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Abstract: The notion of weakly Berwald metric was introduced by Shen. The
class of weakly Berwald Finsler metrics contains the class of Berwald metrics
as a special case. In this paper, we find a condition for the existence of weakly
Berwaldian (α, β)-metrics which are not Berwaldian.

1. Introduction

The geodesic curves of a Finsler metric F = F (x, y) on a smooth
manifoldM are determined by the ODE c̈i+2Gi(ċ) = 0, where the local
functions Gi = Gi(x, y) are called the spray coefficients. L. Berwald
first discovered that the third order derivatives of spray coefficients give
rise to an invariant for Finsler metrics. Indeed, the third order vertical
derivatives of Gi yields the Berwald curvature

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
= 0.

A Finsler metric F is called a Berwald metric, if Gi are quadratic in
y ∈ TxM for any x ∈M or equivalently the Berwald curvature vanishes.
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It is remarkable that, Berwald called these spaces by “affinely connected
spaces” in 1927. On a Berwald manifold (M,F ), the parallel transla-
tion along any geodesic preserves the Minkowski functionals [7]. Thus,
Berwald spaces can be viewed as Finsler spaces modeled on a single
Minkowski space. In [10], Z. Shen shows that any regular (α, β)-metrics
are Berwald metric if and only if β is parallel with respect to α.

Taking a trace of Berwald curvature give us the mean Berwald
curvature

Ejk :=
1

2
Bm

jkm.

A Finsler metric F is called a weakly Berwald metric if E = 0 [12]. In
[1], Akbar-Zadeh used this non-Riemannian quantity when he character-
ized Finsler metrics of constant flag curvature among the Finsler metrics
of scalar flag curvature. By definition, every Berwald metric is weakly
Berwaldian, but the converse might not be true in general. For example,
Bao-Shen constructed a family of non-Berwaldian Randers metrics on S3

that are weakly Berwald [4].
In [3], Bácsó-Yoshikawa find the necessary and sufficient condition

under which a Randers and Kropina metrics are weakly Berwaldian. In
[8], Lee-Lee proved that the infinite series metric F = β2/(β − α) is
a weakly Berwald metric if and only if β is a killing 1-form with con-
stant length with respect to α. In [13], Peyghan-Tabatabeifar with the
author showed that the second approximate Matsumoto metric F =
α + β + β2/α + β3/α2 is a weakly Berwald metric if and only if β is
a killing 1-form with constant length with respect to α. In [5], Chen-He-
Pan proved that every (α, β)-metric of non-Randers type is weak Berwald
if and only if β is a killing 1-form with constant length with respect to
α. In [2], Bácsó-Szilágyi give an example of weakly Berwald metric and
find a sufficient condition for the existence of weakly Berwald Kropina
metric. This motivates us to find some sufficient conditions under which
an (α, β)-metric is weakly Berwaldian while is not Berwaldian. Thus the
following natural question arises:

Under which conditions, an (α, β)-metric is weakly Berwaldian and not
Berwaldian?

An (α, β)-metric is a scalar function on TM defined by F := αφ(s),
s = β/α, in which φ = φ(s) is a C∞ function on (−b0, b0) with certain
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regularity, α =
√
aijyiyj is a Riemannian metric, β = bi(x)yi is a 1-form

on M and b := ‖βx‖α (for more details, see [6][11][13][14][15]). For an
(α, β)-metric F := αφ(s), define bi|jθj := dbi − bjθji , where θi := dxi and
θji := Γjikdx

k denote the Levi-Civita connection form of α. Put

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i), sj := bisij, s0 := sjy

j.

For an (α, β)-metric F = αφ(s), s = β/α, let us define

Q :=
φ′

φ− sφ′
, ∆ := 1 + sQ+ (b2 − s2)Q′,

Φ :=−(Q− sQ′)(n∆ + 1 + sQ)− (b2 − s2)(1 + sQ)Q′′,

Ψ :=
Q′

2∆
, Ω :=

Φ

2∆2
.

