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Abstract: The aim of this paper is to investigate the Hyers—Ulam stability of
the linear differential equation z3y® (z) + ax?y” (z) + Bxy' (x) +yy(z) = f(z),
where o, 8,7 € R, y € C®[a,b] and f € Cla,b] for 0 < a < b < 400 or
—oc0o<a<b<.

1. Introduction

Let X be a normed space and let I be an open interval. We say
the differential equation

(1.1) an(®)y™ (1) + an-a(t)y" V() + - +ai(t)y' () +aoy(t) + h(t) = 0

has the Hyers—Ulam stability, if for any function f : I — X satisfying
the differential inequality

lan(®y™ (#) + an-1 )y V() + -+ ar(t)y (1) + aoy(t) + h(t)]| <
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for all ¢ € I and for some ¢ > 0, there exists a solution g : I — X of
(1.1) such that || f(t) — g(t)|| < K(¢) for any ¢t € I, where K(¢) is an
expression for € only.

The stability problem of functional equations originated from a
question of Ulam [14] concerning the stability of group homomorphisms.
Hyers [4] solved the case of approximately additive mappings on Ba-
nach spaces. Thereafter, T. Aoki [2] and Th. M. Rassias [13] provided
a generalization of the Hyers theorem for additive and linear mappings,
respectively, by allowing the Cauchy difference to be unbounded (see also
3)).

The Hyers—Ulam stability of differential equations has been investi-
gated by Alsina and Ger [1] (see also [11, 12]): If ¢ > 0 and a differentiable
function f : I — R satisfies the differential inequality |¢/'(t) — y(t)| < ¢,
where [ is an open subinterval of R, then there exists a differentiable
function fy : I — R satisfying fi(t) = fo(t) such that |f(¢) — fo(¢)| < 3e
for all t € I. This result of Alsina and Ger has been generalized by some
mathematicians (Ref. [5, 6, 7, 9, 10]).

Recently, Jung [8] has investigated the Hyers—Ulam stability of the
second-order Euler differential equation z2y”(x) + axy'(z) + By(z) = 0.

The aim of this paper is to investigate the Hyers—Ulam stability of
the third-order Euler differential equation

(1.2) 2%y (x) + aa?y" (x) + By (x) + yy(z) = f(x)

where a, 3,7 € R, y € C3[a,b] and f € Cla,b] for 0 < a < b < +00 or
—o0o <a<b<O.

2. Hyers—Ulam stability of the differential equation
(1.2)

In the following theorem, we prove the Hyers—Ulam stability of the
differential equation (1.2). Throughout this section, a and b are real
numbers with 0 < a < b < +00 or —oco <a < b < 0.

Theorem 2.1. Let o, 3 and v be real numbers. The differential equa-
tion 23y (x) + ax®y" (z) + Bry' (z) +yy(x) = f(x) has the Hyers—Ulam
stability, where y € C3[a,b] and f € Cla,b].

Proof. Suppose that 0 < a < b < 400 and A,z and v are the (real or
complex) roots of m® 4+ (a —3)m? 4+ (2 — a + f)m + v = 0 with p = R\,
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q=Rpand r = Rv. Let ¢ > 0 and y € C?[a, b] such that

(21) 2% (2) + az’y"(z) + By (2) + yy(2) — fla)| < e

for all x € [a,b]. Let

g(x) = 2%y (z) + A+ a — 2)zy'(z) + (\* + aX — 33X + 2 — a + B)y(x),
2(z) = g(b)b z* — 2 /b AL () dt

for all € [a,b]. Then

(2.2) zZ'(x) = Az(z) + f(x)

for all € [a,b]. It is clear that

lzg'(x)=Ag(w)—f(2)] = |2*y® (x) +aa®y" (x)+Bay (x)+ry(e)— f(2)| < e
for all x € [a,b]. So

o) ool = oo = [ gt =
= [2]]g(0)b ™ — glx)a - /:ﬂ_lf (1) dt| =

/xb[g ()Y dt - / ) dt‘ _
/: M tg'(t) — Ag(t) — f(t)]dt‘ <

:xp

:l‘p

b
<o [ e @) - M) - 1)t <
b

< exP / Pt
i

for all z € [a,b]. Therefore

=Gy .
(2.3) l2(2) — g(a)] < { poc HPEO
In(%)e ifp=0

for all x € [a,b]. Let us consider h(z) = zy/(z) — py(z) and

k(z) = h(b)b™"x" — x” /b 72 (t) dt,
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u(z) = y(b)b~Fat — x“/ tH R (L) dt
for all z € [a,b]. Then u € C®[a, b] and
(2.4) ok (x) = vk(x) + 2(x), v (x) = pu(z) + k(x),

oh/(2) — vh(z) = 2%y" + (1 — p — v)ay’ + pvy =
= 2%y (z) + N+ a — 2)zy/ (v)+
+ (N +ar=3A+2—a+By(x) =
= g(x).

