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Relationships between inclusions for rela-
tions and inequalities for corelations
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Abstract: Let X and Y be quite arbitrary sets. Then, a function U on
the power set P(X) to P(Y) will be called a corelation on X to Y. Thus,
complementation and closure (interior) operations on X are corelations on X.

Moreover, for any two corelations U and V on X to Y, we shall write U <V
if U(A)C V(A) for all AC X. Thus, the family of all corelations on X to
Y also forms a complete poset (partially ordered set).

Formerly, we have established a partial Galois connection (>,<) between
relations and corelations. Now, by using this, we shall establish some further
relationships between inclusions for relations and inequalities for corelations.

For instance, for some very particular corelations U and V on X to Y, with
U< < V9, we shall prove the existence of an union-preserving corelation ® on
X to Y which separates U and V in the sense that U < & < V.

The work of the author has been supported by the Hungarian Scientific
Research Fund (OTKA) Grant K-111651.

1. Introduction

Let X and Y be quite arbitrary sets without having any
particular algebraic or topological structure. Moreover, denote the power
sets (families of all subsets) of X and Y by P(X) and P(Y), respectively.
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In our former paper [17|, a function U on P(X) to P(Y) has
been briefly called a corelation on X to Y. Thus, complementation and
closure (interior) operations on X are corelations on X.

If R isarelationon X to Y, i.e., R C X xY, then the function
R®, defined by R*(A) = R[A] = U,c4 R(x) for all A C X, can be
easily seen to be a union-preserving corelation on X to Y which may be
identified with R.

Conversely, if U is a corelation on X to Y, then we may naturally
define a relation U? on X to Y such that U%(z) = U({z}) for all
x € X. Moreover, for the corelation U, we may also naturally write
Ue=(U9)".

Namely, for any two corelations U and V on X to Y, we may
also naturally write U <V if U(A) C V (A) forall A C X. Thus, the
family of all corelations on X to Y also forms a complete poset (partially
ordered set).

Moreover, we can show that the functions > and < establish a
partial Galois connection in the sense that, for an arbitrary relation R
and a quasi-increasing corelation U on X to Y, we have R* < U if and
only if R C U".

Now, a corelation U on X to Y may be briefly called open (quasi-
increasing) if U < U° (U °<U ) . Moreover, we can easily see that U
is union-preserving if and only if U = U°. That is, U is both open and
quasi-increasing.

In our present paper, by using the functions >, < and o, we shall
establish some further connections between inclusions for relations and
inequalities for corelations. For instance, we shall show that U <V —
U°e<V°® «— UCV-.

Moreover, we shall show that for an open corelation U and a quasi-
increasing corelation V on X to Y, with U? < V< there exists a
union-preserving corelation ® on X to Y which separates U and V in
the sense that U < & < V.

2. A few basic facts on corelations

The following definition was first introduced in our former paper
[17]. It differs from that of Poschel and Rossinger [11].
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Definition 2.1. A function U on one power set P(X) to another P(Y)
is called a corelation on X to Y.

Remark 2.2. Note that if a subset A of X is not in the domain of U,
then by the corresponding definition for relations we have

U (A) = 0. Therefore, every corelation on X to Y is actually a corelation
of X to Y.

Definition 2.3. A corelation U on X to Y is called
(1) dncreasing if U(A) CU(B) forall AC B C X;
(2) quasi-increasing if U({z}) CU(A) forall z € AC X;

(3) union-preserving if U(|J A) = U U(A) forall ACP(X).
AeA

Remark 2.4. In particular, a corelation U on X to itself will be simply
called a corelation on X.

Thus, a corelation U on X may be called extensive, intensive,
involutive and idempotent if A C U(A), U(A) C A, U(U(A)) = A
and U(U(A)) =U(A) for all AC X, respectively.

Moreover, an increasing involutive (idempotent) corelation is called
a involution (projection) operation. While, an extensive (intensive)
projection operation is called a closure (interior) operation.

Simple reformulations of properties (1) and (2) in Definition 2.3
give the following two theorems.

Theorem 2.5. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U is quasi-increasing;

2) UU({z}) CU(A) forall ACX.

Theorem 2.6. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U is increasing;

2) UUMA)CU(UJA) forall ACP(X);
AcA

(3) U(A)UU(A) CU(AUA,) forall Ay, Ay C X.
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Hence, it is clear that in particular we also have the following

Corollary 2.7. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U 1is union-preserving;

(2) U isincreasingand U(J A) C U U(A) forall ACP(X).
AeA

However, it is now more important to note that we also have the
following theorem which has also been proved, in a different way, by
Pataki [10].

