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Abstract: Assume that ϕ,ψ are completely additive functions mapping
into G, where G is an Abelian topological group with the translation invariant
metric ρ. Let C ∈ G. Assume that

ρ
(
ψ
[√

2n
]
, ϕ(n) + C

)
≤ ε(n) and

∞∑
n=2

ε(n) log log 2n

n
<∞,

where ε(n) ↓ 0. Then ϕ(n) = ψ(n), 2C = ϕ(2), and ϕ(n) can be extended to
R+ to be a continuous homomorphism into G.
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1. Introduction

1.1. Let G be an additively written Abelian topological group with
the translation invariant metric ρ. A mapping ϕ : N → G is called a
completely additive function, if

(1.1) ϕ(nm) = ϕ(n) + ϕ(m) (n, n ∈ N).

Let Q+, resp. R+ be the multiplicative groups of the positive ra-
tionals and the positive reals. We can extend the domain of ϕ to Q+ by
the relation

ϕ
( n
m

)
:= ϕ(n)− ϕ(m),

uniquely. Then ϕ satisfies the relation

ϕ(rs) = ϕ(r) + ϕ(s) (r, s ∈ Q+),

so ϕ : Q+ → G is a homomorphism. We shall say that ϕ is continuous
at the point 1, if rν ∈ Q+, rν → 1 implies that ϕ(rν)→ 0.

Z. Daróczy and the first named author in [1] proved the next

Lemma 1. Let G be an additively written closed Abelian topological
group, ϕ : Q+ → G be a homomorphism that is continuous at the point 1.
Then its domain can be extended onto R+ by the relation

ϕ(α) := lim
rν→α

rν∈Q+

ϕ(rν) (α ∈ R+)

uniquely. The so obtained mapping ϕ : R+ → G is a continuous homo-
morphism, consequently

(1.2) ϕ(αβ) = ϕ(α) + ϕ(β) (α, β ∈ R+).

In [2] the following theorem has been proved which is cited now as

Lemma 2. Let ϕ : N→ G be completely additive such that

(1.3)
∞∑
n=1

ρ(ϕ(n), ϕ(n+ 1))

n
<∞.

Then ϕ is a continuous R+ → G homomorphism.

1.2. We use the standard notation: [x] = integer part of x,{x} =
= fractional part of x, ‖x ‖ = min({x}, 1− {x}).

In our paper [3] we formulated the following conjecture:
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Conjecture 1. If α, β are distinct real numbers at least one of which is
irrational, then the multiplicative group Fα,β generated by{

ξn =
[αn]

[βn]

∣∣∣ n ∈ N
}

equals to Q+.
This conjecture is open, except the case α =

√
2, β = 1 (proved

in [3]).
Let A∗,M∗ be the sets of real valued completely additive, respec-

tively complex valued completely multiplicative functions. In [5] we
proved

Theorem A. Let ε(n) ↓ 0 arbitrarily. Assume that

(1.4)
∞∑
n=1

ε(n) log log 2n

n
<∞.

Let f, g ∈M∗, C ∈ C, |f(n)| = |g(n)| = 1 (n ∈ N) and∣∣∣g([√2n
])
− Cf(n)

∣∣∣ ≤ ε(n) (n ∈ N).

Then f(n) = g(n) = niτ (τ ∈ R), where C =
(√

2
)iτ

.

Hopefully this assertion remains true if (1.4) holds without the
log log 2n for every n ∈ N.

The above conjecture is equivalent to the next one.

Conjecture 2. If α, β are distinct real numbers at least one of which is
irrational, then

f ∈ A∗, f([αn])− f([βn])≡0 (mod 1) (n ∈ N)

implies that f(n)≡0 (mod 1) (n ∈ N).

Our aim is to prove

Theorem. Let ϕ, ψ be completely additive functions mapping into G,
where G is an Abelian topological group with the translation invariant
metric ρ. Let ε(n) be as in Th. A. Assume that

(1.5) ρ
(
ψ
([√

2n
])
, ϕ(n) + C

)
≤ ε(n).

Then ϕ(n) = ψ(n) (n ∈ N) and ϕ(2) = 2C, furthermore ϕ is a continu-
ous homomorphism, ϕ : R+ → G.
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First we prove

Lemma 3. Let ϕ : N→ G, ψ : N→ G be completely additive functions
such that

(1.6)
∞∑
n=1

ρ
(
ψ
([√

2n
])
, ϕ(n) + C

)
n

<∞.

Then ψ(n) = ϕ(n) (n ∈ N), furthermore

(1.7) ϕ(2) = 2C.

2. Auxiliary results

Let

(2.1) J1 =
{
n |
{√

2n
}
<

1√
2

}
and J2 =

{
n |
{√

2n
}
>

1√
2

}
.

Then N = J1 ∪ J2.
Let

(2.2) an :=

[√
2[
√

2n]
]

n
.

We proved in [3] (Lemma 2) that

(2.3) an =


2n−1
n

if n ∈ J1,
2(n−1)
n

if n ∈ J2.

For some N ∈ N, let
B0 = N and Bj = 2Bj−1 − 1 for all j ∈ N.

