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Abstract: The aim of this paper is to investigate the integral of the weighted
maximal function of the Dirichlet and Fejér kernels with respect to the so-called
Vilenkin-like system. We give — in the bounded case — a necessary and sufficient
condition for that the weighted maximal functions belong to L in this general
space.

1. Introduction

1.1. Historical notes

It is a well known result that for the Walsh—Paley system we have
SUPpen | Dn(2)| < oo for each x # 0. (For Walsh-Kaczmarz system it
does not hold.) (See [14], for bounded Vilenkin-like system see Cor. 6.)
This property is a useful fact for proving convergence theorems of the
Fourier series in Walsh—Paley system. But what can we say for the
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norm of maximal functions? It is easy to obtain that the L' norm of
SUP,en |Dn ()| with respect to the Walsh-Paley and Walsh-Kaczmarz
systems (and also for bounded Vilenkin-like system) is infinite. (See e.g.
[14], for bounded Vilenkin-like system see Cor. 9.) “What happens if we
apply some weight function a?” asked G. Gét in [3].

In his paper he gave a necessary and sufficient condition for that the
weighted maximal functions belong to L! in the case of Walsh—Paley and
Walsh-Kaczmarz systems. K. Nagy (see [8]) proved similar statements
for Fejér kernels for both systems and for (C,«) kernels with respect
to Walsh—Paley system. I. Mez6 and P. Simon in their common work
(see [9]) verified the necessary and sufficient condition with respect to
bounded Vilenkin systems. They proved that the analogous statement
with the Walsh—Paley case is not true for arbitrary unbounded Vilenkin
system. In their paper they found a different necessary and sufficient
condition for any Vilenkin systems.

In this article the author deals with the case of bounded Vilenkin
space.

1.2. Notations and definitions

Let m := (mg,my,...) denote by a sequence of positive integers
not less than 2. Denote by G, a set, where the number of the elements
is m; (j € N). Define the measure on G, as follows

me({5}) = mik (j € Gy, k €N).

Let G, be the complete direct product of the sets G,,, (without any
operation on it), with the product of the topologies and measures (de-
noted by ). This product measure is a regular Borel one on G,, with
pu(Gp) = 1. If the sequence m is bounded, then G,, is called by bounded
Vilenkin space, otherwise it is unbounded one. The elements of G,, can
be represented by sequences x := (xg,x1,...) (; € Gp,). It is easy to

give a neighbourhood base of G, :
Iy(z) == G,

[n(ZL’) = {y € Gm|y0 =20y Yn—1 = zn—l}
for x € Gy, 0 < n € N. Define the well-known generalized number
system in the usual way. If My:=1, My :=mp My (k €N), then every
n € N can be uniquely expressed as n = > 2 n;M;, where n; € G,
(7 € N), and only a finite number of n;s differ from zero. Let



On the L' norm of the weighted maximal function of kernels. . . 105

|n| := max{k € N:n; # 0}
(that is, M, < n < M,41) if 0 < n € N, and [0] := 0. Let n®) =
= Z;ik nkM k-

Denote by LP(G,,) the usual Lebesgue spaces (||.||, the correspond-
ing norms) (1 < p < ), A, the o algebra generated by the sets I,,(z)
(r € G, n € N) and E, the conditional expectation operator with
respect to A,, (n € N).

Now we introduce an orthonormal system on G,,, which will be
called Vilenkin-like system. This system was defined by G. Gat in his
paper [4]. The complex valued functions r} : G,, — C (k,n € N) are
called generalized Rademacher functions, if they have the following four
properties.

(i) ¢ (k,n € N) is Agy1 measurable (i.e. 77(z) depends only on
To, ..., 7% (x € Gyp)) and 72 = 1.

(ii) If M, is a divisor of n,l and n*+Y = [*+D) (k[ n € N), then

" 1 if ng = I,
E’“(Wl):{ 0 ity £,

(z is the complex conjugate of z).

(iii) If M, is a divisor of n (that is, n=mn, My +np1 Mi1+- - A0y M),
then

mk—l

Y @) =m,

ng =0

for all z € G,,.
(iv) There exists a 0 > 1, for which ||[7}]|cc < v/mu/d for all k,n € N.

Now define the Vilenkin-like system v := (¢, : n € N) as follows
Vo = [[ri"” (neN).
k=0

(Since r) = 1, then v, = /Zio ™) The Vilenkin-like system t is
orthonormal (see e.g. [4]).
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1.3. Examples

Let us see some known examples to the Vilenkin-like system.

(1) The Walsh—Paley and Vilenkin systems. For more on these see e.g.
[1], [14].

(2) The group of 2-adic (m-adic) integers [7], [13], [15].

(3) The product system of coordinate functions of unitary irreducible

representation of non commutative Vilenkin groups (in this case
the group G,, is the Cartesian product of any finite groups) [6].

(4) A system in the field of number theory. The so-called 1« Vilenkin-
like system (on Vilenkin groups) was a new tool in order to inves-
tigate limit periodic arithmetical functions [5], [10].

(5) The UDMD product system (introduced by F. Schipp on the Walsh—
Paley group) [12], [13].

(6) The universal contractive projections system (UCP) (introduced
by F. Schipp) [11].

For more on these examples and their proofs see e.g. [4].

