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Abstract: The aim of this paper is to investigate the Hyers–Ulam stability of
the linear differential equation x3y(3)(x) +αx2y′′(x) +βxy′(x) + γy(x) = f(x),
where α, β, γ ∈ R, y ∈ C3[a, b] and f ∈ C[a, b] for 0 < a < b < +∞ or
−∞ < a < b < 0.

1. Introduction

Let X be a normed space and let I be an open interval. We say
the differential equation

(1.1) an(t)y(n)(t) + an−1(t)y
(n−1)(t) + · · ·+ a1(t)y

′(t) + a0y(t) +h(t) = 0

has the Hyers–Ulam stability, if for any function f : I → X satisfying
the differential inequality

‖an(t)y(n)(t) + an−1(t)y
(n−1)(t) + · · ·+ a1(t)y

′(t) + a0y(t) + h(t)‖ ≤ ε
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for all t ∈ I and for some ε ≥ 0, there exists a solution g : I → X of
(1.1) such that ‖f(t) − g(t)‖ ≤ K(ε) for any t ∈ I, where K(ε) is an
expression for ε only.

The stability problem of functional equations originated from a
question of Ulam [14] concerning the stability of group homomorphisms.
Hyers [4] solved the case of approximately additive mappings on Ba-
nach spaces. Thereafter, T. Aoki [2] and Th. M. Rassias [13] provided
a generalization of the Hyers theorem for additive and linear mappings,
respectively, by allowing the Cauchy difference to be unbounded (see also
[3]).

The Hyers–Ulam stability of differential equations has been investi-
gated by Alsina and Ger [1] (see also [11, 12]): If ε > 0 and a differentiable
function f : I → R satisfies the differential inequality |y′(t) − y(t)| ≤ ε,
where I is an open subinterval of R, then there exists a differentiable
function f0 : I → R satisfying f ′0(t) = f0(t) such that |f(t)− f0(t)| ≤ 3ε
for all t ∈ I. This result of Alsina and Ger has been generalized by some
mathematicians (Ref. [5, 6, 7, 9, 10]).

Recently, Jung [8] has investigated the Hyers–Ulam stability of the
second-order Euler differential equation x2y′′(x) + αxy′(x) + βy(x) = 0.

The aim of this paper is to investigate the Hyers–Ulam stability of
the third-order Euler differential equation

(1.2) x3y(3)(x) + αx2y′′(x) + βxy′(x) + γy(x) = f(x)

where α, β, γ ∈ R, y ∈ C3[a, b] and f ∈ C[a, b] for 0 < a < b < +∞ or
−∞ < a < b < 0.

2. Hyers–Ulam stability of the differential equation
(1.2)

In the following theorem, we prove the Hyers–Ulam stability of the
differential equation (1.2). Throughout this section, a and b are real
numbers with 0 < a < b < +∞ or −∞ < a < b < 0.

Theorem 2.1. Let α, β and γ be real numbers. The differential equa-
tion x3y(3)(x) + αx2y′′(x) + βxy′(x) + γy(x) = f(x) has the Hyers–Ulam
stability, where y ∈ C3[a, b] and f ∈ C[a, b].

Proof. Suppose that 0 < a < b < +∞ and λ, µ and ν are the (real or
complex) roots of m3 + (α− 3)m2 + (2− α+ β)m+ γ = 0 with p = <λ,
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q = <µ and r = <ν. Let ε > 0 and y ∈ C3[a, b] such that

(2.1) |x3y(3)(x) + αx2y′′(x) + βxy′(x) + γy(x)− f(x)| ≤ ε

for all x ∈ [a, b]. Let

g(x) = x2y′′(x) + (λ+ α− 2)xy′(x) + (λ2 + αλ− 3λ+ 2− α + β)y(x),

z(x) = g(b)b−λxλ − xλ
∫ b

x

t−λ−1f(t) dt

for all x ∈ [a, b]. Then

(2.2) xz′(x) = λz(x) + f(x)