In this paper, we find a condition under which an (α, β)-metric is
weakly Berwaldian that is not Berwaldian.

Theorem 1.1. Let F = αφ(s), s = β/α, be an (α, β)-metric on an
n-dimensional manifold M . Suppose that F satisfies
(1.1)
A1bibj+A2(biyj+bjyi)+A3yiyj+A4aij+A5(sibj+sjbi)+A6(siyj+sjyi) = 0,

where

A1 :=
1

2α2∆2

[
ΦQ′′ + 2∆2Ω′′Q+ 4∆2Ω′Q′ + 2∆2Ψ′′

]
s0,

A2 := − 1

2α3∆2

[
2∆2Ψ′′ + 2Ω′∆2Q

+2s∆2Ω′′Q+ 4s∆2Ω′Q′ + 2s∆2Ψ′′ + ΦQ′ + sΦQ′′
]
s0,

A3 :=
1

2α4∆2

[
2s2∆2Ω′′Q+ 6s∆2Ψ′ + 2s2∆2Ψ′′ + 4s2∆2Ω′Q′ + s2ΦQ′′

+6sΩ′∆2Q+ 3sΦQ′
]
s0,

A4 :=− 1

2α2∆2

[
2∆2Ψ′ + 2Ω′∆2Q+ ΦQ′

]
ss0,

A5 :=
1

2α∆2

[
2Ω′∆2Q+ 2∆2Ψ′ + ΦQ′

]
,

A6 := − s
α
A5.
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Let β is a Killing 1-form and not closed. Then F is a weakly Berwaldian
metric which is not Berwaldian.

Example 1.2. The Kropina metric F = α2/β on an n-dimensional man-
ifold M satisfies (3.15). The mean Berwald curvature of F is given by

Ekl =
2(n+ 1)

b2α6

[(
α2(bkal0 + blak0 + aklβ)− 4ak0al0β

)
r00 −

α2(bk − 2βak0)rl0 − α2(bl − 2βal0)rk0 + βrkl

]
,

where ak0 = akiy
i. It is easy to see that, if β is a Killing 1-form, then

E = 0.

2. Preliminaries

Given a Finsler manifold (M,F ), then a global vector field G is
induced by F on TM0, which in a standard coordinate (xi, yi) for TM0

is given by G = yi ∂
∂xi − 2Gi(x, y) ∂

∂yi , where

Gi :=
1

4
gil
[∂2(F 2)

∂xk∂yl
yk − ∂(F 2)

∂xl

]
, y ∈ TxM.

The G is called the spray associated to (M,F ). In local coordinates,
a curve c(t) is a geodesic if and only if its coordinates (ci(t)) satisfy
c̈i + 2Gi(ċ) = 0.

Define By : TxM ⊗ TxM ⊗ TxM → TxM by
By(u, v, w) := Bi

jkl(y)ujvkwl ∂
∂xi |x, where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
.

By(u, v, w) is symmetric in u, v and w. From the homogeneity of spray
coefficients, we have By(y, v, w) = 0. B is called the Berwald curvature.
F is called a Berwald if B = 0. In this case, Gi are quadratic in y ∈ TxM
for all x ∈M , i.e., there exists Γi jk = Γi jk(x) such that Gi = Γi jky

jyk.
Define the mean of Berwald curvature By, by Ey : TxM⊗TxM → R,

where

(2.1) Ey(u, v) :=
1

2

n∑
i=1

gij(y)gy

(
By(u, v, ei), ej

)
.
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The family E = {Ey}y∈TM\{0} is called the mean Berwald curvature or
E-curvature. In local coordinates, Ey(u, v) := Eij(y)uivj, where

Eij :=
1

2
Bm

mij.

By definition, Ey(u, v) is symmetric in u and v and we have Ey(y, v) = 0.
E is called the mean Berwald curvature. F is called a weakly Berwald
metric if E = 0. By definition, the following hold

Eij =
1

2

∂3Gm

∂ym∂yi∂yj
=

1

2

∂2Gm
m

∂yi∂yj
=

1

2

∂2Γmij
∂ym

.

