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Abstract: This paper deals with skew ruled surfaces in the Euclidean space
E? which are right normalized, that is, they are equipped with relative norma-
lizations, whose support function is of a specific form. This class of relatively
normalized ruled surfaces contains surfaces whose relative image &* is either
a curve or a ruled surface the generators of which are parallel to those of ®.
Moreover we investigate various properties concerning the Tchebychev vector
field and the support vector field of right normalized ruled surfaces.

1. Preliminaries

In this section we present briefly some definitions, results and
formulae of relative Differential Geometry of surfaces and Differential
Geometry of ruled surfaces in the Euclidean space E*. The reader can
use [3| and [5] as general references.

In the three-dimensional Euclidean space E* we denote by & =
(U, T) a skew ruled C"-surface (that is a surface of nonvanishing Gaussian
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curvature), r > 3, defined by an injective C"-immersion T = T(u,v) on
a region U = (a,b) x R, where (a,b) C R is an open interval of R2.
We denote by (,) the standard scalar product in E*. We introduce the
so-called standard parameters u € (a,b),v € R of @, such that

(1.1) Z(u,v) =35(u) + ve(u),
and
(1.2) e =[e'l=1, (5,&)=0,

where the differentiation with respect to u is denoted by a prime. Here
I' ' 5 =35(u) is the striction curve of @ and the parameter u is the arc
length along the spherical curve e = e(u).

The distribution parameter 6(u) := (5',€,€'), the conical curvature
k(u) == (e,e,€") and the function A(u) := cot o, where o(u) = <(€,5) is
the striction of @ (—§ < o < 7, signo = sign ), are the fundamental in-
variants of @ and determine uniquely the ruled surface @ up to Euclidean
rigid motions. In what follows we consider ruled surfaces for which x = 0
for every u € (a,b) or k # 0 for every u € (a,b). We also consider the
moving frame D := {€,7,z} of &, where T(u) =€ is the central normal
vector and Z(u) := € X 7 is the central tangent vector. It is well known
that the following equations are valid [3, p. 280]

(1.3) d=n n=-e+rz, 7 =-—kKn.
Then we have
(1.4) s =0 e+dz.

We denote partial derivatives of a function (or a vector-valued function)
f in the coordinates u' :=, u? := v by f;, f;;; etc. Then from (1.1) and
(1.4) we obtain

(1.5) Tp =0 et+vn+0%Z, T)==¢

Let I = g;jdu‘du/ and IT = hydu’du?, 4,5 = 1,2, be the first and the
second fundamental form of @, respectively, where

g1 = 0°N% 0?4 62, gi2 = O, g2 =1,
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kw246 v—486 )\ )
(1.6) hin = — ; hia = " haa =0

w

and

(1.7) w = y/det(g;;) = V% + 02

The unit normal vector can be written as

_ n—0vZ
E=——.

w

The Gaussian curvature K (u,v) and the mean curvature H(u,v) of &
are given by (see [3])
~ 62~ kw? + §'v + 62X

1.8 K=—— H=—
(18) 5 S

A C*- relative normalization of @ is a C*-mapping y = y(u,v),1 < s < r,
defined on U, such that

(1.9)

rank({Z/1,7/2,y}) = 3, rank({Z1, %2,y }) = 2, i = 1,2, V(u,v) € U.

The pair (®,7) is called a relatively normalized ruled surface and the line
issuing from a point P € & in the direction of ¥ is called the relative
normal of @ at P. The pair ®* = (U,7) is called the relative image of
(@,9).

The support function of the relative normalization 3 is defined by
q(u,v) = (£,7) (see [2]). Because of (1.9), ¢ never vanishes on U.
Conversely, when a support function ¢ is given, the relative normalization
7 of the ruled surface @ is uniquely determined and can be expressed in
terms of the moving frame D as follows [6, p. 179]:

(1.10) Yy=y1€e+yYn+ysz,
where

B dqn + q/g(/{w2 + 0'v) B 6% q — w? V)2
1= —w ) ) Yo = )
) ow

_vq+w2q/g
—

(1.11)
Ys =
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The coefficients G (u, v) of the relative metric G(u,v) of (®,7), which is
indefinite, are given by G;; = ¢~ * hy;.