for all x ∈ [a, b]. It is clear that

|xg′(x)−λg(x)−f(x)| = |x3y(3)(x)+αx2y′′(x)+βxy′(x)+γy(x)−f(x)| ≤ ε

for all x ∈ [a, b]. So

|z(x)− g(x)| =
∣∣∣g(b)b−λxλ − xλ

∫ b

x

t−λ−1f(t) dt− g(x)
∣∣∣ =

= |xλ|
∣∣∣g(b)b−λ − g(x)x−λ −

∫ b

x

t−λ−1f(t) dt
∣∣∣ =

= xp
∣∣∣∣∫ b

x

[g(t)t−λ]′dt−
∫ b

x

t−λ−1f(t) dt

∣∣∣∣ =

= xp
∣∣∣∣∫ b

x

t−λ−1[tg′(t)− λg(t)− f(t)]dt

∣∣∣∣ ≤
≤ xp

∫ b

x

|t|−λ−1|tg′(t)− λg(t)− f(t)|dt ≤

≤ εxp
∫ b

x

t−p−1 dt

for all x ∈ [a, b]. Therefore

(2.3) |z(x)− g(x)| ≤


1−(a

b
)p

p
ε if p 6= 0;

ln( b
a
)ε if p = 0

for all x ∈ [a, b]. Let us consider h(x) = xy′(x)− µy(x) and

k(x) = h(b)b−νxν − xν
∫ b

x

t−ν−1z(t) dt,
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u(x) = y(b)b−µxµ − xµ
∫ b

x

t−µ−1k(t) dt

for all x ∈ [a, b]. Then u ∈ C3[a, b] and

(2.4) xk′(x) = νk(x) + z(x), xu′(x) = µu(x) + k(x),

xh′(x)− νh(x) = x2y′′ + (1− µ− ν)xy′ + µνy =

= x2y′′(x) + (λ+ α− 2)xy′(x)+

+ (λ2 + αλ− 3λ+ 2− α + β)y(x) =

= g(x).

for all x ∈ [a, b]. Hence (2.4) implies that x2u′′(x) + (1− µ− ν)xu′(x)+
+µνu(x) = z(x). This means

(2.5) x2u′′(x)+(λ+α−2)xu′(x)+(λ2+αλ−3λ+2−α+β)u(x) = z(x)

for all x ∈ [a, b]. From the definitions of functions h and k, we have

|k(x)− h(x)| =
∣∣∣h(b)b−νxν − h(x)− xν

∫ b

x

z(t)t−ν−1 dt
∣∣∣ =

= |xν |
∣∣∣h(b)b−ν − h(x)x−ν −

∫ b

x

z(t)t−ν−1 dt
∣∣∣ =

= xr
∣∣∣∣∫ b

x

[h(t)t−ν ]′ dt−
∫ b

x

z(t)t−ν−1 dt

∣∣∣∣ =

= xr
∣∣∣∣∫ b

x

t−ν−1[th′(t)− νh(t)− z(t)]dt

∣∣∣∣ ≤
≤ xr

∫ b

x

|t−ν−1||th′(t)− νh(t)− z(t)|dt ≤

≤ xr
∫ b

x

t−r−1|th′(t)− νh(t)− z(t)|dt =

= xr
∫ b

x

t−r−1|g(t)− z(t)|dt
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for all x ∈ [a, b]. It follows from (2.3) that

(2.6) |k(x)− h(x)| ≤



[1−(a
b
)p][1−(a

b
)r]

rp
ε if p, r 6= 0;

[1−(a
b
)r] ln( b

a
)

r
ε if r 6= 0, p = 0;

[1−(a
b
)p] ln( b

a
)

p
ε if p 6= 0, r = 0;

ε ln2( b
a
) if r, p = 0

for all x ∈ [a, b]. Using (2.2) and (2.5), we get that

x3u(3)(x) + αx2u′′(x) + βxu′(x) + γu(x) = f(x)