for all z € [a,b]. Hence (2.4) implies that x?u”(z) + (1 — p — v)au'(z)+
+pvu(x) = z(x). This means

(2.5) %" (z) + (A +a—2)au' (2) + (N +ar =3 +2—a+Bu(z) = z(z)
for all z € [a,b]. From the definitions of functions h and k, we have

k() = h(z)] = )h(b)b’”:c” — h(z) — 2" /:z(t)t”l dt‘ -

’|

:|x

BB — h(x)r ™ — / T @] =

/:[h(t)t_”]’ dt — /:z(t)t_”_l dt' =

/ " () — vh(t) — z(t)]dt’ <

b

:l‘r

:[L’T
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for all z € [a,b]. It follows from (2.3) that

(L-E-®, 6, 20,

TP

LI iy 0, p=0;

(26) k(@) =h(@)]<q T
—“‘(ﬂp“n(ﬁ’s if p#£0, r=0;
LeIn*(%) if r,p=0

for all z € [a,b]. Using (2.2) and (2.5), we get that
22 u® (2) + ax®u” (2) + B (x) + yu(z) = f(x)
for all z € [a,b]. We also have

x

ly(z) —u(z)] = ‘y(x) —y(b)o ot + 2* /bt—“—lk(t) dt‘ —

= [2"]

y(@)z ™" — y(b)b+ + / bt‘“‘lk(t) dt‘ _

xT

/xb[y(t)t“]’ dt — /bt“lk(t) dt‘ =

x

:;L'q

b
[0 - vt - koo <
i
<4 / Y e (1) — puy(t) — k(1) dt <
mb
< o / 0ty (1) — py(t) — k()| dt

g / " b ) — k()| de

for all z € [a,b]. It follows from (2.6) that
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(L=G-CIB=E) . f g £ 0

pgr

=M@ e 20, g = 0

pr

(2 (& né .
- (b)p][lpq(b)q]l (a)5 if p,qg#0, r=0;

== nE) if r,q#0, p=0;

ly(z) — u(z)| < 4 Tq
—[1_(%):} 1n2(§)€ ifp#0, r,qg=0;
—[1_(%)21112(%)8 if q#0, p,r=0;
—[17(%);}1&(2)5 ifr#0, p,q=0;
\51113(%) if p,g,r=0

for all x € [a,b]. This completes the proof for the case 0 < a < b < +o0.
Now, suppose that —co < a < b < 0 and A, u and v are the (real or

complex) roots of m*+ (3 —a)m?+ (2—a+f)m—~ = 0. Let A = p+ip,

p=q+1iG and v = r + 7. Suppose that ¢ > 0 and y € C®[a, b] satisfies

(2.1). Let

g(x) = 2%y"(2) + (A — @ = 2ay'(x) + (A = aXA + 33X +2 — a + B)y(2),

b

2(z) = g(b)b z™ — x_)‘/ () dt

for all = € [a,b]. Then

(2.7) 2 (x) = —Xz(z) + f(x),

and
g’ (2)+Ag(2)—f (2)] = |2y (2)+aa®y" (@) +Bay () +yy () f(2)| < €
for all z € [a,b]. So we have

(o) =~ g(a)| = [gOpa™ = / P dt — glo)]| =

- |35_’\|‘g(b)b’\ — g(x)z — /btk_lf(t) dt‘ =

xT



On approzimate Fuler differential equations of third order 249

= eP|x| 7P

/:[g(t)tA]’dt _ /: P dt’ B
/: g () + Ag(t) — f(t)]dt) <

= e |z| 7P

~ b
< ] / P71 [tg/(8) + Ag(t) — F(0)]dt <

b
< e\x|P/ t|P~t dt

for all z € [a,b]. Therefore

#5 if p # 0;
(2.8) |2(z) —g(z)] <
eln($) ifp=0

for all z € [a,b]. Let h(z) = zy'(z) + py(z) and
b
k(x) = h(b)b"x™" — .CE_V/ 2 (t) dt,

() = y(B)brar — 2" / k() dt
for all z € [a,b]. Then u € C3[a, b] and
(2.9) ok (z) = —vk(z) + z(z), zu/(z) = —pu(x) + k(x),

zh'(z) + vh(z) = 2%y + (1 + p+ v)ay + pvy =
= 2%y"(z) + (a — X\ — 2)ay/(z)+
+ (A —aX+30+2—a+ By(r) =
= g(z).
for all = € [a,b]. Tt follows from (2.9) that z%u”(z) + (1 4+ p + v)zu/(x)+
+pvu(x) = z(x). This means

