Mathematica Pannonica
24/2 (2013), 167-181

CRELLE-BROCARD POINTS OF THE
TRIANGLE IN AN ISOTROPIC PLANE

V. Volenec

Department of Mathematics, University of Zagreb, Bijenicka c. 30,
HR-10 000 Zagreb, Croatia

7. Kolar-Begovi¢

Department of Mathematics, University of Osijek, Trg, Ljudevita
Gaja 6, HR-31 000 Osijek, Croatia

R. Kolar-Super

Faculty of Teacher Education, University of Osijek, Cara Hadrijana
10, HR-31 000 Osijek, Croatia

Received: November 2012
MSC 2000: 51 N 25
Keywords: Isotropic plane, standard triangle, Crelle-Brocard points.

Abstract: In this paper the concept of Crelle-Brocard points of the triangle
in an isotropic plane is defined. A number of statements about the relationship
between Crelle-Brocard points and some other significant elements of a triangle
in an isotropic plane are also proved. Some analogies with the Euclidean case
are considered as well.

The isotropic (Galilean) plane (see [12] and [13]) is defined as a
projective—metric plane with an absolute which consists of a line, absolute
line w and a point on that line, absolute point €2. The lines through the
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point {2 are isotropic lines, and the points on the line w are isotropic
points (the points at infinity). Two lines through the same isotropic
point are parallel, and two points on the same isotropic line are parallel
points.

In an isotropic plane the distance between two non—parallel points
T; = (x;,y;) (i = 1,2) is defined by T1T» = x93 — 1. For two non-isotropic
lines y = kixz+1; and y = kox+15 the isotropic angle is defined by ko — k7.

In [7] it is shown that each allowable triangle in an isotropic plane,
if none of its sides is isotropic, can be set, by a suitable choice of the
coordinates, in the so called standard position, where its vertices are of
the form A = (a,a?), B = (b,1?), C = (¢,¢*) while a + b+ ¢ = 0.

With the labels p = abc, ¢ = be + ca + ab, p; = %(ch + ca® + ab?),
p2 = 3 (V¢ + *a+ a®b),

1

(].) w:—g

(b—c)(c—a)(a—1D)

it can be shown that the following equalities

(b—c)* = —(q+ 3bc), (c—a)* = —(q + 3ca),
(a —b)? = —(q + 3ab), (¢ —a)(a—b) =2q — 3be,
(a—b)(b—c)=2q — 3ca, (b—c)(c—a)=2q— 3ab,
a> + 0+ = -2, g=bc—a*=ca—b=ab—
b’ 4 be + * = —q, a>+ab+ b = —
& +ca+a® = —q, p+p1+p2 =0,
3
p1p2=p2+%q3, P+ pip2 +ps = p° + pp1 +p?=—q§,

9¢%°w? = (b—c)*(c — a)*(a — b)* = —(27p* + 4¢%)
are valid (see [7]).
To prove the geometric facts for each allowable triangle it is suffi-
cient to give a proof for a standard triangle.

Theorem 1. Let A, B, C, respectively A’, B, C', be the lines through
the points A, B, C' such that

Z/(AB, A) = Z(BC,B) = Z(CA,C) = ¢
(A, AC) = /(B,BA) = £(C',CB) = v.
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If the triangle ABC is in a standard position, then the lines A, B, C
pass through one point Qy, if and only if, ¢ = w, and the lines A’, B, C’
pass through one point s, if and only if, ¥ = w where w is given by the
formula (1).
The statement of this theorem, without the formula (1), has been
proved by Télke in [15].
Proof. The line BC' has the equation y = —ax — be, and then from
Z(BC,B) = ¢ and Z(BC,C") = —1 we get the equations of the lines B
and C’
y=(p—a)(x—>b)+b and y=—(+a)(r—c)+c
i.e., owing to a + b+ ¢ = 0 we obtain the equations
y=(p—a)x—bc—bp, y=—(Y+a)xr—bc+ ci.
Analogously the lines C and A’, and lines A and B’ have the equations
y=(p—bw—ca—cp, y=—(+br—ca+a,
y=(p—c)xr—ab—ap, y=—(Y+c)xr—ab+ by
The lines A, B, C pass through one point provided that
1 op—a bp-+bc
0=|1 o—b cp+ca |=
1 o—c ap+ab
= p(a* +b* + * —bc — ca — ab) + a*(b — ¢) + b*(c — a) + *(a — b) =
= —3qp — (b—c)(c—a)(a—b) = —=3qp + 3qw
and the lines A’, B’, C’ pass through one point under condition
1 v+a cp—be
0=|1 ¢Yv+b ap—ca | =
1 Yv4+c¢ byp—ab
=(a® +b* +c* — bc — ca — ab) + a*(b— ¢) + b*(c — a) + *(a — b) =
= —3q¥ + 3quw,
i.e., if and only if, ¢ = w respectively ¥ = w. ¢
The angle w from Th. 1 will be called, by the analogy with the
Euclidean case, Brocard angle of the triangle ABC, and the points {2y
and Qy Crelle-Brocard points of that triangle (shortly CB-points).