For a function (or a vector-valued function) f we denote by Vf the
first Beltrami differential operator and by V¢ f the covariant derivative in
the direction u?, both with respect to the relative metric. The coefficients
A;ji(u,v) of the Darboux tensor are defined by

Aijk = qfl <Ea VkG VJG E/i>-
Then, by using the relative metric tensor G;; for “raising and lowering
the indices”, the Pick invariant J(u,v) of (,7) is given by
1

J = 5141]16 A”k

As we showed in [8] (see equation (2.2)) the Pick invariant is calculated
by

3 (wzq/Q +o q)
1.12 = .
( ) J 202w3 q

.{w2 [kqu + 201 + qj2 (rw? + 8'v — 62X)] — 8% (v — &) }

The relative shape operator has the coefficients Bg (u,v) defined by
(1.13) Y, = —Blw,.

Then, for the relative curvature K (u,v) and the relative mean curvature

H(u,v) of (&,7) we have
4 1 2
(1.14) K =det (B), H:= #.

We mention finally, that among the surfaces & C E? with negative
Gaussian curvature the ruled surfaces are characterized by the relation

(1.15) 3H—J—35=0

(see |7]), where S(u,v) is the scalar curvature of the relative metric G,
which is defined formally as the curvature of the pseudo-Riemannian
manifold (2, G).
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2. Right normalizations

We focus now our investigation on the main subject of this paper,
namely the right normalizations of a skew ruled surface @, that is, relative
normalizations which are given by (1.10) and (1.11) by means of the
support function

(2.1) q= ,

where f and g are arbitrary C**!-functions of u, such that g # 0. These
normalizations are introduced in [8] by the authors.

When the function g vanishes in I, the relative normal at each point
P € & lies on the corresponding asymptotic plane { P; e, 7} of . Norma-
lizations of this type are called asymptotic and they have been studied
by I. Kaffas and S. Stamatakis [6]. Another special case arises when the
function f vanishes in I. Then the relative normal at each point P € &
lies on the corresponding central plane { P;€,z} of . Normalizations of
this type are called central and they have been studied in [8]. Since both
asymptotic and central normalizations belong to the right ones and they
have been studied thoroughly in the above mentioned papers, we assume
that in what follows none of the functions f and g is vanishing.

From (1.10), (1.11) and (2.1) it follows that a right normalization
of the given ruled surface @ is

S re s opr 2
(29) gt 59)U+§2f 0/ 5”gé+§ﬁ—gz.

Then, by using (1.3), (1.5), (1.13) and (2.2), we obtain the coefficients
B of the relative shape operator of a right normalization:

Bi:Bgz—ég(;Hf, By =0,
1 / / 11 / /"
B = =5 | (208'f = onf' =809 = 0k'f +6%9") v+ 0°F (kA + 1)

128 (8F — 0f') + 8% (k — \) + 0°K'g — 06" f + 52f”] .

Hence, via (1.14), the relative mean curvature H and the relative
curvature K are

09—k f

(2.3) H =

, K =H
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Firstly, we observe that all points of @ are relative umbilics (H*—K = 0).
Thus, for the relative principal curvatures k; and ko, which by definition
are the eigenvalues of the relative shape operator (see [5, p. 215]),
k1 = ko = H holds. Then, from (1.12) we find for the Pick invariant

Kgvt+20gv+0%g(k—N) =8 f+25f

(2.4) J =3g 252 (f+gv)

Consequently J vanishes identically iff
kgv* +25g v+ 0%g(k—\) — 8 f+20f =0,

or, equivalently, after successive differentiations of this last equation
relative to v, iff

k=g =8¢g(k— X\ —8f+20f =0,

from which we have x = 0, ie., @ is conoidal, ¢ = ¢ € R*
and f = |6]2 (£[]0]"*Adu+ c2), co € R. Thus, the following has
been shown

Proposition 2.1. The Pick invariant of a right normalized skew ruled
surface @ C E? vanishes identically iff @ is conoidal, the function ¢ is a
nonvanishing constant ¢; and the function f is given by

f =02 (%/wl/? Adu + c2) , e €R.