By definition, every Berwald metric is a weakly Berwald metric. But the
converse is not true.

3. Proof of Theorem 1.1

For an (α, β)-metric F := αφ(s), define bi|jθj := dbi − bjθji , where
θi := dxi and θji := Γjikdx

k denote the Levi-Civita connection form of α.
Put

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i), rj := birij, sj := bisij,

ri0 := rijy
j, r00 := rijy

iyj, si0 := sijy
j, r0 := rjy

j, s0 := sjy
j.

Now, we are going to prove the Theorem 1.1. First, we find the formula
of E-curvature of (α, β)-metrics. By definition, we have

Gi = Gi
α + αQsi0 + (−2Qαs0 + r00)(Θ

yi

α
+ Ψbi),(3.1)

where Gi = Gi(x, y) and Gi
α = Gi

α(x, y) denote the coefficients of F and
α respectively in the same coordinate system, and

Θ :=
φφ′ − s(φφ′′ + φ′φ′)

2φ
[
(φ− sφ′) + (b2 − s2)φ′′

] , Ψ :=
1

2

φ′′

(φ− sφ′) + (b2 − s2)φ′′
.

Thus, we remark the following which is proved in [10].

Lemma 3.1. Let F = αφ(β/α) be an (α, β)-metric on an n-dimensional
manifold M . Then the following holds

(3.2)
∂Gm

∂ym
= ym

∂

∂xm
(lnσα) + 2Ψ(r0 + s0)−

Φ

2α∆2
(r00 − 2αQs0).
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After a long and tedious computations, we obtain the following.

Lemma 3.2. Let F = αφ(s), s = β/α, be an (α, β)-metric. Then the
mean Berwald curvature of F is given by the following

Eij = C1bibj + C2(biyj + bjyi) + C3yiyj + C4aij + C5(ri0bj + rj0bi)

+C6(ri0yj + rj0yi) + C7rij + C8(sibj + sjbi) + C9(siyj + sjyi)

+C10(ribj + rjbi) + C11(riyj + rjyi),(3.3)

where

C1 :=
1

2α3∆2

[
α
(

ΦQ′′ + 2∆2Ω′′Q+ 4∆2Ω′Q′ + 2∆2Ψ′′
)
s0

+
(

2α∆2Ψ′′ −∆2Ω′′
)
r0

]
,

C2 := − 1

2α4∆2

[
α
(

2∆2Ψ′′ + 2Ω′∆2Q+ 2sQ∆2Ω′′ + 4∆2Ω′Q′s+ 2s∆2Ψ′′

+Q′Φ + sQ′′Φ
)
s0 +

(
2α∆2Ψ′ + 2sα∆2Ψ′′ − 2Ω′∆2 − s∆2Ω′′

)
r0

]
,

C3 :=
1

4α5∆2

[
2sα
(

2s∆2Ω′′Q+ 6Ω′∆2Q+ 4s∆2Ω′Q′ + 2s∆2Ψ′′ + 6∆2Ψ′

+3ΦQ′ + sΦQ′′
)
s0 −

(
2∆2s2Ω′′ − 12α∆2Ψ′s− 4α∆2Ψ′′s2

+3Φ + Ω′∆2s
)
r0

]
,

C4 :=− 1

4α3∆2

[
2α
(

2s∆2Ψ′ + 2sQΩ′∆2 + sΦQ′
)
s0 −

(
Φ + 2sΩ′∆2

−4sα∆2Ψ′
)
r0

]
,

C5 := −Ω′

α2
,

C6 :=
2∆2sΩ′ + Φ

2α3∆2
,
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C7 := − Φ

2α∆2
,

C8 :=
1

2α∆2
{2Ω′∆2Q+ 2∆2Ψ′ + ΦQ′},

C9 := − s
α
C8,

C10 :=
Ψ′

α
,

C11 :=− s
α
C10.

