holds

(2.13a)

. N . N A A A ~ R ~ A A A
either 1 (Ro, 7o, do) = (R1,71,d1) or  72(Ro, 7o, do) = (Ra, 72, d2),
(2.13b)

. ~ R ~ A A A N . N A A A
either  ¢1(Ry, 7o, do) = (d1,71,R1) or a(Ro,To,do) = (da, T2, Ra),
(2.13c)

. . A, 4 . . A, A
either o1(do, 79, Ro) = (R1,71,d1) or o9(do, 7o, Ro) = (R, 72, ds),
(2.13d)

. . A, A . . A, 4
either 71 (do, 7o, Ro) = (d1,71, R1) or 7a(do, o, Ro) = (da, T2, Ra).
The proof follows from (2.14a), so it is omitted.

Corollary 2.12. It holds
Cio Ro AO RO
2.14a = =0 |-, = =0 — |,
( ) gi! (Ro) 1(do> ’72<R0) 2<d0)
CZO R() CZO RO
2.14b - =7 |-, - =T — | .
( ) ¥1 <R0> 1<do> <P2<RO> 2<do)

Remark that for all functions 71, ¢1, 01, 71 we get different kind then
in the case of s, o, 09, To.

Now, we extend the meaning of definition of ~;, v;, 0;, 7, ©+ = 1,2
carried by (1.13) and (1.16) omitting the symbol ~ throughout. This
results in

(2.15a) " (@) _ Bo+ro— V(Ro+710)° — (o)’

Ry dy ’
(2.15b) - (Z_(;) _ o= \/(}jzz —ro)* = (do)*
(2.15¢) o1 (%) _ Botrot \/<§Z +10)* — (d0)27
(2.154) 2 (%) _ Ro—mo+ wzjlz )~ ()
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(2.15¢) o1 (%) _ Botro— \/(122 *70)* = (do)*
(2.15f) - (%) _ fo—ro— \/(ZZZ —ro)* = (do)*
(2.15g) n (%’) _ fotro+ \/(};Z +10)* = (do)*
(2.15h) 7 (%) el \/UZZ —10)? — (do)*

Theorem 2.13. The following relations hold

(2.16a) 96! (%) = 2—11, V2 (%(;) = ]d%_z’
(2.16Db) 1 (2—2) = 5—11, P2 (2—%) = 5—22,
(2.16¢) o1 (?—;) = ?{_11’ o) (R—::) = d_22,
b ()R ()0

where (R;,r;,d;), 1 = 1,2 are given by (1.3) and (1.5).

Proof. The relation Rid; = Rsdy = Rydy, which we can approve as

R%d? = |:R0(R0 + To + \/(RO + 7'0)2 — d%):| .

: [RO(RO 70—/ (Ro +mo)? - d%)} — Rods.

the asserted equalities by (2.15) we rewrite as

) (d0> R <R0 + 70— /(Ro +10)% — (d0)2> 24

Ry Rydy - Ryd; B Ry’
dy Ry (Ro —To — \/(Ro —19)% — (d0)2> d% dsy
” (E) - Rody T Reds Ry

The rest is obvious.
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Corollary 2.14. We have

do Ry do Ry
(8)-0(2) ~(2)-a(2)

dO RO dO RO
(8)-(8) +(5)--(5)

The shorthand form of (2.16) read

where we use the input triples for (2.16). Thus, if a triple (Ry,ro, do)
refers to bicentric polygons with incircle then the triple (dy, 7o, Ro) refers
to bicentric polygons with excircle.

Definition 2.15. Let ¥ = S\ K and (d,r,R) € S\ K if and only
if (R,r,d) € S\K. Let g : S\ K — S\ K be a function for which
g(d,r,R) = (d,7, R), where d, 7, R are given by (1.14).

The functions g and g we call rational dual functions.

In the sequel we note that relations (1.3), (1.5), (1.6) and (1.7)
ensure the validity of the previous theorem.

Theorem 2.16. Let (Rg,rg,dy) € S\ K. Then

Analogous properties have s, o, 09, To.