Additionally, in view of (2.3a), a right normalized ruled surface with
vanishing Pick invariant is relatively minimal.

By using (1.15), (2.3a) and (2.4) we obtain the scalar curvature of
the relative metric

_ﬁ92v2+2f£fgv+5292(/<&—>\)+2/<&f2—5/f9+25(f/9—f9/>

o= 257 (f 1 gv)

The scalar curvature of the relative metric G vanishes identically iff
k=0"¢"(k =N +26 f2 =8 fg+26(f'g—fg) =0,

that is, iff Kk = 0 and f = £[6]"/2 g ([]6]"*Adu + ¢), ¢ € R. So, we have:
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Proposition 2.2. The scalar curvature S of a right normalized skew
ruled surface @ C 3 vanishes identically iff @ is conoidal and the function
f is given by

1
r=glor ( flareaaquc) cer

We distinguish the right normalizations in two types.

2.1. Right normalizations of the first type

We say that a right relative normalization ¥ is of the first type if
the relative image @* of (®,7) degenerates into a curve. Obviously this
occurs iff

5 —kf=0

(cf. (2.2)). Thus, on account of (2.2) and (2.3a) we conclude that

Proposition 2.3. Let (®,7) be a right normalized ruled surface. Then
the following properties are equivalent:

(a) 7 is a right normalization of the first type.

(b) (@,7) is relatively minimal.

(¢) The function g is given by

g:/%du—l—c,ceﬂ%.

The right normalized ruled surfaces with vanishing Pick invariant
belong obviously to this subclass.
The relative image @* is the curve parametrized by
Of—of —d0*kg_  f_
e+

Y= 52 gn—gz.

2.2. Right normalizations of the second type

A right relative normalization ¥ is said to be of the second type if
the relative image ®* of (@,%) does not degenerate into a curve of 3.
Then @* is a ruled surface whose generators are parallel to those of @.
From (2.2) we find the following parametrization of the striction curve

of @*:
Of—of —0*kg_  f_  _
e+ =7

I :s = 5 ST 97
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Consequently ©* can be parametrized like (1.1) and (1.2):
(kf —dg)

92 ‘
Considering D as moving frame of &* we compute its fundamental
invariants:

Q. y=35"+v"¢e, where v":=

kf —d4

5 ?
v (kg +Kg) + P (f + ") 000" f + 20 f") + 26" f
0*(kf = og') '

K =k, 0" =

By using (1.7) we infer that

w* =y [det(gy) = |Hw

and, thus, by means of (1.8a), the Gaussian curvature K* of &* is
56
Cwi(kf—dg)”
The focal surfaces, which are the loci of the edges of regression of the
developable surfaces consisting of the relative normals along the relative

lines of curvature, coincide. The parametrization of the unique relative
focal surface of @, which initially reads

K* =

1
T =3+ve+—7
+tvet 7,

in view of (2.2) and (2.3a) becomes
(8 f—=6f —0%kg)e+dfn—0%gz
5g —k f ’
i.e., the focal surface degenerates into a curve A* and all relative normals
along each generator form a pencil of straight lines.

TF =35+

3. The Tchebychev vector field of a right normaliza-
tion

In [6] it was shown that the coordinate functions of the Tchebychev
vector T'(u,v) of (,7), which is defined by

— 1 .
T:=T"%),, where T" := §A§m,
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are given by
(3.1)
T wiq +vg o 20 w?qp + 0'q (02 — v?) N T (kw? + §'v — §2X)
ow 202w ) '
By means of (1.5) and (2.1) the Tchebychev vector of a right normaliza-
tion can be expressed in terms of the moving frame D as follows:
26 g2+ (8'g+20 g v+ 26%kg — &' f +25f _
e
202

(32) T =

+%@ﬁ+6a.
The vectors T are orthogonal to the generators iff (€,T) = 0.
Taking (3.2) into consideration we find
2k gv? + (0'g+ 25 g v +28%kg — 8 f+20f =0,
or, after successive differentiations of this last equation relative to v, iff
26g=0g+20g =28%kg—8f+25f =0.