The equality (1) can also be written in the form —3qw = 3p; — 3po,
ie.

P2 — D1
w =
q
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Corollary 1. If Q) and Q9 are CB—points of the standard triangle ABC),
then the lines AQy, BQy, CQq and the lines AQy, By, CQy have suc-
cessively the equations

(2) y=(w—c)r—aw—ab,y = (w—a)r—bw—bc,y = (w—b)r—cw—ca,

(3)

y=—(wtb)rx+aw—ca,y = —(w+c)r+bw—ab,y = —(w+a)r+cw—>bc,

where w is the Brocard angle of that triangle.

Corollary 2. If )y and €y are CB—points of the triangle ABC and w
the Brocard angle of that triangle then the following equalities are valid

(4) Z(AB, AQy) = Z(BC,BQ,) = Z(CA,CQy) = w,

(5) /(AQs, AC) = Z(BQy, BA) = Z/(CQ,, CB) = w.

The points 1 and Qs are isogonal points with respect to the triangle
ABC.

If the lines through the symmedian center K of the triangle ABC,
which are parallel to the lines BC', CA, AB, intersect successively pairs
of the lines CA, AB; AB, BC'; BC, C'A at the pairs of the points B,, C,,
Cy, Ap; Ae, B, then the following equalities are valid (they are proved
in [4, Th. 7])

(6) Z(BC,A,B,) = Z(CA, B,Cy) = L(AB, Gy A.) = w,

(7) £(Cy Ay, BC) = £(AyB,, CA) = £(B.C,, AB) = w.

According to (4) and (6) we get, for example the equality Z(AB, AQ;) =
Z(AB, CyA.) which means that the lines AQ; and C,A. are parallel, and
analogously B||A.B, and CQ||B,C,. Besides that the lines B, K,
CyK, A K are parallel to the lines BC', CA, AB, respectively. Thus,
the triangles ABC' and B,C,A. have the property that parallel lines
through the vertices of the first triangle with the corresponding sides of
the second triangle pass through one point and parallel lines through
the vertices of the second triangle with corresponding sides of the first
triangle pass also through one point. For these two triangles we shall say
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parallelogonic, and two mentioned points are the centers of parallelogy of
these triangles. In the same way, by means of the equalities (5) and (7),
it can be shown the triangles ABC' and C, A, B, are parallelogonic, so we
have the following theorem

Theorem 2. If the lines through the symmedian center K of the triangle
ABC', which are parallel to the lines BC, CA, AB, intersect successively
pairs of the lines CA, AB; AB, BC; BC, C'A at the pairs of the points
B, C,; Cy, Ay; Ac, B, then the triangle ABC' is parallelogonic with the
triangles B,CyA. and C,ApB.. The centers of parallelogy are the points
Qq, K and Qs, K where Q1 and Qs are CB—points of the triangle ABC'.

