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Abstract: The notion of weakly Berwald metric was introduced by Shen. The
class of weakly Berwald Finsler metrics contains the class of Berwald metrics
as a special case. In this paper, we find a condition for the existence of weakly
Berwaldian (a, #)-metrics which are not Berwaldian.

1. Introduction

The geodesic curves of a Finsler metric F' = F(x,y) on a smooth
manifold M are determined by the ODE ¢ +2G*(¢) = 0, where the local
functions G = G%(x,y) are called the spray coefficients. L. Berwald
first discovered that the third order derivatives of spray coefficients give
rise to an invariant for Finsler metrics. Indeed, the third order vertical
derivatives of G* yields the Berwald curvature

3 (i
B =5 ?ﬁa I
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A Finsler metric F' is called a Berwald metric, if G* are quadratic in
y € T, M for any x € M or equivalently the Berwald curvature vanishes.
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It is remarkable that, Berwald called these spaces by “affinely connected
spaces” in 1927. On a Berwald manifold (M, F’), the parallel transla-
tion along any geodesic preserves the Minkowski functionals [7]. Thus,
Berwald spaces can be viewed as Finsler spaces modeled on a single
Minkowski space. In [10], Z. Shen shows that any regular («, §)-metrics
are Berwald metric if and only if 3 is parallel with respect to «.

Taking a trace of Berwald curvature give us the mean Berwald

curvature
1

Ejk = 5 n;km

A Finsler metric F' is called a weakly Berwald metric if E = 0 [12]. In
[1], Akbar-Zadeh used this non-Riemannian quantity when he character-
ized Finsler metrics of constant flag curvature among the Finsler metrics
of scalar flag curvature. By definition, every Berwald metric is weakly
Berwaldian, but the converse might not be true in general. For example,
Bao-Shen constructed a family of non-Berwaldian Randers metrics on S®
that are weakly Berwald [4].

In [3], Bacso-Yoshikawa find the necessary and sufficient condition
under which a Randers and Kropina metrics are weakly Berwaldian. In
[8], Lee-Lee proved that the infinite series metric F' = (3%/(3 — a) is
a weakly Berwald metric if and only if § is a killing 1-form with con-
stant length with respect to o. In [13|, Peyghan-Tabatabeifar with the
author showed that the second approximate Matsumoto metric F' =
a+ B+ 3 /a+ 3/a? is a weakly Berwald metric if and only if 3 is
a killing 1-form with constant length with respect to .. In [5], Chen-He-
Pan proved that every («, 3)-metric of non-Randers type is weak Berwald
if and only if 3 is a killing 1-form with constant length with respect to
«. In [2], Bacso-Szilagyi give an example of weakly Berwald metric and
find a sufficient condition for the existence of weakly Berwald Kropina
metric. This motivates us to find some sufficient conditions under which
an (o, #)-metric is weakly Berwaldian while is not Berwaldian. Thus the
following natural question arises:

Under which conditions, an (c, 3)-metric is weakly Berwaldian and not
Berwaldian?

An (a, f)-metric is a scalar function on T'M defined by F' := a¢(s),
s = (/a, in which ¢ = ¢(s) is a C* function on (—bg, by) with certain
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regularity, @ = /a;;y%y/ is a Riemannian metric, 8 = b;(z)y’ is a 1-form
on M and b := ||B]|a (for more details, see [6]|11][13][14][15]). For an
(v, B)-metric F':= a¢(s), define b;;07 := db; — b;67, where ¢ := da’ and
0] := I/, dz"* denote the Levi-Civita connection form of a. Put

1 i |
rig o= (b o)y sy = (0 = bya)y 85 = Vsy, so =85y’

2
For an («a, #)-metric F' = a¢(s), s = B/, let us define
— QS/ — 2 2\
Q._¢_S¢,, A:=1+3sQ+ (b° —s9)Q,
®=—(Q ~ sQ)(nA +1+5Q) — (7 — 7)1+ 5Q),
_9 _ 2
U= Q= o

In this paper, we find a condition under which an («, 3)-metric is
weakly Berwaldian that is not Berwaldian.