After standard treatment of this system we deduce that K = 0,
g = c1]6|7V%, ¢; € R*, and f = c|8|"/2, ¢; € R*. So, we have the
following

Proposition 3.1. The Tchebychev vector field T of a right normalized
skew ruled surface @ C E? is orthogonal to the generators of @ iff & is
conoidal and the functions g and f are given by

g=ci|6]7V? c1 € R* and f = c|6)/?, ¢ € R*.

A curve A on @ is defined by means of v as a function of u, i.e.,
A: v =wv(u). Then for its tangent vector we have

(3.3) =0 N+v)e+vn+07Z.

From (3.2) and (3.3) it follows: 7’ and T are parallel or orthogonal iff
(3.4) 2kgv*+ (8'g+20g")v+28%kg—8f+20f —25g(6A+0")=0
or

(3.5) 2mw?+®b—%ZMUU+2ﬁng—yf+Zﬁq(5A+%O+Qégw220,

respectively. Among the curves of @ we consider the following families:
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e The u-curves, i.e., the curves of constant striction distance, whose
differential equation is

(3.6) v =0.

e The curved asymptotic lines, which are different from the rulings.
The differential equation of the curved asymptotic lines, which ini-
tially reads IT = 0, becomes on account of (1.6) and (1.7)

(3.7) kv:+ 00+ 6k — ) — 260 = 0.

e The K -curves, i.e., the curves along which the Gaussian curvature
is constant (cf. [4]). The differential equation of the K-curves is
dK =0, that is,

(3.8) 260 40" (6% —v?) = 0.

From (3.6) and (3.4), resp. (3.5), we have: T is tangential or orthogonal
to the u-curves iff

(3.9) 26 gv? 4+ (8'g +26¢ ) v+ 26%g(k — \) =8 f +25f' =0
or
(3.10) 2g(k A+ 1)v* + A(8'g+25¢ )0 +28%g(k A+ 1)+ A25f = ' f) = 0,
respectively. From (3.9) we find that T is tangential to the u-curves iff
k=0g+20g =25%g(k—\) —8f+20f =0,
that is, iff kK = 0, g = ¢1|6]7/%, ¢; € R, and f = [§]Y2 (c1 [ Adu + ),
cs € R. B
From (3.10) we derive that 7" is orthogonal to the u-curves iff
KA+1=A6g+20g)=20g(kA+1)+ X265 f —0'f) =0.

By direct computation we deduce that kK A + 1 = 0, i.e., the striction
curve of @ is an Euclidean line of curvature, g = ¢;|6|7'/2, ¢; € R* and
f = c3]0]'2, ¢; € R*. Therefore, we obtain
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Proposition 3.2. The Tchebychev vector field T of a right normalized
skew ruled surface @ C E? is

(a) tangential to the u-curves of @ iff @ is conoidal and the functions g
and f are given by

g= 01\5]’1/2, ct €ER* and f = ](5|1/2 (cl/)\du+02> , o €R.

(b) orthogonal to the wu-curves of @ iff the striction curve of @ is an
Euclidean line of curvature and the functions g and f are given by

g=c1l0]7Y2, ¢ € R* and f = ¢,|0]Y?, ¢p € R*.