Corollary 2.17. The function g is left inverse for both of the functions
~v1 and ¥, and the function g is left inverse for both of 7 and 75. None
of the functions g and g is left the inverse for ¢, @o, 01, 0.
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Here let us remark that there is a conjecture for 71 and 7 analogous
to the Conjecture 2 for vq,vo. Indeed, let g(dg, 7k, Rx) = (d;, ri, R;), where

k and [ are rotation numbers for an odd n > 3. Then

Ti(dy, 71, By) = (di, 7w, Re) 1 even,
Tg(dl,'f’l,Rl) = (dk,’f’k,Rk) { odd.

Corollary 2.18. The following implications are valid:

Y1 (Ro,r0,do) = (Ry,m1,dy) = (Ry, 71, dy) = ( )
vo(Ro, 7o, do) = (Ry, 72, ds) = (Ry, o, dy) = ( )
©1(Ro, 0, do) = (dy, 1, Ry) = (dy, 71, Ry) = (do, )
wa2(Ro, 10, dy) = (da, 72, Ra) = (dQ,fQ,Rz) = (do, )
o1(dy, 70, Ro) = (Ry,71,dy) = (Ry, 71, dy) = (R, 7o, do),
oo(dy, 0, Ro) = (Ra, 12, dy) = (}?g,f’g,d}) = (Ro, ro, do),
71(do, o, Ro) = (dy,r1, Ry) = (dy, 71, Ry) = ( )
7o(do, 70, Ro) = (da, 12, Ro) = (da, 72, Ra) = ( )

Corollary 2.19. The solution ry of (1.7) has the following rational form

|2R22 + 2d20% + 22R? — R — d|

To a 2 (B2 — ) , i=1,2.
It is interesting to quote that for ¢ =1
g =@ 2RE L2 2E - Ri-dl | 2Rindy
o 2 (RS — ) B
but in the case 1 = 2
Ry — R:—d3 o — —(2R3d5 + 2d3r3 4+ 2r3R3) + R5 + d5 d — 2Rorods
%y 25 (K2 — d2) ! R—&
that is
(2.17) QRIAZ + 2d3r? + 2 R? — R} — di > 0,
(2.18) —2(R3d5 + d3r3 + r3R3) + Ry + d3 > 0.

By using computer algebra, relations (1.3) and (1.5) the proof imme-
diately follows. Of course, instead of (7;,7,) any another ordered pair

(@17902), (01,02), (7'1,7'2) can be treated.
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From Corollary 2.18 can be concluded that there is almost complete
analogy between properties of the functions +; and 7, and the functions
71 and 7. It is because y; and 49 map (Rg, 79, dg) onto (Ry,r1,d;) and
(R, 79,ds), respectively, and 7y, 7o map (dy, ro, Ry) onto (dy, 71, R1) and
(do, 79, Ro), respectively; cf. with Conjecture 1.7 and compare relations
(1.10).

Theorem 2.20. Let Ro,ro,do be as in Theorem 2.1 and assume that
(Roa To, d()) (RO, To, d()) Then

either ’Y1(Ro,7’0,d0) (Ro,70,dyg) or 72(3077’0,610) (Ro, 70, do).

Proof. The assertion follows from Theorem 2.1;
The relation 1 (Ro, 7o, do) = (Ro, 70, dy) can be reduced into

0%} <CZO/R0) = dy/ Ry, consult (1.11b). O
By similar way Theorem 2.3 implies the following result.

Theorem 2.21. Let Ry, rg, dy be as in Theorem 2.1. Then
either 71 (dy, 70, Ro) = (do, 70, Ro) ot Ta(dy, 7o, Ro) = (do, o, Ro).

Conjecture 2.22. Let (R(]?ro,do) € R3 and F,(Ry,79,dg) = 0 where
n > 3 is an odd integer. If 'yl(Ro,TO,do) (Rg,ro,do) then rotation
numbers of (Ro, To, do) is even, but if VQ(RO, 7o, do) (Ro, ro, dp) then ro-
tation number of (RO, To, do) is odd. Analogous holds for another ordered
pairs (@1, 2), (01,09), (11, T2).

3. About n—gons with incircle and those with excircle

In this section we expose some improvements and extension of re-
sults reported in [9].