Theorem 3. CB-points of the standard triangle ABC' are the points

Proof. From the last two equations (2) for abscissa x of the point ; we
get the equation (a — b)x = c¢(a — b) — (b — ¢)w. Applying (1) we obtain

r =C—

Z:Zw =c+ 3_1q(b_ c)*(c—a) = 3—1q[SCq — (g +3bc)(c—a)] =

1 1
= 3—(26q—|—aq—|—3p—3602) = 3—[20(bc—&2)~|—a(ca—b2)—Sbcz—l—?)p] =
q q
1 1 P—pi_ 2pitpe
= —(3p —bc? — ca* — ab*) = —(3p — 3p1) = =— )
3q( ) 3q< ) q q

If the last two equations (2) are multiplied successively by —b and a and
if we add these two obtained equations we get for the ordinate y of the
point

w 1 1
y=wzr— %_C(Cﬁb):q—2(2p1+p2)(p1—192)+ g(b—c)(c—a)+02 =
1 1
:?(2]9%—})1])2—p§)+§(2q—3ab)—|—ab—q:
3pi 1, ., o ¢ 3p3 g g 3pi 2
:7—?(P1+p1p2+]92)—§:7+§—§:q—2—§-

The substitution b <+ ¢ results in the substitutions p; <> ps and w < —w,
and the equations (2) become the equations (3) and vice versa. Because
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of that the same substitution leads to the substitution €2; < €2, in the
equations (8). ¢

Referring to [5], Th. 2 the second Lemoine circle of the standard
triangle ABC' is the pair of isotropic lines with the equations

p—m P
xr = ) T = )
q q
and because of (8) these lines pass through the points 2 and 5. So we

have the following statement.

Corollary 3. CB-points of the standard triangle ABC' lie on its second
Lemoine circle, which consists of two isotropic lines where each of these
lines passes through one CB-point.

Theorem 4. The joint line of CB-points €2y and Qs of the standard
triangle ABC' has the equation

3p 6p> 5
9 =L £ _Z
9) Y= T T T

3 1
or y:—px+2w2—|——q.

q 3

Proof. For example for the point €, owing to (8), we get

3p p—p1 6p%2 5 3 3p2 5
—-—1————qz—g(p2+pp1+p§)+q—;—§q=

Acoording to [16] the Lemoine line of the triangle ABC has the

3
slope —p, so it follows
q

Corollary 4. The joint line of CB—points of an allowable triangle is
parallel to its Lemoine line.

Theorem 5. If R is the radius of the circumscribed circle of a triangle
and w its Brocard angle, then the distance of CB—points is equal to 2Rw.
Proof. According to [7] 2R = 1 for the standard triangle ABC. There-
fore from (8) we get
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0,0, _pr—n P—P2_P27h
q q q

In [15] Télke proved a theorem wherefrom we get

= w = 2Rw. O

Theorem 6. CB-points of an allowable triangle in an isotropic plane
are conjugated with regard to its polar circle.

Proof. In [1] it is proved that polar circle K, of the standard triangle has
the equation z%+2y+q = 0, so the points (z1,1), (22, y2) are conjugated
with respect to this circle under condition zix5 + y1 + 2 + ¢ = 0. For
the points 1, Qs owing to (8) we get

4
C(Tza+yi+y+9) =@—p)P—p2)+3p;+3p3—=¢*+¢° =

9
5
=p®—(p1 +p2)p+3(p; +pip2 +p3) — 2p1pa + §q3 =
1 1 5
=2p2+3(—§q3)—2(p2+§q3)—l—§q3:0. O

Theorem 7. CB-points 2y and € of the triangle ABC' satisfy the
following equalities
Ay =—wés B =-wil 0O =-wif

Angwg—g, BQQZW%, C’QQ:W%,
where w is the Brocard angle of the triangle ABC..
Proof. From (1) we obtain
3p — 3p1 — 3aq = 3p — bc® — ca® — ab® — 3p — 3a*(b+c) =
=c*c+a)—ca’> —a(c+a)?+3a® =2a> - 3a’c+ & =
=(a—c)*2a+c)=(a—c)?a—0b) =
— CA
= Z_ g(b —c)(c—a)(a—0b) = e 3qw,
3p — 3py — 3aq = 3p — b’c — fa — a*b — 3p — 3a*(b+¢) =
=b*(a+0b) —ala+b)? —a*b+ 3a® = 2a® — 3ab + b* =

= (a—b)?*Qa+0b) = (a—b)*a—c)=

b—a AB
= —C_b(b— c)(c—a)(a—0b) = B—Oqu
wherefrom it follows
AQ, PP =3m—3eg  CA

q 3q BC
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D— D2 a:3p—3p2—3aq: AB
q 3q BC

AQQ = Ww. <>

Corollary 5. With the labels from Th. 6 the following equalities are
valid

AQy - BQy - 0Q) = —w?, AQy - By - OQy = w?,
By -CQy = —w?, CNy - AQy = —w?,  AQ; - BQy = —w?,
AQq  AQy = —CA: AB, BQ,:BQy,=—-AB: BC,
CQy : CQy = —BC : CA.