1.4. Further definitions

Finally, we introduce some definitions of the Fourier-analysis in the
usual way. We define the Dirichlet and Fejér kernels

Duly) =3 )Tuls)  (O<neN, Dy=0).

n—1
1
Ku(y z) = — Y Di(y,x) (€N, Ky:=0).
k=0

Let sequence «,, — R™ be monotone increasing, and define the weighted
maximal function of the Dirichlet and Fejér kernels in the following way:
| Dn(y, )| K (y, )]

Da(y>$) =Sup ———, Ka(y>$) ‘= Sup
neN || neN |

(r,y € Gp).
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1.5. Auxiliary results

Lemma 1 [3]. Let z,y € G, n € N. Then
| M, ifye (),
Dur, (g, %) = { 0 ifyé ().

Lemma 2 [2]. Let x € I4(y)\lat1(y), where x,y € Gy, A € N. Then
A n;—1

n i+1) a0 _nl YT _
=2 m (2 i <x>) Yt ()i ().

=0 7=0

2. Results

From now let m be a bounded sequence, that is let G,, be a bounded
Vilenkin space. Constants denoted by ¢,,, C,, depend only on the finite
number sup,,cy My,.

Corollary 3. Let x € I4(y)\la+1(y), where x,y € G,,, A € N. Then
there is a constant C,, such that

A
‘Dn(y7 .CL’)| < Cm Z M; WMHD (y)lzn(”“rl) (I)‘ :
1=0

mg—1
Proof. Because of Y. |r#(z)|* = my, we obtain |7 (z)| < \/my, s
TLkZO
g (41
i+ i M i+1 i M
D M )M ()] < mgmg < mE < Crp
=0

Using Lemma 1 and Lemma 2 we obtain the statement of Cor. 3. ¢

Corollary 4. Ifz,y € G,,, n € N then there is a constant C,, such that
|Dn(y, )| < Cyn.

Proof. Using ||} ||cc < v/mx/0, easy to see that ¢, ¢+ (z) < \/MM—":W—\”L
In this way from Cor. 3. we get

In|

1Du(y,2)| < Co > M [0 () 0 ()| <
=0

In|

M,
<Cud M ]\}‘y "l < C My < Crum. O

=0
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Corollary 5. Let x € I4(y)\las1(y), where x,y € G,,, A € N. Then
there is a constant C,, such that
|Dn(y>$)| S CmMA-

Proof. Using ||r}]|e < /M /0 and Cor. 3, if y € I4(x)\Ia41(z), then
A

1Dy, )] < Co Y M [0 ()00 (2)] <
=0

<O, ZM 5”‘<c My O

Corollary 6. Let z,y € Gy, and x #vy. Then
sup [ Dy (y, z)| < oo.
neN

Proof. If  # y, then there exists A € N, for which x € I4(y)\la+1(y).
Now using Cor. 5 the statement of this corollary is obvious. ¢

Theorem 7. Lety € G,,. There exist positive constants c,, and C,,

such that
=1 =1
Cm _S Ra 9. SCm )
> o SRl < Cn 3o

where R, = D, or R, = K,,.
Proof. It is easy to see that

n—1
= > |Dily, x)]

|Kn(y7x)‘ < i=0 <
A|p| O‘In\

Z ‘DO:T’I ZD y,x) = Daly, z),

where z,y € G, and n € N are arbltrary. From these inequalities it is
obvious that

K (y,
Ka(y>$) = sup w S Doc(yvx)

neN |
for every x,y € G,,. It means, for proving the theorem it is enough to
verify existences of positive constants ¢,,, C,, that for any y € G,,

=1 =1
1 Daly, )l < sz_ and sz_ < [|Kaly, -
o Yk o Yk

Corollaries imply
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e}

[Da(y, )l = Z / D, (y, x)du(x) <

A=0

It was the expected upper estimation for D,,.

Let x € Ix(y)\la+1(y), where z,y € G,,. Let Ak € N and let us
suppose that k& < M. In this case 1 (z) depends only on the first k
coordinates of z, so 1 (x) is constant on the set I4(y). It means that
Yr(z) = Yr(y) is realized in case of x € I4(y)\lat+1(y), too. Based on
conditions above, with help of Lemma 1 it yields

k—1
Zm )i sz Yi(r) = |wi(@)]? >
=0
M\k\ 1

Z |¢z($)‘2 = M.

Thus — using Lemma 1 again — we have
Ma—1

1
KMA Yy, x Z Dk y7 Z
k=0

Ma—1

1
Zcmm Z k ZCmMA-

Consequently,
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I, y,.||1—2 [ Kelv)dut) =

Ta(y)\la+1(y)
> / — e, dnle) =
A=0r, (y)\Tasr ()
> Cm Y LM
o Man aa
-
A ¢4

So the lower estimation for K, is also proved. ¢
Corollary 8. Let y € G,,. Ru(y,.) € L' if and only if

(v,
> e
ay,

k=0
where R, = D, or R, = K,.
Proof. It comes from Th. 7 immediately. ¢

We mention that using some lower estimations from the proof of
Th. 7 we can verify the infinity of || sup,,cn |Dn(y, -)|||1 easily.

Corollary 9. Lety € G,,. Then
Isup 1Dn g, [l = oo

Proof. Let x € I4(y)\la+1(y), where z,y € G,,. Let A;n € N and let
us suppose that n < My. We proved before that in this case

Dk(y,x) > MW > MA—l-
Therefore,

loup a2 [ Doy o) 2

A0 \Tasa ()

> Z / Ma_1dp(z) >
A=0L W\ Tt ()

My >

= Man

Zcmilzoo. O
A=0

>
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