First in brief on a phenomenon which refers to Fuss’ relations for
bicentric n-gons with excircle where n > 3 is an odd integer, that is,
few words about the geometrical configurations determined by triple
(Ro, 70, dp) and by (dy, ro, Ry) where Ry, 19, dy > 0 and F,,(Ro, 10, dp) = 0,
see Figures 5, 6 and 7. The Figure 5 is determined by (R, 7o, dp) and
Figure 6 is determined by triple (dy, 79, Ry) dual to the triple (R, rq, dp),
that is, (RO, To, do) (do, 70, Ro), compare (1.1). The first figure refers to
bicentric polygons with incircle and the second refers to bicetric polygons
with excircle. Each of them can be called dual to the other.
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o~

Al o

Figure 3: The center of C; is de-
Figure 2: The center of C; is noted by O, the center of Cy is
point O, the center of Cy is point denoted by I, ‘AO) = Ry = do,

[0 ’AO’ = RO |BI()‘ = To ) ’“‘ ~ ""*‘ 1
’ ’ ’ Bly| =19 =19, |Oly| = dy =.
01| = do. 0 0="To 0 0 =0

Theorem 3.1. Let Ry,r9,dyp >0 which satisty Ry >rqg+dy and
F,(Ry,r9,dy) = 0. Let Cy, Co and C;, Cy be positioned according to
Figure 3 and Figure 3. Then for any fixed point P € Cy, there is exists a
point P € C; for which holds

(3.1) |PT| =

where |PT| is the tangent length drawn from P to C; and |PT| is the
length of tangent drawn from P to Cs.

Proof. Let h denotes homotheticity of the plane which contains circle Cy,
such that center O of C; is center of h and dy/ Ry is coefficient of h. Thus
h maps circle C; onto circle C; which is congruent to the circle C1 (since

- Ry = dy). (See Figure 4). The circle C} has radius dy = Ry as the

mrcle C,.

Accordingly, we introduce the rectangular coordinate system xOy
in the plane which contains circle C; such that center O of C; is its
origin and center I of Cy lie on the positive part of z-axis. Thus, if
P has coordinates (u1,v1) then point P’ has coordinates (u',v) so that
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Figure 4:
u = é—% u, v’ = %% v. Hence
d d
(3.2a) P(u,v) — P’ (R‘; R‘; ) .

Also, define another rectangular coordinate system 07 in the plane
which contains circle G, so, that center O of C; is the origin and positive
part of Z—axis contain the center Iy of Co. Thus, there is a point P € C,
with coordinates which are the same as those of point P’, which means

d d
(3.2b) P(u,v) — P <R—(; u, ﬁ; )
Now we can write
|PT|” = (u—do)? 4+ v* —r2 = R2 + d2 — 12 — 2dyu,
\PT\ (u' — Ro)* + (v )2—r0=R0+d§—r§—2dOu,

since |PT|* = |PLy|* — 13, |PT|?> = |PIo|> — r2. 0

Corollary 3.2. Let (Rg,79,dy) be a positive triple for which

Fn(k)(Ro,ro,do) = 0, where k£ is an element from the set of rotation
numbers for n. Let A;--- A, be an n-gon inscribed in C; and circum-
scribed around Cs such that the first vertex is P, that is, A1 = P. Let
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by, eyt be tangent lengths 9f the n-gon A;---A,. Then~there is an
n-gon Ajp--- A, inscribed in C; and circumscribed around C, such that
ti=t;, i=1,---,n that is

AT =|AT], i=1--,n
Proof. For each vertex A; of the n-gon A;--- A, by Theorem 3.1 there
is vertex A; of the n-gon A, --- A, for which ¢;, =t;,i =1,--- ,n. From
this follows
Z arctan — = Z arctan — = k.
i=1 L — "o

Thus, the n-gon fll e fln is inscribed in C'Nl and circumscribed to CNQ. O

Figure 5: The  triple Figure 6: The  triple
(Ro,70,do) = (5,2.1,2) is (Ro,70,dy) = (2,2.1,5) is
a solution of Fuss’ relation a solution of Fuss’ relation
F3(R,r,d) = 0, that is, d?> — R?> — 2dr = 0 and it holds
R2 — d2 — 2Ryro = 0. |AT;| = |AT,i = 1,2,3.