Theorem 1.1. Let F = a¢(s), s = (/a, be an («, f)-metric on an
n-dimensional manifold M. Suppose that F' satisfies

(1.1)
A1bibi+As(biy;+biyi) +Asyiy;+Asai;+As5(sbj+5;b:)+As (siy;+s,v:) = 0,

where
1
A= [(I)Q” +2A20"Q + ANV Q' + 2A2\If”] so,
202 \?
1
Ayi— — [QAQ\IJ” 2V A?
2 203 A2 + @
F25A20"0 + 4sA20'Q' + 25A2V" + BQ' + sq)@"] S0,
1
Agi= 5 [23%29“@ F6sA2Y + 252 A2 4 42 A20'Q) + 52 DQ"
+65sQYA%Q + BSCDQ’] 50,
. 1 24T,/ ! A2 /
A= =5 | 2A%0 4+ 20/A%Q + 0| s,
1
Ay = [QQ/N QNP 4 /}

AG = —£A5
(6%
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Let ( is a Killing 1-form and not closed. Then F'is a weakly Berwaldian
metric which is not Berwaldian.

Example 1.2. The Kropina metric ' = o?/3 on an n-dimensional man-
ifold M satisfies (3.15). The mean Berwald curvature of F' is given by

2(n+1)

P ="

<a2(bkal0 + biako + ap5) — 4%0@505) T00 —

o (b, — 2Bako)rio — (b — 2Baw)rro + Bri

9

where apy = apy'. It is easy to see that, if 3 is a Killing 1-form, then
E=0.

2. Preliminaries

Given a Finsler manifold (M, F'), then a global vector field G is
induced by F on T' My, which in a standard coordinate (z’,y*) for T' M,
is given by G = y'2: — 2G'(, y)a%i, where
1 il[az(F2> ko o(F?)
49 axkﬁyly ozt 1
The G is called the spray associated to (M, F'). In local coordinates,
a curve c(t) is a geodesic if and only if its coordinates (c'(t)) satisfy
&+ 2Gi(¢) = 0.

Define B, : T, M @ T,M @ T, M — T, M by

B, (u,v,w) := B, (y)u/vFw' ., where
i PG

B = Ay dykoy!”

B, (u,v,w) is symmetric in u, v and w. From the homogeneity of spray

coefficients, we have B, (y, v, w) = 0. B is called the Berwald curvature.

F is called a Berwald if B = 0. In this case, G' are quadratic in y € T, M

for all z € M, i.e., there exists I, = I'" ;; (x) such that G* =T ;;7y".
Define the mean of Berwald curvature B,, by E, : T, MQ®T, M — R,

where

G = y € T, M.

(2.1) E,(u,v) := % Zgij(y)gy <By(u,v, €i)s 6]').
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The family E = {E,},cran oy is called the mean Berwald curvature or
E-curvature. In local coordinates, E,(u,v) := E;;(y)u'v’, where

E;; = %B"}nij.
By definition, E,(u,v) is symmetric in 4 and v and we have E,(y, v) = 0.
E is called the mean Berwald curvature. F' is called a weakly Berwald
metric if E = 0. By definition, the following hold
1 oG™ 1 9PGR 10T
20ymOyidyl  20yidyi 2 dym
By definition, every Berwald metric is a weakly Berwald metric. But the
converse is not true.

Eij —

3. Proof of Theorem 1.1

For an (a, B)-metric F := ad(s), define b;;07 := db; — b;0], where
0" := dz' and ¢! := I"J,dz"* denote the Levi-Civita connection form of a.
Put

1 1 . .
J— R Kt K
rig o= (0 o)y sy =0 —by)y 1y =iy, sy = Usy,
rio =Ty, Too = Tuy'y, S0 = sy, o =1y, S0 = sy’

Now, we are going to prove the Theorem 1.1. First, we find the formula
of E-curvature of («, 3)-metrics. By definition, we have

(3.1)  G'=G' +aQs, + (—2Qasy + 7‘00)(@% + Wb,

where G' = G'(x,y) and G°, = G° (z,y) denote the coefficients of F' and
a respectively in the same coordinate system, and
_ 0d — (99" + ¢'¢) vt ¢"

2 [(6— st) + (02— )| 2(0—s¢) + (07— 57"

O:

Thus, we remark the following which is proved in [10].