In [3] (Lemma 3) we proved that either N ∈ J2, or there is a positive k,
for which Bk ∈ J2. Let T (N) := k + 1, where k is the smallest positive
integer for which Bk ∈ J2. We proved that

(2.4)
2k+1(N − 1)

N
=

2(Bk − 1)

N
=
( k−1∏
j=0

aBj

)
aBk ,

furthermore that

(2.5) T (N) ≤ 1

log 2
· log

1∥∥√2(N − 1)
∥∥ + c1,

c1 is an explicit constant.
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3. Proof of Lemma 3

Let k ∈ N, Tk =
{
n ∈ N

∣∣∣ {√2n
}
< 1

k

}
. Then [

√
2kn] = k[

√
2n]

and so

ρ
(
ψ
[√

2kn
]
, ϕ(kn) + C

)
= ρ
(
ψ(k) + ψ

(
[
√

2n]
)
, ϕ(n) + ϕ(k) + C

)
=

= ρ
(
ψ
([√

2n
])
, ϕ(n) + ϕ(k)− ψ(k) + C

)
,

∑
n∈Tk

ρ
(
ψ
([√

2n
])
, ϕ(n) + ϕ(k)− ψ(k) + C

)
n

<∞.

Hence, and from (1.6) we obtain that∑
n∈Tk

ρ
(

0, ϕ(k)− ψ(k)
)

n
<∞,

which by ∑
n∈Tk

1

n
=∞

implies that ϕ(k) = ψ(k).

Now we prove (1.7).

Let Θ1 =
{√

2m
}

, Θ2 =
{√

2 · 2m
}

, Θ3 =
{√

2(2m− 1)
}

. If

Θ1 ∈
(

1√
2
,

1√
2

(
1√
2

+ 1

))
:= U,

then

Θ2 = 2Θ1 − 1 <
1√
2
, 0 < Θ3 = Θ2 −

(√
2− 1

)
<

1√
2
,

and so m ∈ J2, 2m− 1 ∈ J1, 2m ∈ J1. Such integers m for which Θ1 ∈ U
can be found, since

{√
2m
}

is dense in [0, 1). Then there exist positive
integers k1, k2 such that

2`(2m− 2) + 1 ∈

{
J1 for ` < k1,

J2 for ` = k1,

2`(2m− 1) + 1 ∈

{
J1 for ` < k2,

J2 for ` = k2.
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Then there exists a suitable δ > 0 such that if |
{√

2N
}
−Θ1| < δ, then

aN = 2(N−1)
N

, N ∈ J2,

2`(2N − 2) + 1 ∈

{
J1 for ` < k1,

J2 for ` = k1,

2`(2N − 1) + 1 ∈

{
J1 for ` < k2,

J2 for ` = k2.

Let Sk be the set of the positive integers n , for which k is the smallest

nonnegative integer for which Bk ∈ J2. Let dn = [
√
2n]
n

and an = dn ·d[√2n].
Since ρ is translation invariant,

ρ
(
ψ[
√

2n], ϕ(n) + C
)

= ρ
(
ϕ(dn)− C, 0

)
,

furthermore from the triangle inequality we obtain that

ρ
(
ϕ(an)− 2C, 0

)
≤ ρ
(
ϕ(dn)− C, 0

)
+ ρ
(
ϕ
(
d[
√
2n]

)
− C, 0

)
.

If (2.4) holds, then

ρ

(
ϕ

(
2k+1(N − 1)

N

)
− 2(k + 1)C, 0

)
≤

≤
∞∑
j=0

ρ
(
ϕ
(
dBj
)
− C, 0

)
+
∞∑
j=0

ρ
(
ϕ
(
d[
√
2n]

)
− C, 0

)
.

Let D := ϕ(2)− 2C.
Let Hk1,k2 be the set of those N , for which N ∈ S0, 2N − 1 ∈ Sk1 ,

2N ∈ Sk2 . If Hk1,k2 is not empty, then∑
N∈Hk1,k2

1

N
=∞.

We have ∑
N∈S0

ρ
(
ϕ
(
N−1
N

)
+D, 0

)
N

<∞,

∑
2N−1∈Sk1

ρ
(
ϕ
(

2N−2
2N−1

)
+ (k1 + 1)D, 0

)
2N − 1

<∞,
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∑
2N∈Sk2

ρ
(
ϕ
(

2N−1
2N

)
+ (k2 + 1)D, 0

)
2N

<∞.

By using the triangle inequality we obtain that

ρ
(

(k1 + k2 + 1)D, 0
) ∑
N∈Hk1,k2

1

N
<∞,

therefore
(k1 + k2 + 1)D = 0.

One can compute easily that if m = 2, then k1 = 2, k2 = 1 and if m = 14,
then k1 = k2 = 1. Consequently D = 0.

The proof of Lemma 3 is complete. ♦

4. Proof of Theorem

Due to Lemma 3 we may assume that ψ(n) = ϕ(n), and that
ϕ(2) = 2C.

Let LM := [2M , 2M+1), kM = log 2M . Let N ∈ LM , T (N) = k
(≤ kM). Then

ρ

(
ϕ

(
N − 1

N

)
, 0

)
≤

∞∑
j=0

ρ
(
ϕ
(
dBj
)
, 0
)

+
∞∑
j=0

ρ
(
ϕ
(
d[
√
2n]

)
, 0
)
,

and so

ρ

(
ϕ

(
N − 1

N

)
, 0

)
≤ 2(k + 1)ε(N) ≤ 3kMε(2

M).

Let us estimate the number of those N ∈ LM for which T (N) ≥ kM .
From (2.5) we obtain that∥∥√2(N − 1)

∥∥ ≤ 2c12−kM .

Thus, the size of those integers N ∈ LM for which T (N) ≥ kM is less
than

c22
M2−kM +O(M).

The O(M) term comes from the estimate of the discrepancy of{√
2n | n ∈ LM

}
, which is bounded by O(M). See Th. 3.4 in [6].

Collecting our results we obtain that∑
N∈N,N≥2

ρ
(
ϕ
(
N−1
N

)
, 0
)

N
<∞,
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which, by Lemma 2 implies the theorem. ♦
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