(2.10) 2%u”"(x)+ (a—A=2)zu/ (z) + (N> —ar+3A+2—a+B)u(z) = z(z)

for all z € [a,b]. Hence (2.7) and (2.10) imply
23 u® (2) + az” (z) + B (z) + yu(z) = f(x)
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for all = € [a,b]. From the definitions of functions h and k, we have

4a) — 1) = [p@ra= —n(a) o= [0 al] =

71/‘

h(b)b” — h(z)z” — /b #12(1) dt) _

/:[h(t)t”]’dt - /: () dt‘ =

/b tHth (t) + vh(t) — z(t)]dt' <

T

— 6777r|x‘—r

— eFﬂ"x‘—r

b
< ef”|x|—’“/ [t" 7 |th () 4+ vh(t) — z(t)|dt =

b
= || / 7R (8) + wh(t) — ()| dt <
mb
<Jal™ [ 1 gt) — 2(0)/de
for all z € [a,b]. It follows from (2.8) that

( -C)PI=()T . .
B E— if p,r #£0;

LB ipr 20, p=0;

(2.11) |k(x) — h(z)| <
b\p]In(2 X
—[1_(“)10]1 (i), iftp#0, r=0;
[ eln®(%) if r,p=0

for all = € [a,b]. We also have
b
ly(x) — u(x)| = ‘y(z) —y(b)brx™H + x_“/ tk(t) dt| =

y(x)zt — y(b)v* +/ tk(t) dt| =

T

/b[y(t)t“}’dt - /b k(L) dt| =

x

= [a7"]

= eI |x| 1

— e jal

[ oo+ o - k(t)]dt\ <

T
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~ b
< el [0 + uyte) — KOl =

b xT
e / 19 () — K(t)|dt

for all « € [a,b]. It follows from (2.11) that

( —_(t (% —(&yr
===, ip e g £
pgr
(b (Y n(e .
=GIIEGYINE i 20, g =0;
—(2 —(2)9] In(& .
- (a)p][lpq(a)q]l (b)€ if p,qg#0, r=0;
-0
« = € if 7, 0, p=0;
) —u@<{ " 1
— (21 1n2(t .
L if p7#0, r,¢=0;
_(bya)p2( )
et it g#0, p,r=0;
— (Y 1n2(a .
e ifr#0, p,g=0;
\ &?ln?’(%) if p,g,r=0

for all = € [a,b]. This completes the proof. ¢

References

1]

C. ALSINA, C. and GER, R.: On some inequalities and stability results related
to the exponential function, J. Inequal. Appl. 2 (1998), 373-380.

AOKI, T.: On the stability of the linear transformationin Banach spaces, J.
Math. Soc. Japan 2 (1950), 64-66.

BOURGIN, D. G.: Classes of transformations and bordering transformations,
Bull. Amer. Math. Soc. 57 (1951), 223-237.

HYERS, D. H.: On the stability of the linear functional equation, Proc. Natl.
Acad. Sci. USA 27 (1941), 222-224.

JUNG, S.-M.: Hyers—Ulam stability of linear differential equations of first order,
Appl. Math. Lett. 17 (2004), 1135-1140.

JUNG, S.-M.: Hyers—Ulam stability of linear differential equations of first order,
ITI, J. Math. Anal. Appl. 311 (2005), 139-146.

JUNG, S.-M.: Hyers—Ulam stability of linear differential equations of first order,
IT, Appl. Math. Lett. 19 (2006), 854-858.



252 M. R. Abdollahpour and A. Najati: On approzimate. . .

[8] JUNG, S.-M.: On approximate Euler differential equations, Abstract and Applied
Analysis (2009), Article ID 537963, 8 pages.
[9] MIURA, T.: On the HyersUlam stability of a differentiable map, Sci. Math.
Japon. 55 (2002), 17-24.
[10] MIURA, T., JUNG, S.-M. and TAKAHASI, S.-E.: Hyers—Ulam—Rassias stability
of the Banach space valued differential equations y' = Ay, J. Korean Math. Soc.
41 (2004), 995-1005.
[11] OBIOZA, M.: Hyers stability of the linear differential equation, Rocznik Nauk.-
Dydakt. Prace Mat. 13 (1993), 259-270.
[12] OBIOZA, M.: Connections between Hyers and Lyapunov stability of the ordinary
differential equations, Rocznik Nauk.-Dydakt. Prace Mat. 14 (1997), 141-146.
[13] RASSIAS, TH. M.: On the stability of the linear mapping in Banach spaces,
Proc. Amer. Math. Soc. 72 (1978), 297-300.
[14] ULAM, S. M.: A Collection of the Mathematical Problems, Interscience Publ.
New York, 1960.