for all x ∈ [a, b]. We also have

|y(x)− u(x)| =
∣∣∣∣y(x)− y(b)b−µxµ + xµ

∫ b

x

t−µ−1k(t) dt

∣∣∣∣ =

= |xµ|
∣∣∣∣y(x)x−µ − y(b)b−µ +

∫ b

x

t−µ−1k(t) dt

∣∣∣∣ =

= xq
∣∣∣∣∫ b

x

[y(t)t−µ]′ dt−
∫ b

x

t−µ−1k(t) dt

∣∣∣∣ =

= xq
∣∣∣∣∫ b

x

t−µ−1[ty′(t)− µy(t)− k(t)]dt

∣∣∣∣ ≤
≤ xq

∫ b

x

|t−µ−1||ty′(t)− µy(t)− k(t)|dt ≤

≤ xq
∫ b

x

t−q−1|ty′(t)− µy(t)− k(t)|dt

= xq
∫ b

x

t−q−1|h(t)− k(t)|dt

for all x ∈ [a, b]. It follows from (2.6) that
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|y(x)− u(x)| ≤



[1−(a
b
)p][1−(a

b
)q ][1−(a

b
)r]

pqr
ε if p, r, q 6= 0;

[1−(a
b
)p][1−(a

b
)r] ln( b

a
)

pr
ε if p, r 6= 0, q = 0;

[1−(a
b
)p][1−(a

b
)q ] ln( b

a
)

pq
ε if p, q 6= 0, r = 0;

[1−(a
b
)r][1−(a

b
)q ] ln( b

a
)

rq
ε if r, q 6= 0, p = 0;

[1−(a
b
)p] ln2( b

a
)

p
ε if p 6= 0, r, q = 0;

[1−(a
b
)q ] ln2( b

a
)

q
ε if q 6= 0, p, r = 0;

[1−(a
b
)r] ln2( b

a
)

r
ε if r 6= 0, p, q = 0;

ε ln3( b
a
) if p, q, r = 0

for all x ∈ [a, b]. This completes the proof for the case 0 < a < b < +∞.
Now, suppose that −∞ < a < b < 0 and λ, µ and ν are the (real or

complex) roots of m3 +(3−α)m2 +(2−α+β)m−γ = 0. Let λ = p+ ip̃,
µ = q + iq̃ and ν = r + ir̃. Suppose that ε > 0 and y ∈ C3[a, b] satisfies
(2.1). Let

g(x) = x2y′′(x) + (λ− α− 2)xy′(x) + (λ2 − αλ+ 3λ+ 2− α + β)y(x),

z(x) = g(b)bλx−λ − x−λ
∫ b

x

tλ−1f(t) dt

for all x ∈ [a, b]. Then

(2.7) xz′(x) = −λz(x) + f(x),

and
|xg′(x)+λg(x)−f(x)| = |x3y(3)(x)+αx2y′′(x)+βxy′(x)+γy(x)−f(x)| ≤ ε

for all x ∈ [a, b]. So we have

|z(x)− g(x)| =
∣∣∣g(b)bλx−λ − x−λ

∫ b

x

tλ−1f(t) dt− g(x)
∣∣∣ =

= |x−λ|
∣∣∣g(b)bλ − g(x)xλ −

∫ b

x

tλ−1f(t) dt
∣∣∣ =
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= ep̃π|x|−p
∣∣∣∣∫ b

x

[g(t)tλ]′dt−
∫ b

x

tλ−1f(t) dt

∣∣∣∣ =

= ep̃π|x|−p
∣∣∣∣∫ b

x

tλ−1[tg′(t) + λg(t)− f(t)]dt

∣∣∣∣ ≤
≤ ep̃π|x|−p

∫ b

x

|tλ−1||tg′(t) + λg(t)− f(t)|dt ≤

≤ ε|x|−p
∫ b

x

|t|p−1 dt

for all x ∈ [a, b]. Therefore

(2.8) |z(x)− g(x)| ≤


1−( b

a
)p

p
ε if p 6= 0;

ε ln(a
b
) if p = 0

for all x ∈ [a, b]. Let h(x) = xy′(x) + µy(x) and

k(x) = h(b)bνx−ν − x−ν
∫ b

x

tν−1z(t) dt,

u(x) = y(b)bµx−µ − x−µ
∫ b

x

tµ−1k(t) dt

for all x ∈ [a, b]. Then u ∈ C3[a, b] and

(2.9) xk′(x) = −νk(x) + z(x), xu′(x) = −µu(x) + k(x),

xh′(x) + νh(x) = x2y′′ + (1 + µ+ ν)xy′ + µνy =

= x2y′′(x) + (α− λ− 2)xy′(x)+

+ (λ2 − αλ+ 3λ+ 2− α + β)y(x) =

= g(x).