Proof. The following hold

(3.4) αyi = α−1yi, syi =
biα− αyiβ

α2
= α−2(αbi − syi),

where s = β/α. Put(
Q(s)

)′
:= Qyi ,

(
Φ(s)

)′
:= Φyi ,

(
Ψ(s)

)′
:= Ψyi ,

Then (
Q(s)

)′
= syiQ′(s) = α−2(αbi − syi)Q′(s).(3.5) (

Φ(s)
)′

= syiΦ′(s) = α−2(αbi − syi)Φ′(s),(3.6) (
Ψ(s)

)′
= syiΨ′(s) = α−2(αbi − syi)Ψ′(s).(3.7)

Let us put(
Q(s)

)′′
:= Qyiyj ,

(
Φ(s)

)′′
:= Φyiyj ,

(
Ψ(s)

)′′
:= Ψyiyj ,

The following hold

(3.8) αyiyj = α−1(aij − α−2yiyj).

Then

syiyj =
2αiαjβ − α(αibj + αjbi + αijβ)

α3

=α−4
[
3syiyj − α(yibj + yjbi + aijβ)

]
.
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Therefore(
Q(s)

)′′
= syiyjQ′(s) + syiQ′′(s) =

=
3syiyj − α(yibj + yjbi + aijβ)

α4
Q′ +

αbi − syi
α2

Q′′,

(
Φ(s)

)′
= syiyj Φ′(s) + syiΦ′′(s) =

=
3syiyj − α(yibj + yjbi + aijβ)

α4
Φ′ +

αbi − syi
α2

Φ′′,

(
Ψ(s)

)′
= syiyj Ψ′(s) + syiΨ′′(s) =

=
3syiyj − α(yibj + yjbi + aijβ)

α4
Ψ′ +

αbi − syi
α2

Ψ′′.

By taking twice vertical derivation of (3.2) with respect to yi and yj and
considering the above relations, we get (3.3). ♦

By Lemma 3.2, we get the following.

Corollary 3.3. Let F = αφ(s), s = β/α, be an (α, β)-metric on a
manifold M . Suppose that β is Killing 1-form with constant length with
respect to α, i.e., rij = si = 0. Then F reduces to a weakly Berwald
metric.

The formula of E-curvature of Randers metrics and Kropina metrics
computed from the Lemma 3.2 coincides with the one computed in [3].

Proof of Theorem 1.1. Let F = αφ(s), s = β/α, be an (α, β)-metric
on an n-dimensional manifold M . Suppose that β is a Killing 1-form,
i.e., rij = 0. By putting it in (3.3) and considering (3.15), it follows that
F is weakly Berwaldian. Now, we are going to show that the Berwald
curvature is not necessarily vanishes. Since β is Killing, then (3.1) reduces
to following

(3.9) Gi = Gi
α + αQsi0 − 2αQs0

[
Θ
yi

α
+ Ψbi

]
.
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Taking a vertical derivation of (3.9) with respect to yj yields

Gi
j = (Gi

α)j + αjQs
i
0 + αQjs

i
0 + αQsij − 2

[
αjQs0 + αQjs0 + αQsj

]
·
[
Θ
yi

α
+ Ψbi

]
− 2Qαs0

[
Θj
yi

α
+ Θ

δijα− αjyi

α2
+ Ψjb

i
]
.(3.10)

By taking a vertical derivation of (3.10) with respect to yk, we have

Γi jk = Γ̄ijk + αjkQs
i
0 + αjQks

i
0 + αjQs

i
k + αkQjs

i
0 + αQjks

i
0

+αQjs
i
k + (αkQ+ αQk)s

i
j − 2

[
(αjkQ+ αjQk + αkQj + αQjk)s0

+(αjQ+ αQj)sk + (αkQ+ αQk)sj

][
Θ
yi

α
+ Ψbi

]
− 2Qαs0

[
Θjk

yi

α

+Θj

(δikα− αkyi
α2

)
+ Θk

(δijα− αjyi
α2

)
+ Θ

(δijα− αjyi
α2

)
k

+ Ψjkb
i

]