Lemma 3.1. Let F' = a¢(f8/«) be an (¢, §)-metric on an n-dimensional
manifold M. Then the following holds

oG™ 0
=y"——(no,) +2¥(r¢g + so) —

d
QQAQ (7’00 — 20&@80).
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After a long and tedious computations, we obtain the following.

Lemma 3.2. Let F' = a¢(s), s = f/a, be an («, f)-metric. Then the
mean Berwald curvature of F' is given by the following

Ez‘j = Clbibj + Cg(biyj + bjyi) + ngiyj + C4CL7;J' + C5(7’Z-Obj + ’I”jobi>
+Cs(rioy; + j0yi) + Crrij + Cs(sibj + s;b:) + Co(siy; + si)
(3.3) +Cho(ribj + 75b;) + Cra(riy; + 75v:),

where
Crim — | a(DQ" + 202070 + 4A20 Q' + 2A%T" )5,
203 A2
—|—(2aA2\Il” - AQQ"> o,
Cly = SEPYNY a<2A2\I/” + 20V A2Q + 2sQA*Q" + AN* V' Q's + 2sA2D”
o
+Q'P + sQ”@) 50 + <2aA2\II’ + 25 A" — 20/ A% — SAQQH> o
1
Cyi= =5 [250 (25A29"Q FEQA2Q + 4sA2QQ' + 25sAT” 4 GA2T
+30Q" + 3@@") Sp — <2A232§2” — 120A*V's — 4aA* V"
+3P + Q’A23> rol,
1
Chi= =177 | 20 (28A2\P/ +25QOA? 1 sch’)so . (@ + 25/ A
o
—4saA2\If’> o0,
Q/
C5 = —@,
2A2sQ) + @
CG = i +

203A2

9
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D
Cr= Toar
. 1 I'A2 21,/ /
Cs:= 55 {2VAQ +20°0 + 2Q'},
CgI: —EC&
«
\IJ/
Cio:=—,
«
S
Ch1:=——=Cho.
«

Proof. The following hold
(3.4) ap =aly, sy = ——2 = a7 (ab; — sy;),

where s = 3/a. Put
Q) 1= Qs (2(5)) =By, (¥(5))" 1= Ty,

Then
35 Q) = 5,Q'(5) = o~ *(abs — sy)Q'(5)
3.6 (CID(S))/ = 5,9 (s) = a*(ab; — sy;)¥'(s),
(\I/(s)), =5,V (s) = a ?(ab; — sy;)V'(s)
Let us put

(Q(S))” = Qyiyj, ((I)(S))” = (I)yiyj7 (\I/(S))” = \I/yiyj,
The following hold
(3.8) iy = (ag — o yy;).
Then

20,03 — a(ai;bj + b + i )
a3
=t 3syiy; — Oé(yibj + yjbz' =+ aijﬁ)] .

Syigi =

69
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Therefore

(Q(s))” = 5, Q'(s) + 5,Q"(s) =

3syiy; — a(yib; + y;bi + aijf) ab; — sy;

= " Q + - Q"
(@(5))" = 8y ®'(5) + 5,:"(s) =
3syiy; — a(yib; + y;bi + ai;B) ab; — sy
= = P + = ",

/
(U(s)) = sV (s) + s, ¥"(s) =
3syiy; — olyib; + y;bi + a;i3) v ab; — sy; G
al a? ’

By taking twice vertical derivation of (3.2) with respect to 3" and 3/ and
considering the above relations, we get (3.3). O

By Lemma 3.2, we get the following.

Corollary 3.3. Let F' = a¢(s), s = [/a, be an (o, 3)-metric on a
manifold M. Suppose that § is Killing 1-form with constant length with
respect to «, ie., r; = s; = 0. Then [ reduces to a weakly Berwald
metric.

The formula of E-curvature of Randers metrics and Kropina metrics
computed from the Lemma 3.2 coincides with the one computed in [3].

Proof of Theorem 1.1. Let F = a¢(s), s = /a, be an («a, 3)-metric
on an n-dimensional manifold M. Suppose that g is a Killing 1-form,
i.e., r;; = 0. By putting it in (3.3) and considering (3.15), it follows that
F' is weakly Berwaldian. Now, we are going to show that the Berwald
curvature is not necessarily vanishes. Since [ is Killing, then (3.1) reduces
to following

(3.9) G = Gl + aQsi — 2aQs, [@% + w} .