Theorem 2.8. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U is union-preserving;

(2) UA)= U U({z}) forall ACX.

Proof. To prove the implication (2) = (1), note that if (2) holds, then
U is increasing.

Therefore, by Theorem 2.6, we have |J,., U(A) CU(J A) for
all A C P(X). Thus, to obtain (1), we need only prove the converse
inclusion.

For this, note that if A C P(X), then by (2) we have

v(UA)= U U({=}).
zeJA

Therefore, if y € U(|J.A), then there exists € J A such that
y € U({x}) . Thus, in particular there exists Ag € A such that = € Ay,
and so {x} C Ay. Hence, by using the increasingness of U, we can
already see that

yeU({z}) CU(A) QALEJAUM).

Therefore, U(JA) CUycq U(A) also holds. O

From this theorem, by Theorem 2.5, it is clear that in particular
we also have
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Corollary 2.9. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U is union-preserving;

(2) U is quasi-increasing and U(A) C |J U({z}) forall AC X.

zeA

Now, for a preliminary illustration of the usefulness of Theorem 2.8,
we can easily establish the following

Example 2.10. If R is a relation on X to Y, and U (A) = R[A] for
all A C X, then U is the unique union-preserving corelation on X to
Y such that R (z) = U ({z}) for all z € X.

To check the union-preservingness of U, recall that
R[A]=U,cq R(z) with R(z) ={y€eY: (z,y) € R}.
Therefore,
U(A)=R[A]= U R(z)= U R[{z}] = U U({=})
z€A z€A z€A

for all A € X. Thus, Theorem 2.8 can be applied to get the required
assertion.

Remark 2.11. Conversely, we can also easily see that if U is a union-

preserving corelation U on X to Y, and R is a relation on X to Y
such that R (z) = U({z}) for all € X, then U (A) = R[A] for all
ACX.

3. Some pointwise operations and an inequality for
corelations

Here, to distinguish the pointwise complements and differences for
corelations from the global ones, we shall use bold notations.

Definition 3.1. If U and V are corelations on X to Y, then for any
A C X we define

US(A)=U(A) =Y \U(A) and (U\V)(A)=U(A)\V(A).



XXX Arpad Sziz

Remark 3.2. Thus, if in particular U(A) =Y for all A C X, then
(UNV)(A) = U(A)\V(A) =Y\ V(A) =V (A) = V(A
for all A C X. Therefore, in this particular case, we have U\ V = V.

Moreover, to distinguish the pointwise intersections and unions for
corelations from the global ones, we shall use lattice theoretic notations.

Definition 3.3. If U/ is a family of corelations on X to Y, then for any
A C X we define

(ANU)(A) = N U((A) and (VU)(A) = U U(A).

veu veud

Remark 3.4. Thus, for any two corelations U and V on X to Y, we
also write

UNV =N\{U, V} and UvVv=\{U,V}.

Now, by using the corresponding definitions and Theorem 2.8, we
can easily prove the following two theorems.

Theorem 3.5. If U is a family of increasing (quasi-increasing)
corelations on X to Y, then A U and \/ U are also increasing (quasi-
increasing) corelations on X to Y.

Theorem 3.6. If U/ is a family of union-preserving corelations on X to
Y, then \/ U is also a union-preserving corelation on X to Y.

Proof. Under the notation V =\/ U, for any A C X we have
V(A)=(VU)(A) = U U(4).
veUd

Hence, by using that each member of U is unioin-preserving, we can see
that

VA)=U U)=U UU{H«h)=U U U({z}) :xLEJAV({x})-

veu UeU z€A z€A UeU
Therefore, by Theorem 2.8, the corelation V is also union-preserving. ¢

The following example shows that the corresponding assertion fails
to hold for the corelation A U .
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Example 3.7. Let X be a set such that card (X) > 1, and for any
A C X define

U(A) = Ax[A] and V(A) = Ax[A],

where Ay is the identity function of X and A§ = X2\ Ax.

Then, by Example 2.10, it is clear that U and V are union-preserving
corelations on X. Moreover, by taking A C X, with card (A) =2, we
can easily see that

(UAV)(A) =4, but UUAV)({z})=0.

r€eEA

Therefore, the increasing corelation U AV is very far from being union-
preserving.