TOLKE ([15]) has the equalities

AQ, BQ, €9, CA AB BC
AQ, BQ, CQ, AB BC  CA

and shows that these equalities characterize CB—points among the pairs
of isogonal points ; and €2y of the triangle ABC.

Theorem 8. Let 21, )y be CB-points of the triangle ABC and

A1 - BQl N CQQ, Bl = CQl N AQQ, Cl = AQl N BQQ,
(10) Ay = BQyNCQy, By, =CQNAQ, Cy= AQ,N BQ;.

The lines AAy, BB1,CCy pass through the one point )y, and the lines
AAy, BBy, CCy pass through the one point 2.

This theorem generalizes the Euclidean result (see Emmerich [2]).
Proof. Let us multiply the equations (2)s and (3)3, of the lines BQ; and
CQy, by (a —b)?* and —(c — a)? respectively, and then add the obtained

equalities. Because of
(a—b)*—(c—a)®> =q+3ca— (q+3ab) = —3a(b— c)

(0~ 02w — )+ (c — afiw+ ) =

= —(¢+ 3ab)(w —a) — (¢ + 3ca)(w+a) =
= —w(2q + 3ca + 3ab) + 3a*(b — ¢) =

= (0= e a)fa— D)5~ 3he) +30°(0 — ) =
b—c

h—
= 3 [(2g — 3bc)(5bg — 3bc) + 9q(be — q)] = yc(q2 — 12bcq + 9*c?),
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—bw(a —b)? — cw(c—a)* —be[(a —b)? — (c —a)?] =
= w[b(q + 3ab) + ¢(q + 3ca)| + be - 3a(b — ¢) =

— 3o (b= (e = a)a = b)[-aq + 3a(t* + )]+ 36— ) =

= _b3_qc(2q —3bc)a[—q + 3(—q — be)] +3p(b—¢) =

= alb—<) [(2g — 3bc)(4q + 3bc) + Ybeq| = alb—<) (8¢* + 3bcq — 9b*c?)
3q 3q

we get, after multiplication by —3¢ and dividing by b — ¢, the equality
(11)  9aqy = —(q* — 12bcq + 9*c*)x — a(8q* + 3bcq — 9b*c?)

of the line, which passes through the point By N CQy = A;. However,
this line also passes through the point A = (a,a?) because of

—a(q® — 12bcq + 9*c?) — a(8¢* + 3bcq — Ib*c?) = 9aq(bc — q) = Yaq - a*.
Therefore (11) is the equation of the line AA;. This line passes through
the point

2
(12) Q' — <_@’ 38 )

owing to

3
_p( 2 — 12bcq + 9b*c?) — a(8¢* + 3beq — 9b*c?) =

= g(3bcq2 — 36b%c%q + 27b°c® — 8¢® — 3beq® + I c?q) =
q

= (=83 — 2702c%q + 27033 = L(—8¢° + 27H%2 - a?) =
q q

9 3p? 8
_= a —_—— —
i\~ 91)

and the same is true for the lines BB; and C'C';. Let us multiply the
equalities (2)3 and (3)y of the lines C'Qy and By with a — b and a — ¢
respectively. If we add the obtained equalities, because of 2a —b—c¢ = 3a
and
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(a—b)(w—>b)—(a—c)(w+ec)=—(b—cw+b*+c—alb+c)=

L c—a)a—b) + a2+ 04 =

= 3—q[—(q + 3bc)(2q — 3bc) — 2q - 3q] = —%
—aw(a —b) + bw(a — ¢) — cala — b) — abla — ¢) =
= a(b — c)w — a(ca + ab — 2bc) =

= —3,0= e —a)la—b) —a(g—3b) =

= 3%1[((1 + 3bc)(2q — 3be) — 3q(q — 3bc)] = _3iq(q2 — 12beq + 9b*c?),

(8¢ + 3bcqg — 9*c?),

we get, after multiplication by 3¢ and dividing by a, the equality
(13)  9aqy = —(8¢* + 3bcqg — 9*c*)x — a(q® — 12beq + 9b*c?)