A Class of Weakly Berwald Finsler Metrics 71
Taking a vertical derivation of (3.9) with respect to 3’ yields
G’ = (GL); + o;Qsfy + aQ;s) + aQs) — 2 [anso + aQjso + onsj]

-[@% + Wb — 2Qas, [@j% + @W + b,

(3.10)
By taking a vertical derivation of (3.10) with respect to y*, we have
I =Tl + aeQsh + @;Qush + a;Qs), + arQ;s) + aQjis)

+0‘Qj5§c + (@ + OéQk:)Sé' — 2| (1@ + 0; Q. + Q5 + aQji)so

+(o;Q + Q) sk + (@ + aQy)s; @yg + Wb | — 2Qas @jk%

+@4§2;%£>+@4ﬁﬁzﬂ£>+@@&;&ﬁh+@ﬂy

—2|0;Qsp + a5y + aQ)s;

(3.11)—2

a2

Qrasy + Qagsy + Qasy,

a2

oL + %
« (07

a2

61’ _ % )
jRe’ ARy —|—\11ka

7

i o — .
@jy— + @]—2]@/ + ;0|
(6% (0

If 5 is not closed 1-from, then by (3.11) it follows that the Berwald
curvature is not vanishing necessarily. This complete the proof. O

Remark 3.4. Let (M, F) be a Finsler manifold. The third order deriva-
tives of %Fg aty € T, My 1s the Cartan torsion C, on T,M. The rate of
change of C, along geodesics is the Landsberg curvature L, on T, M for
any y € T, My. Taking a trace of C, and L, yield the mean Cartan tor-
sion I, and mean Landsberg curvature J,, respectively. A Finsler metric
15 called weakly Landsbergian if J = 0. The formula for the mean Cartan
torsion of an («, 3)-metric is given by following

(3.12)
8¢//

=D ™

10 ¢/ 38@5” _ (b2 _ 82)¢”[

I = .
(6 = s¢/) + (b* — 5%)¢"
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By taking a horizontal derivation of (3.12) along Finslerian geodesic,
we get the mean Landsberg curvature of an («, 3)-metric F = a¢(s) as
follows

202
p2 _ g2

1
2A 4

Ji= (3 + (4 1(Q = 50)) 0 + 50}

d
+—b2 f 2 (\Ifl + Sz> (7’00 — 20(6280) hl —+ Oé(CKQASiO — aQ/SOhi

(3.13) +aQ(a®s; — yiso) + a®(rio — 2aQs;) — (o0 — 20{6280)%)% ’

where h; := ab; — sy; (see [9]). Let 3 is a Killing. Then (3.13) reduces
to following

1 2042 d /
Ji = T oA | 12 — $2 [Z 4 1D(@=sQ )] soh
202 o
Nz —22 (U + SZ)SOhi + « [OZQASZ'O — aQ'soh; + CVQ(O‘QSZ' — Yiso)

o
(3.14)—20°Qs; + QOzQS()yi] <

By (3.14), if B is not closed 1-from then the mean Landsberg curvature
18 not vanishing necessarily.

By the same argument used in the Theorem 1.1, one can get the
following.

Theorem 3.5. Let F' = a¢(s), s = (/a, be an («, f)-metric on an
n-dimensional manifold M. Suppose that F' satisfies

(3.15)
D1bibj+Dy(biy;+b;ys )+ Dsyiyj+Dyag;+Ds(sibj+5;0:)+De(siy+5;4:) = 0,

where

1
Dy := 503 [20@” - Q”} T0,

1
Dy := —5d [204\11’ + 250" — 20" — Q" |1,
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1
Dy := ~ 1o [2529” — 125V’ — 45%a¥” + 30 + SQ/] To,
o
1
D,:= TAT [(I) + 25V A% — 4304A2\If'} ro,
1
D5 = —EQ/7
1
Dgi= 250A 4 @]
0 20372 [“° o)
1
D;:= — P
’ 20A2
1
Dg = —\I//,
a
s
D9 = —g\l’l

Let (3 is a closed 1-form and not Killing. Then F' is a weakly Berwaldian
metric which is not Berwaldian.
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