In the sequel, since set inclusion is not, in general, a convenient
partial order for functions, we shall use the following

Definition 3.8. For any two sets X and Y, denote by Q(X,Y) the
family of all corelations on X to Y.

Moreover, for any two U, V € Q(X,Y), define U < V
if U(A) CV(A) forall AC X.

Thus, we can easily prove the following

Theorem 3.9. With the above inequality relation <, the family Q(X,Y)
forms a complete poset.

Proof. 1t is clear that the relation < considered in Definition 3.8 is a
partial order (reflexive, transitive and antisymmetric) relationon Q(X,Y).

Moreover, if Y C Q(X,Y) and V =V U, i.e,

V(A4) = ULEJM U(A)

for all A C X, then it can be easily seen that V = sup (L{) Thus, the
poset Q(X,Y) is sup-complete.

The fact that Q(X,Y") is inf-complete can be proved quite similarly
by showing that A U = inf (U) . O
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Remark 3.10. Note that, by a basic theorem of Birkhoff [1, p. 112], a
poset is inf-complete if and only if it is sup-complete.

Moreover, by our former papers [3, 22|, this theorem can be
extended to an arbitrary goset (generalized ordered set) even with a
simpler proof.

Definition 3.11. In the sequel, the families of the quasi-increasing,
increasing and union-preserving members of Q(X,Y’) will be denoted
by Q1(X,Y), Q(X,Y) and Q3(X,Y), respectively.

Remark 3.12. Thus, we evidently have

Moreover, by using Theorems 3.9 and 3.6, we can also prove the
following

Theorem 3.13. With the corresponding restriction of the inequality
relation < considered in Definition 3.8, the family Q,;(X,Y), with
1=1, 2, 3, is also a complete poset.

Remark 3.14. Now, by Remark 3.10, inf (i) also exists in Q3(X,Y).
However, because of Example 3.7, it can be strictly smaller than A U .
Therefore, the latter notation may cause some confusions.

4. Two natural maps between relations and corela-
tions

In [24], by using the corresponding definitions of Hohle and
Kubiak [9] and the notations of Davey and Priestley [6, p. 55|, we
have introduced the following

Definition 4.1. For any relation R and corelation U on X to Y, we
define a corelation R® and a relation U%on X to Y such that

R"(A)=R[A] and Ud(z) =U({z})
forall AC X and z € X.

Moreover, for the corelation U, we also define

Ue=U"=(U%)".
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From Example 2.10, by the above definition, it is clear that we have

Theorem 4.2. If R is a relation on X to Y, then R" is a union-
preserving corelation on X to Y.

Moreover, by using the above definition and the latter theorem, we
can also easily prove the following

Theorem 4.3. If U is a corelation on X to Y, then U° is a union-
preserving corelation on X to Y such that, for any A C X, we have

U*(4) = U714] = U U({s)).

Proof. To check this equality, note that, by the corresponding definitions,
we have

U°(A) = (U")(A)=U*[A]= U U%(2) = U U({z}).

€A zeA

O

Thus, in particular we can also state

Corollary 4.4. If U is a corelation on X to Y, then for any x € X we

have
U°({r}) = U%(@) = U({z})..

Now, for a preliminary illustration of Theorem 4.3, we can easily
establish the following two examples

Example 4.5. If U is a corelation on X such that U ({z}) = {z} for
all z € X, then U°(A) = A for all AC X. That is, U° is the identity
corelation on X.

Example 4.6. If U is the complement operationon X, i.e., U (A) = A°
for all A C X, then U° is a union-preserving corelation on X such that,
for any A C X, we have

0 if card(A)=0,
U°(A)=< A¢ if card(A)=1,
X if card(A4)>1.

To check this, note that, by Theorem 4.3 and De Morgan’s law, we

have
Ue(4) = U U({e}) = U k= (N {2})

zeA T€EA

C
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Now, by using Definition 4.1 and Theorem 4.3, we can also easily
prove

Theorem 4.7. For any relation R and corelation U on X to Y, we
have

(1) R"™=R; (2) R" = R";
(3) U*=U"; (4) U°°=U".
Proof. By the corresponding definitions, it is clear that

R*(z) = (R")"(x) = R*({z}) = R[{z}] = R(x)
for all x € X. Therefore, (1) is true.

Now, by using assertion (1) and Definition 4.1, we can easily see
that

RDO — R><1l> — Rl> and UO< — U<ll><1 — U<1 .

Therefore, (2) and (3) are also true.