From (3.6) and (3.4) we infer that T is tangential or orthogonal to
the curved asymptotic lines iff

(3.11) kgv? 4+ 206gv + 0%g(k — X) — &' f +25f =0,
or
(3.12)
262gv* + K (36'g + 264') v*
+ [46%g (k* + 1) + 26°kAg — 'k f + 6%g + 20k [ + 268'g'] v*
+ (368°0'kg + 0°6'Ag — 0% f + 288" f' + 20°kg' +26°Ng) v
+ 6% (46%g + 26°K%g + 26°kAg — 8k f — &' Nf + 20K +20Af") =0,

respectively. From (3.11) we have that T is tangential to the curved
asymptotic lines iff

k=g =0g(k —\) = &f+25f =0,

from which we take Kk =0, g = ¢; € R* and
f=18"? <02—1/|5|1/2)\du+02) ,c2 €R.

From (3.12) we deduce that T is orthogonal to the curved asymptotic
lines iff

k=r(30'g+20g") =
=46%g (K* + 1) + 26°kAg — 8’k f + 6%g + 20K f" + 206'g' =
— 3520 kg + 826 \g — 6 f + 265 ' + 26%kg’ + 26°\g' =
= 40%g + 26%K%g 4+ 26%kA\g — 'k f — O Nf 4+ 26K f" + 200 f = 0,
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from which we obtain, initially, x = 0. Solving the arising system of
differential equations we arrive at a contradiction. So, we have

Proposition 3.3. The Tchebychev vector field T of a right normalized
skew ruled surface @ C E3 is

(a) tangential to the curved asymptotic lines of @ iff @ is conoidal, the
function g is a nonvanishing constant ¢; and the function f is given by

f=101"? (‘;—1/\511/2Adu+c2) e €ER.

but
(b) it cannot be orthogonal to the curved asymptotic lines of @.

From (3.8) and (3.4), resp. (3.5), we infer: T is tangential or
orthogonal to the K-curves iff
(3.13)  2rgv® +20¢'v* + [26°g(k — A) — &' f + 26| v+ 6°0'g = 0
or
266 gut + [46%g(KA + 1) 4 0'(6'g + 269")] v*
+ (20°6'Ag — 87 f + 266" f' + 46°A\g) v*
+ 6% [40%g(KA + 1) — 28\ f — 8% g + 46Af" — 260'g'] v
— 8% (26°kg — &' f +26f") =0,

(3.14)

respectively. From (3.13) we find that T is tangential to the K-curves iff
k=g =20g(k—\) —0f+20f =6 =0,
lLe,iff k=0,=c; €R*, g=co € R* and f = cy¢c2 [ Adu+¢3, c3 € R.
From (3.14) we deduce that T is orthogonal to the K-curves iff
kO = 46%g(kA + 1) + §'(0'g + 209") =
=26%0'\g — 6" f + 260" f' + 46°\g’ =0,
46%g(KN + 1) — 28 \f — 0"g + 40N — 206'g' =
=0 (26°kg — 0'f+25f") =0,
that is, iff 6 =c € R* or k = 0. If § = ¢ € R*, we deduce that kA+1 =0,
i.e., @ is an Edlinger surface!, g = ¢; € R* and f = ¢, € R*. If s = 0 and

i.e., a ruled surface whose osculating quadrics are rotational hyperboloids. The
Edlinger surfaces are characterized by the conditions ¢’ = k A+ 1 =10 (see [1, p. 36],

[4])-
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0 # ¢ € R* we arrive at a contradiction. Thus, the following has been
shown

Proposition 3.4. The Tchebychev vector field T of a right normalized
skew ruled surface ¢ C E? is

(a) tangential to the K-curves of @ iff @ is conoidal of constant distribu-
tion parameter c;, the function g is a nonvanishing constant ¢y and the
function f is given by

f:clcg//\du+c3, c3 € R.

(b) orthogonal to the K-curves of & iff & is an Edlinger surface and the
functions g and f are nonvanishing constants ¢; and co, respectively.