for all x ∈ [a, b]. It follows from (2.9) that x2u′′(x) + (1 + µ+ ν)xu′(x)+
+µνu(x) = z(x). This means

(2.10) x2u′′(x)+(α−λ−2)xu′(x)+(λ2−αλ+3λ+2−α+β)u(x) = z(x)

for all x ∈ [a, b]. Hence (2.7) and (2.10) imply

x3u(3)(x) + αx2u′′(x) + βxu′(x) + γu(x) = f(x)
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for all x ∈ [a, b]. From the definitions of functions h and k, we have

|k(x)− h(x)| =
∣∣∣h(b)bνx−ν − h(x)− x−ν

∫ b

x

tν−1z(t) dt
∣∣∣ =

= |x−ν |
∣∣∣h(b)bν − h(x)xν −

∫ b

x

tν−1z(t) dt
∣∣∣ =

= er̃π|x|−r
∣∣∣∣∫ b

x

[h(t)tν ]′dt−
∫ b

x

tν−1z(t) dt

∣∣∣∣ =

= er̃π|x|−r
∣∣∣∣∫ b

x

tν−1[th′(t) + νh(t)− z(t)]dt

∣∣∣∣ ≤
≤ er̃π|x|−r

∫ b

x

|tν−1||th′(t) + νh(t)− z(t)|dt =

= |x|−r
∫ b

x

|t|r−1|th′(t) + νh(t)− z(t)|dt ≤

≤ |x|−r
∫ b

x

|t|r−1|g(t)− z(t)|dt

for all x ∈ [a, b]. It follows from (2.8) that

(2.11) |k(x)− h(x)| ≤



[1−( b
a
)p][1−( b

a
)r]

rp
ε if p, r 6= 0;

[1−( b
a
)r] ln(a

b
)

r
ε if r 6= 0, p = 0;

[1−( b
a
)p] ln(a

b
)

p
ε if p 6= 0, r = 0;

ε ln2(a
b
) if r, p = 0

for all x ∈ [a, b]. We also have

|y(x)− u(x)| =
∣∣∣∣y(x)− y(b)bµx−µ + x−µ

∫ b

x

tµ−1k(t) dt

∣∣∣∣ =

= |x−µ|
∣∣∣∣y(x)xµ − y(b)bµ +

∫ b

x

tµ−1k(t) dt

∣∣∣∣ =

= eq̃π|x|−q
∣∣∣∣∫ b

x

[y(t)tµ]′dt−
∫ b

x

tµ−1k(t) dt

∣∣∣∣ =

= eq̃π|x|−q
∣∣∣∣∫ b

x

tµ−1[ty′(t) + µy(t)− k(t)]dt

∣∣∣∣ ≤
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≤ eq̃π|x|−q
∫ b

x

|tµ−1||ty′(t) + µy(t)− k(t)|dt =

= |x|−q
∫ b

x

|t|q−1|h(t)− k(t)|dt

for all x ∈ [a, b]. It follows from (2.11) that

|y(x)− u(x)| ≤



[1−( b
a
)p][1−( b

a
)q ][1−( b

a
)r]

pqr
ε if p, r, q 6= 0;

[1−( b
a
)p][1−( b

a
)r] ln(a

b
)

pr
ε if p, r 6= 0, q = 0;

[1−( b
a
)p][1−( b

a
)q ] ln(a

b
)

pq
ε if p, q 6= 0, r = 0;

[1−( b
a
)r][1−( b

a
)q ] ln(a

b
)

rq
ε if r, q 6= 0, p = 0;

[1−( b
a
)p] ln2( b

a
)

p
ε if p 6= 0, r, q = 0;

[1−( b
a
)q ] ln2( b

a
)

q
ε if q 6= 0, p, r = 0;

[1−( b
a
)r] ln2(a

b
)

r
ε if r 6= 0, p, q = 0;

ε ln3(a
b
) if p, q, r = 0

for all x ∈ [a, b]. This completes the proof. ♦
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