Furthermore, by using Theorem 4.3 and its corollary, we can also
easily see that

Uee(A) = U U°({z}) = U U({z}) =U°(4)

T€EA zeA

for all A C X. Therefore, (4) is also true. O

By Theorems 2.5, 2.8 4.2, and 4.3, it is clear that we also have the
following two theorems.

Theorem 4.8. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U°<U; (2) U is quasi-increasing;

Remark 4.9. In the sequel, a corelation U on X to Y will be called
open if the converse inequality U < U° holds true.

Theorem 4.10. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U°=U;
(2) U is union-preserving ;

(3) U= R"” for some relation Ron X to Y.
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Finally, we note that from Remark 4.9 and Theorems 4.8 and 4.10,
by Theorem 4.3, it is clear that the following theorem is also true.

Theorem 4.11. If U is a corelation on X to Y, then

(1) U isopenifandonlyif U(A) CUA] forall AC X;

(2) U is quasi-increasing if and only if U[A] C U (A) forall A C X;

(3) U is union-preserving if and only if U (A) = U‘[A] forall A C X.
Thus, in particular, we can also state

Corollary 4.12. If U is a corelation on X to Y, then the following
assertions are equivalent :

(1) U is union-preserving; (2) U isopen and quasi-increasing .

5. Some further properties of the maps > and <

Theorem 5.1. For any two relations R and S on X to Y, the following
assertions are equivalent :

(1) RCS; (2) R"< S”.

Proof. 1f (1) holds, then by the corresponding definitions, it is clear that
(2) also holds.

Conversely, if (2) holds, then by the forthcoming Theorem 5.3 we
can see that R®Y C S*9. Thus, by Theorem 4.7, assertion (1) also
holds. O

Remark 5.2. From this theorem, we can see that > is an increasing,
injective function of P(X xY) to Q(X, Y). Moreover, from Theorem
4.10, we can see that it is actually onto Q3(X, Y).

Concerning corelations, we can only prove the following less
convenient

Theorem 5.3. If U and V are corelations on X to Y, then among the
assertions

(1) U<V (2) Us< Vs (3) Utcvy

the implications (1) = (2) <= (3) hold.
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Proof. If (1) holds, then by Theorem 4.3 and the corresponding
definitions, it is clear that (2) and (3) also hold.

While, if (3) holds, then by Theorem 5.1 we also have U < V<%,
Hence, since <> = o, it is clear that (2) also holds.

Conversely if (2) holds, then because of (1) = (3) we also have
U°< C V°<. Hence, since by Theorem 4.7 we have o< = <, it is clear

that (3) also holds. O

Remark 5.4. The fact that (3) does not implies (1) even if either U or
V' is union-preserving is quite obvious from Example 4.5.

However, from Theorem 5.3, by using Theorem 4.10, we can still
infer

Corollary 5.5. For any two union-preserving corelations U and V on
X to Y, the following assertions are equivalent :

(1) U<V, (2) UTC V.

Now, in addition to Theorem 5.3, we can also easily prove the
following
Theorem 5.6. For any two corelations U and V on X to Y,

(1) U° <V implies U°<V°;

(2) U° < V° implies U° <V if V is quasi-increasing.
Proof. If U° <V, then by Theorem 5.3 we also have U°° < V°. Hence,

since by Theorem 4.7 we have oo = o, it is clear that U° < V°, and
thus (1) also holds.

Moreover, if V is quasi-increasing then by Theorem 4.8 we
Ve < V. Hence, by the transitivity of <, it is clear that U° < V°
implies U° < V', and thus (2) also holds. O

Now, as an immediate consequence of Theorems 5.3 and 5.6, we
can also state

Corollary 5.7. For any two corelations U and V on X to Y,
(1) U° <V implies U*C V<
(2) UCC V< implies U° <V if V is quasi-increasing.
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Remark 5.8. From Theorem 5.3, we we can see that o and < are
increasing functions of Q(X,Y) to P(XxY).

Moreover, from Theorems 4.7, 4.8, 4.10 and 5.6 and Corollary 5.4,
we can see that the maps o and < have some further useful properties.

Now, by using our former theorems, we can also easily prove the
following two theorems.

Theorem 5.9. If U is a corelation on X to Y, then
R? < U implies RCU®
for any relation R on X to Y.