Example 3.3. Consider the case n = 3. Observe Figure 5, where t; =
|[A\ T = 4, to = |ATy| = 2.257285251, t3 = |A3T3| = 5.973973936.
Using these tangent lengths we see that vertices of the triangle AA; A3 A3
(related to coordinate system like the one in Theorem 3.1) are

Ay (2.1475, —4.51532429),  A,(4.873665824, 1.116962318),
As(—2.74591147, 4.178512917).
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Figure 7: Triangles A1A31§5 ~an£1 /214;16/12 are axial symmetric in relation

to x-axis and triangle AA;A3As is congruent to the triangle AA Ay A
shown at Figure 6.

So, for t; = 4 we have 2 = R3 + d? — r2 — 2dyu; from which follows
uy = 2.1475, since t1 =4, Ry =5, rg = 2.1, dy = 2.

The vertices A;, Ay, A; of the corresponding triangle referred to
(Ro, 7o, do) = (2,2.1,5) are given by A; (@i, 0;), i = 1,2,3, where

2 2
(3-3) (ﬂ1a6i> = (g Ui, g Ui) ) 1=1,2,3.

Consider now Figure 6. The vertices fll, 1212, 1213 of the triangle AAlleQAg
are given by (3.3).

Accordingly, using 1, s, U3 we derive tangent lengths and find that
|A;T;| = |ATy|, i = 1,2,3 Therefore from #; = t;, i = 1,2, 3, bearing in

mind that
3
t;
Z arctan — =,
- To
=1

we conclude

151 to t3
arctan — + arctan — + arctan — = .
To To To

The triangle AA; Ay A3 shown at Figure 4(b) is similar to AA; Ay A3 pre-
sented on Figure 5.

The triangles AA A3 A5 and AA AgA, presented in Figure 7 are
axial symmetric with respect to z-axis. From this clearly follows that

ATy | = |ATy| = | AT,
(3.4) |AsTy| = |AsT5| = |A T,
|AsTs| = |AgTs| = |AsTs|.
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Conjecture 3.4. Let n > 3 be odd integer and let (Ro,ro,do) € Ri SO
that F (Ro,’f‘o,d0> = 0. Let Cl, CQ and Cl, CQ be like Cl,CQ and Cl, CQ
at Figure 2. Then there exists 2n-gon Ay -+ Ay, inscribed in C; and
circumscribed to Cy that n-gons

A1A3 <o 121271717 A1+n143+n s An+nA2A4A6 U Anfl
are axially symmetric with respect to z-axis. Using those n-gons we get

for a given odd n > 3 geometrical configuration completely analogous to
the configurations presented at Figures 6 and 7.

In the case of even n > 4 only an n-gon A, . .. A, exists, see Figure 8
and Figure 9 where n = 4.

Ay

Ay

Figure 8: At this figure is

|[AO| = Ro, [0l = do,
|lyB| = 19, where Ry = b5,

= 3.328201177..., dy = 1 Figure 9: This Figure is dual to
and F,(Rg,70,dy) =0 Figure 8

Definition 3.5. Let R,d be mutually interchanged in Fuss’ relation

F,(R,r,d) = 0 for bicentric n-gons with incircle and denote the so ob-

tained relation F,(d,r, R) = 0.

Theorem 3.6. Assume (R, ro,dy) € R and F, (R, ro,dy) = 0. Then
Fn(Ro,’I"o,do) =0 = F’n(do,To,Ro) = 0.
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Corollary 3.7. Specify d = a, R = b; a > b > 0 in relation E,(d,7,R) =
0. Then there is r > 0 for which F),(a,r,b) = 0 and F,(a,r,b) = 0, that
is (a,r,b) is also a solution of Fuss’ relation F,,(R,r,d) = 0.

It is natural to call relations F,,(R,r,d) = 0 and F,,(d,r, R) = 0 dual
Fuss’ relations for bicentric polygons, the first one for bicentric polygons
with incircle and the second one for bicentric polygons with excircle.