The following table summarizes the results:

= - Type of the
Tis... ruled surface @ g !
orthogonal to the . g = c1]6]71/2, B 12 .
generators conoidal ¢, € R* f=cldl/% c; eR
. _ f=
tangential to the . g = c1|d] 1/2, 12
Curves conoidal ¢ € R* 6]*2 (1 [ Adu+ c2),
c eER
the striction
orthogonal to the | curve is an | g = ¢|d]71/2, B 12 .
u-curves Euclidean line | ¢; € R* f=cold]% e €R
of curvature
tangential to the [ =
curved asympt. | conoidal g=ci €R* 61Y2(% [161Y2X du + c2),
lines ceR
orthogonal to the
curved asympt. | - - -
lines
tangential to the | conoidal, _ . _
K-curves §=c,eR* g=c2€R f=ccafAdu+cs, c3€R
orthogonal to the | Edlinger  sur- _ N B N
K-curves face g=c1€R f=c2€R

The divergence div! T of T with respect to the first fundamental
form I of @, which initially reads (see [9])

divi T =

(U)Ti)/z'

w
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becomes, on account of (3.1) and (2.1),
div! T =
6rgu> + 60g'v? + (66%Kkg — 20°Ag — &' f +20 f)v + 62 (8'g + 45 g')
- 262w? ’
from which we have that the Tchebychev vector field T is incompressible
with respect to the first fundamental form of @ (div’ T = 0) iff

k=g =60°kg—2°N\g—8f+20f =68g+45g =0,

oriff k =0,g=c; ER*, d =cp € R* and f = cico [ Adu+c3, c3 € R.
Therefore, we arrive at

Proposition 3.5. The Tchebychev vector field T of a right normalized
skew ruled surface @ C E3 is incompressible with respect to the first
fundamental form of @ iff @ is conoidal of constant distribution parameter

¢9, the function g is a nonvanishing constant ¢; and the function f is given
by

f=C1CQ/)\du+03, c3 € R.

Let, now, div® T be the divergence of T with respect to the relative
metric of (@,7). Analogously to the above computation, by using (1.6),
we get

Qv T — kg*v? + 25fgu — 62g* (k — \) + 0" fg — 20gf + 26 fg'
0% (gv + f) '
The Tchebychev vector field T is incompressible with respect to the rel-
ative metric, that is, div® T = 0 iff
k=—0%g" (k= \) +0'fg —20gf +25fg =0,

Le, iff K = 0 and f = $|6]"2g ([ |6]"*Adu+c), ¢ € R. So, by taking
into consideration Proposition 2.2, we deduce:

Proposition 3.6. Let & C [E? be a right normalized skew ruled surface.
The following properties are equivalent:

(a) The Tchebychev vector field T is incompressible with respect to the
relative metric.

(b) The scalar curvature S of the relative metric vanishes identically.
(c) @ is conoidal and the function f is given by

1
f= §|5‘1/29 </ \5!1/2)\du+c) ,cER.



On right relative normalizations of ruled surfaces XXX

4. The support vector field of a right normalization

Let 1 ]
0=3v(;7)

be the support vector Q(u,v) of (®,7%), which is introduced in [6]. On
account of (1.5), (1.6) and (2.1) we express the support vector in terms

of the moving frame D as follows:
(4.1)

@:_w(ég’—/ﬁf)v+62/<;g—5’f+§f’_+ fv— &%

46%(gv + f) ¢ 45w(gv+ f)

(v +467%).

The vectors @) are orthogonal to the generators iff (2,Q) = 0. Taking
(4.1) into consideration we have

(8¢ — kf)v+0%kg —0'f+5f =0,

that is, iff
8¢ —Kkf=0%kg—06'f+6f =0,
1/2

from which we find that @ is relative minimal and f = 4§ |c — ¢%|"'",
c € R, g% # c. Thus, we arrive at:

Proposition 4.1. The support vector field @ of a right normalized skew
ruled surface & C E? is orthogonal to the generators of & iff @ is relative
minimal and the function f is given by

f=i5‘0—92|1/2,c€R, > #c.