Proof. If R* < U holds, then by Theorem 5.3 we also have R"* C U*“.
Hence, since by Theorem 4.7 we have R*Y = R, it is clear that R C U“
also holds. O

Theorem 5.10. For a corelation U on X to Y, the following assertions
are equivalent :

(1) U is quasi-increasing;
(2) R C U implies R* < U for any relation R on X to Y.

Proof. 1f (1) holds, then by Theorem 4.8, we have U° < U. Moreover,
if R C U®, then by Theorem 5.1 we also have R” < U<, and thus
R” < U°. Hence, by the transitivity of <, it is clear R> C U, and
thus (2) also holds.

Conversely if (2) holds, then from the trivial inequality U< < U~
we can infer that U< < U, and thus U° < U. Therefore, by Theorem
4.8, assertion (1) also holds. O

Now, as an immediate consequence of the above two theorems, we
can also state

Corollary 5.11. For an arbitrary relation R and a quasi-increasing
corelation U on X to Y, the following assertions are equivalent :

(1) R* < U; (2) RCU".
Remark 5.12. This corollary shows that the function > and the

restriction of < to Q;(X,Y") establish a Galois connection between the
complete posets P (X xY) and Q;(X,Y).



XXX Arpad Sziz

Therefore, the extensive theory of Galois connections [2, 8, 6] could
have been applied here. However, because of the simplicity of Definition
4.1, it was more convenient to use some, more elementary, direct proofs.

Interesting examples, applications and generalizations for Galois
connections can also be found in the books Ganter and Wille 7] and
Denecke, Erné and Wismath [5], and our former papers listed in the
References.

6. Some applications of Theorems 5.3 and 4.10

Now, as an immediate consequence of Theorems 5.3, we can state
the following

Theorem 6.1. If U, V and ® are corelations on X to Y, then among
the assertions

(1) U<S®<V;, (2) U°<®°<V°, (3) UCadICVe,
the implications (1) = (2) <= (3) hold.

From this theorem, by using Theorem 4.10 and the corresponding
definition, we can easily derive the following

Theorem 6.2. If U and V are arbitrary and ¢ is a union-preserving
corelation on X to Y, then among the assertions

(1) U<o<V, (2) U<V

(3) U°(A) CP(A)CVe(A) forall AC X,

(4) U({z}) C@({z}) CV ({z}) forall =€ X;
the implications (1) = (2) <= (3) <= (4) hold.
Proof. By Theorem 4.10, we have & = ®°. Hence, by Theorem 6.1,
we can see that (1) implies (2), and (2) is equivalent to the inclusion
UsC o9 C Ve,

However, by the corresponding definitions, this inclusion is

equivalent to (4), and (2) is equivalent to (3). Therefore, the required
implications are true. O

Now, by using this theorem, we can also easily prove the following
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Theorem 6.3. If U and V are corelations and R is a relation on X to
Y such that
USCRCVT,

then ® = R" is a union-preserving corelation on X to Y such that
U°<d<Ve,

Proof. By Theorem 4.2, it is clear that & is a union-preserving corelation
on X to Y. Moreover, from the assumption of the theorem we can see
that

U¥(z) C R(z) CV¥(x), and thus U({z}) € R(z) €V ({z})
for all x € X. Hence, since
R(z) = R[{z}] = R*({z}) = ®({z}),
we can infer that
U({x}) € @ ({x}) € V({})

for all x € X. Thus, by Theorem 6.2, the required inequalities are also
true. O

From this theorem, it is clear that we can also state
Corollary 6.4. If U and V are corelations on X to Y such that
uscCve,
then there exists a union-preserving corelation ® on X to Y such that
U< o < Vel

Proof. To check this, note that, for the relation R = U< or V<, Theorem
6.3 can be applied. O

Now, by using this corollary, we also easily establish the following
sandwich theorem with union-preservingness.
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Theorem 6.5. If U is an open and V is a quasi-increasing corelation
on X to Y such that

uscCve,
then there exists a union-preserving corelation ® on Y to Y such that

U<o<V.

Proof. By Corollary 6.4, there exists a union-preserving corelation ® on
X to Y such that
U< o < Ve

Moreover, by Remark 4.9 and Theorem 4.8, we now have
U<U° and Ve

Hence, by the transitivity of the relation <, it is clear that the required
inequalities are also true. O

Remark 6.6. Note that, by Theorems 6.2 and 6.1, the
inclusion U® C V< is a natural necessary condition for the existence
of such corelation @ .

However, the openness of U and the quasi-increasingness of V are
far from being necessary. Therefore, Theorem 6.5 should be substantially
improved.
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