Now, we discuss certain relations for odd n > 3, see Conjecture 3.4.
As an example see also Figure 5, Figure 6 and Figure 7. Here is ¢; =
tivg = t;, i = 1,2,3, where t; refers to Figure 6, t;,5 refers to Figure 7
and ¢; turns out to be referred to Figure 5. Triangles AA;A3A; and
AA AgA, are axially symmetric with respect to z-axis and the indices
are related in the manner 4 =14+3,6=3+3,54+3=8,8=2-3+2.

The following question arises: which of the Figures 6 and 7 is more
appropriate in the theory of bicentric polygons with excircle? The fol-
lowing facts suggest the answer.

(i) From each of the vertices Ay, Ay, A3 drawn at Figure 5 there are two
equal length tangents to the circle Cy

(i) From each of the vertices A, Ag, Ay of AA; Ay Ay drawn at Figure 6
there are two equal length tangents to the circle C,. These tangents
are the same as the tangents drawn at Figure 7 using the well known
algorithm.

The facts expressed by (i) and (i) suggest that the axial symmetric
vertices in Figure 7 can be identified and instead of Figure 7 to use
Figure 6. The Figure 6 is simpler and from it we easily get the other.

Next, we investigate Fuss’ relations for bicentric n-gons with incircle
for even n > 4.

Definition 3.8. Let Ry, 79,dy be any given positive solution of Fuss’
relation F,,(R,r,d) = 0 for evenn > 4. Then F, (R, r,d) = 0 will be called
reduced Fuss’ relation for bicentric n-gons with incircle if F,,( Ry, ro, do) =
0, but is not F,(dy,ro, Ry) = 0, where R,r,d in F,(R,r,d) = 0 are
replaced by dy, rg, Ry, respectively.

Conjecture 3.9. Any Fuss’ relation F,(R,r,d) = 0 for even n > 4 can
be expressed as a reduced one. If Fuss’ relation F,,(R, r,d=0 with n even
is a polynomial in R, r,d, then this relation cannot be a reduced one.
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Here are some examples where n = 4, 6, that is

(3.5) FyR,r,d) =p*+ ¢ —p*°¢ =0,
(3.6)  Fs(R,r,d)=3p'q" —2p'¢® — p* — 2p%¢" +2p°¢* — ¢* =0,

R+d R—d
b= ) q= .
r r

From (3.5) we deduce the reduced Fuss’ relation for bicentric quadrilat-
erals with incircle in the form
pq— Vp*+¢*=0.

Of course, the related reduced Fuss’ relation for bicentric quadrilaterals
with excircle becomes

p(=q) — VP> +¢*>=0.
From (3.6) we get the reduced Fuss’ relations for bicentric hexagons with
incircle and those with excircle, which reads

pav3 = /2p'¢? + p* + 20%¢" — 20°¢% + ¢,
p(=a)V3 = /20" + p' + 20%¢" — 2% + ¢

Obviously, instead of (3.6) we can employ
20°¢" = ¢* + 2p°¢* + p* + 2p*¢* — 3p*q?,
which results in reduced amount of calculations.

Analogously can be reached the reduced Fuss’ relation F, (R, 7, d) =
0 and F,(R,r,d) = 0 forn = 8,10, 12,...,20, compare [11, pp. 161-166].

4. Conclusion

In studying bicentric n-gons with incircle and those with excircle it
is highly powerful and useful to introduce the functions ~;, v;, 0, 7, © =
1,2 which any of considered geometrical configurations map onto each
other. So, for instance

Y1 (Ro, 70, do) = (Ry1,7m1,d1), @1(Ro,70,do) = (di, 71, Ry),
01(d077°07Ro) = (31,7”1,d1), T1(d077”0,R0) = (dlﬂ“l,Rl),

where the triples turn out to be the solutions of the corresponding Fuss’
relations. Hence,
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(j1) Each function vq, v, map geometrical configuration with incircle onto
geometrical configurations with incircle.

(j2) Both functions 1, o map geometrical configuration with incircle
onto geometrical configurations with excircle.

(js) Each of the functions oy, 09 map geometrical configuration with ex-
circle onto geometrical configurations with incircle.

(ja) The functions 7, 75 map geometrical configuration with excircle onto
geometrical configurations with excircle.

The results obtained are valuable contributions to the theory of bicentric
polygons where conics are circles.
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