We will investigate, now, the right normalized ruled surfaces &,
whose support vectors are tangent or orthogonal to the above mentioned
geometrically distinguished families of curves of @. From (3.3) and (4.1)
we have: 7 and () are parallel or orthogonal iff

(4.2) W [(6g —Kkf)v+ kg =0 f+0f]+6(fv—06%g) (SA+2) =0
or

(4.3) — (A +0) [(6g — kf) v+ 0°kg — &' f +6f'] + 6 (fv —6°g) = 0.
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From (3.7) and (4.2), resp. (4.3), we find: @ is tangential or orthogonal
to the u-curves iff

(kf —0g")v* + (=0°kg + 8'f =6 ) v* + 6 [f (k — X) — dg]v

(4.4) — 8 [8g(k—A) =0 f+5f]=0
or
(4.5) [f (kA +1) =6\ |v— 0%g (kA + 1) + X (8'f = 6f) =0,

respectively. From (4.4) we infer that @ is tangential to the u-curves iff
kf—0g = —8kg+0' f=5f = f(k— N =g = g (k — \) =8 f+0f =0,

that is, iff @ is relative minimal, A = 0, ie., @ is orthoid®> and
f = i5|c—92|1/2, c € R, g> # c¢. From (4.5) we take that Q is
orthogonal to the u-curves iff

f(EAN+1) = 6Ag' = =82 g(kA+ 1)+ A(0'f = f) =0,

Le., iff kKA +1 = ‘”‘Tg/ and f = i5|c—92|1/2, c € R, ¢g° # ¢, hence
k==g"|c— g2|_1/2 — A1 XA # 0. Therefore, we obtain

Proposition 4.2. The support vector field @ of a right normalized skew
ruled surface @ C E3 is

(a) tangential to the u-curves of @ iff @ is an orthoid, relative minimal
surface and the function f is given by

f=:t5‘c—92|1/2,c€R, q* # c.

(b) orthogonal to the w-curves of @ iff the conical curvature and the
function f are given by

m:ig/|c—92’_1/2—)\*1,c€R,)\7&0, g2#candf::|:5|c—g2’1/2_

From (3.6) and (4.2) we have, that @ is tangential or orthogonal to
the curved asymptotic lines iff
(4.6)
(kf =259 )0° + (=6°kg +0'f — 26 f') v* + 62 [f (k — X) + 8'g — 28¢] v
— 6 [8%g(k—A) =28 f+25f] =0,

2that is, a ruled surface whose striction curve is an orthogonal trajectory of the
generators. The ortoid ruled surfaces are characterized by the condition A = 0.
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or

(4.7)
k(kf—08g) v + (—52/-@25] +20kf — Orf — 6(5’g’) V2
+ [P (K2 +2) + P (Af —g) + 8 (0 f —6f) — 8¢ (k+N)] v
— 62 [6%g (K*+2) + 0°kAg + (k+ N) (6f = 8'f)] =0,

respectively. From (4.6) we infer that @ is tangential to the curved
asymptotic lines iff

kf—20g' = —0%kg+8'f —20f = f(k—\) +0g—20¢g =
=gk —A) =25 f+20f =0.

Treating the above system in the standard way we find that A = ¢’ = 0.
If Kk = 0, & is right helicoid®, f =c; € R* and g = ¢, € R*. If Kk # 0, &
is orthoid of constant distribution parameter c3, k = £2¢' |cy — gQ|_1/2,
ct ER* ¢ #0, > #cyand f = Fe3leq — gQ|1/2. From (4.7) we deduce
that ) is orthogonal to the curved asymptotic lines iff

k(kf—0g) = (=6°k*g + 20k f — Sk f' —80'g') =0
[6°f (K> +2) + 8*k (Af —0'g) + 6 (0'f —6f) = 6%¢ (k+N)] =0
0% (K*+2) + 0°kAg + (K + \) (6 = 8'f) = 0.

From the system we have, initially, that x = 0 or @ is a relative minimal
surface. If K = 0 we have ' = 0 or ¢ = 0. In both cases the arising
systems of differential equations lead to a contradiction. If @ is a relative
minimal surface and s # 0 we arrive again to a contradiction.