−2

[
αjQs0 + αQjs0 + αQsj

][
Θk

yi

α
+ Θ

δikα− αkyi

α2
+ Ψkb

i

]

−2

[
Qkαs0 +Qαks0 +Qαsk

][
Θj
yi

α
+ Θ

δijα− αjyi

α2
+ Ψjb

i

]
.(3.11)

If β is not closed 1-from, then by (3.11) it follows that the Berwald
curvature is not vanishing necessarily. This complete the proof. ♦

Remark 3.4. Let (M,F ) be a Finsler manifold. The third order deriva-
tives of 1

2
F 2
x at y ∈ TxM0 is the Cartan torsion Cy on TxM . The rate of

change of Cy along geodesics is the Landsberg curvature Ly on TxM for
any y ∈ TxM0. Taking a trace of Cy and Ly yield the mean Cartan tor-
sion Iy and mean Landsberg curvature Jy, respectively. A Finsler metric
is called weakly Landsbergian if J = 0. The formula for the mean Cartan
torsion of an (α, β)-metric is given by following

Ii =
1

2

∂

∂yi

[
(n+ 1)

φ′

φ
− (n− 2)

sφ′′

φ− sφ′
− 3sφ′′ − (b2 − s2)φ′′′

(φ− sφ′) + (b2 − s2)φ′′

]
.

(3.12)
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By taking a horizontal derivation of (3.12) along Finslerian geodesic,
we get the mean Landsberg curvature of an (α, β)-metric F = αφ(s) as
follows

Ji = − 1

2∆α4

[
2α2

b2 − s2

(Φ

∆
+ (n+ 1)(Q− sQ′)

)
(r0 + s0)hi

+
α

b2 − s2

(
Ψ1 + s

Φ

∆

)(
r00 − 2αQs0

)
hi + α

(
α2∆si0 − αQ′s0hi

+αQ(α2si − yis0) + α2(ri0 − 2αQsi)− (r00 − 2αQs0)yi

)Φ

∆

]
,(3.13)

where hi := αbi − syi (see [9]). Let β is a Killing. Then (3.13) reduces
to following

Ji =− 1

2∆α4

[
2α2

b2 − s2

[Φ

∆
+ (n+ 1)(Q− sQ′)

]
s0hi

− 2α2Q

b2 − s2
(Ψ1 + s

Φ

∆
)s0hi + α

[
α2∆si0 − αQ′s0hi + αQ(α2si − yis0)

−2α3Qsi + 2αQs0yi

]Φ

∆

]
.(3.14)

By (3.14), if β is not closed 1-from then the mean Landsberg curvature
is not vanishing necessarily.

By the same argument used in the Theorem 1.1, one can get the
following.

Theorem 3.5. Let F = αφ(s), s = β/α, be an (α, β)-metric on an
n-dimensional manifold M . Suppose that F satisfies
(3.15)
D1bibj+D2(biyj+bjyi)+D3yiyj+D4aij+D5(sibj+sjbi)+D6(siyj+sjyi) = 0,

where

D1 :=
1

2α3

[
2αΦ′′ − Ω′′

]
r0,

D2 := − 1

2α4

[
2αΨ′ + 2sαΨ′′ − 2Ω′ − sΩ′′

]
r0,
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D3 := − 1

4α5

[
2s2Ω′′ − 12sαΨ′ − 4s2αΨ′′ + 3Φ + sΩ′

]
r0,

D4 :=
1

4α3∆2

[
Φ + 2sΩ′∆2 − 4sα∆2Ψ′

]
r0,

D5 := − 1

α2
Ω′,

D6 :=
1

2α3∆2

[
2sΩ′∆2 + Φ

]
,

D7 := − 1

2α∆2
Φ,

D8 :=
1

α
Ψ′,

D9 := − s

α2
Ψ′.

Let β is a closed 1-form and not Killing. Then F is a weakly Berwaldian
metric which is not Berwaldian.
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