So, we can state

Proposition 4.3. The support vector field @ of a right normalized skew
ruled surface @ C E3 is
(a) tangential to the curved asymptotic lines of @ iff

(i) @ is right helicoid, the function f is a nonvanishing constant ¢; and
the function g is a nonvanishing constant cs, or
(ii) @ is orthoid of constant distribution parameter c3 and the conical
curvature and the function f are given by
k=22gles— g* 7 €RY, g £0, P #£ 4
and f = ez ey — ?|"
3The right helicoids are characterized by the conditions § = c€R* and kK = A = 0.
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but
(b) it cannot be orthogonal to the curved asymptotic lines of &.

From (3.8) and (4.2), resp. (4.3), we deduce: @ is tangential or
orthogonal to the K-curves iff

4.8
é(/@}—ég’)v‘l — (20°kg = 8'f +20f)0° + 8% [2f (k — X) + 0'g — 264/ v°
— 67 [28%°g(k—N) =38 f+25fv—6'g=0
or
(4.9)
§ (kf —0g")v® + [252]” (KA + 1) — 820 kg + 67 f — 60 f — 253)\g'} v?
— 62 [28%g (kA + 1)+ Iwf +2X(6f' = &' f) — 08'g'] v
+ 0% (8°kg —0'f+0f") =0,

respectively. From (4.8) we have that @ is tangential to the K-curves iff

kf—0g =28%kg — 8 f+20f =2f (k—\)+8g—25¢g =0,
20%g (k —A\) =38 f +20f =8 =0,
from which we take that & is relative minimal, 6 = ¢; € R*, A = 0 and
f=*dlca— c%gz|1/i, co € R, c2g® # cy. From (4.9) we infer that Q is
orthogonal to the K-curves iff
§ (kf —0g") = 20%f (kA +1) — 6*6'kg + 6 f — 06" f/ — 20°\g’ = 0,
269 (kA + 1)+ 8k f + 2N (0 f = &' f) —80'g' =& (0°kg — &' f +6f") =0,
that is, iff @ is relative minimal or § = ¢; € R*. If @ is relative minimal

we arrive at a contradiction.

If § = ¢; € R*, we obtain kA + 1 = ClT/\g/ and f = %y — 22|,
s € R, 2g® # ¢y, hence k = £e1g’ oo — 2g?| % — A1, A # 0. Thus,
we deduce

Proposition 4.4. The support vector field @ of a right normalized skew
ruled surface ¢ C E? is

(a) tangential to the K-curves of @ iff @ is an orthoid, relative minimal
surface of constant distribution parameter ¢; and the function f is given

b 1/2
Y fz:l:‘@—c%gQ /,CQER7C%927£CQ.
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(b) orthogonal to the K-curves of @ iff & has constant distribution
parameter ¢; and the conical curvature and the function f are given

by

k= =+c1q |y — 0%92\71/2 — A H e €RAN#0, 2g*# o

and f =4 |cy — cfgz|1/2.

The following table summarizes the results:

’ Qis ... Type of the ruled surface ¢ ‘ fi9 ‘
orthogonal to . .. 511/2 9
the generators relative minimal f=%6 !c—g | ,c€R, g% +#¢c
tangential to . . .. 511/2 9
the 1curves orthoid, relative minimal f==%6 |c—g | , cER, g?>#c
orthogonal to | x=4¢' |c—92 “2 - 211/2

' f==4 fc—g |
the u-curves ceR, A\#£0, g°#c
tangential to right helicoid f=c €R* g=co €R*
the curved orthoid, d =c3 € R*,

—1/2 1/2
asympt. k=%2g"|cs—g?| ) f=+cs|ca—g?| /
lines ci €R*, g'#0, g° #cy
orthogonal to
the curved | - -
asympt. lines
tangential to orthoid, relative minimal, f==% ’CZ —c2g? | . 27
the K-curves 6=c; € R* e €R, C%gQ #cy

tl lto | 0T €RY
orthogonal to -1/2 . _ 1/2
the K-curves r=tcrg’ ‘62_0%92’ AL | f=E |C2_C%92|
2 €ER, N£0, c2g%#cy
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