of the line, which passes through the point By N CQ; = A,. However,
this line also passes through the point A because of

—a(8¢* + 3bcqg — 9*c?) — a(q® — 12bcq + I*c?) = 9aq(be — q) = aq - a?,
and (13) is the equation of the line AA;. This line passes through the
point

3p  3p?
(14) 0= (52, o5 -1
2q° 2¢> 9
owing to
3P o 2 2 2 2 2 2
—2—(8q + 3bcq — 9b°c”) — a(q® — 12bcq + 9b°c”) =
q
- —2i(24bcq2 +O02c%q — 2THCP + 2¢° — 24beg? + 18b2c%q) =
q
a a
:__23 222_2 33:__23_2 22.2:
2q(q+7bcq 0°¢?) 2q(q ¢ - a?)
3p° ¢
—9aq (22— 1),
aq(2q2 9) ¢

Theorem 9. With the labels from Th. 8 the lines A1As, B1By, C1Cs
pass through one point Qy, which lies on the line Q) Y, as well as on the
FEuler line of the triangle ABC.
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This theorem generalizes the Euclidean result from Emmerich [2]
and Nehring [8].

Proof. The point 2y = (0,d), where
(15) d=

lies on the Euler line of the triangle ABC' which, according to [7], has
the equation x = 0. As
27p? — 8¢° Lo, 27p? — 2¢° _ 1
9¢? 18¢2 9¢?
the equality Q' + 20y’ = 3 is true, and the point € lies also on the
line ©; 'Qy’. Let us multiply the equations (2)s and (3)3 with d+ bc — cw
and —(d + be + bw), respectively. The addition of the obtained results
leads to the equation
—(b+cwy=[(d+bc—cw)(w—a)+ (d+ bc+ bw)(w + a)] x—
— w[b(d + bc — cw) + ¢(d + be + bw)] + be(b + ¢)w
of a line through the point A;. The terms in brackets are equal to
(b — c)w? + (2d 4 2bc + ca + ab)w = [(b — ¢)w + 2d + 2bc — a*|w
and —(b + ¢)(d + be)w, and the final form of this equation, without the
factor w, is

(54¢* — 10¢°) = 3d,

(16) ay = [(b— ¢)w + 2d + 2bc — a*|x + ad

owing to a(d + bc) — abc = ad. Therefore, this line passes through the
point Q¢ = (0, d). Multiplying equations (2)3 and (3)s with d + ab — bw
and —(d + ca + cw) respectively, and adding the obtained equations, we
get the equation

(ab—ca —bw — cw)y = [(d+ ab — bw)(w — b) + (d + ca + cw)(w + ¢)|z—
— wle(d+ab—bw)+b(d + ca + cw)]—alc(d + ab — bw) —b(d + ca + cw)]
of a line through the point A,. The terms in square brackets are equal
to

—(b—c)w?+ (2d+ab+b* +ca+ )w — (b—c)d — a(b* — *) =
= —(b—c)w®+ (2d — bc — be)w — (b —c)d + a*(b —¢) =
=2(d — be)w + (a® —w® —d)(b—¢)
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and (b+ ¢)d + 2p, —(b — ¢)d — 2bcw, so this equation is of the form

[a(b—c) + awly = [2(d — bc)w + (a* — w?® — d)(b— ¢)]z—
— (2p — ad)w + a[(b — ¢)d + 2bcw]

and a free coefficient is ad(b — ¢ + w), i.e., it is of the form
(17) a(b—c+w)y=[2(d—bc)w + (a®>—w?® — d)(b — ¢)]z + ad(b — c + w).

Therefore this line passes through the point Qy = (0,d). For the proof
of the equivalency of the equations (16) and (17) it is necessary to prove
the equality
(b—c+w)[(b—c)w+ 2d + 2bc — a*] = 2(d — be)w + (a® — w? — d)(b — ¢),
ie.,
(b—c)*w+2(b—c)w’+2(d+bc) (b—c)+4bcw—2a* (b—c) —a’w+(b—c)d = 0.
As

(b—c)?> +4bc—a* = (b+c)* —a* =0,
without the factor b — ¢, it is necessary to prove the equality 2w? + 3d-+
+2bc — 2a%® = 0, i.e. the equality 2w? = —3d — 2¢. However we get
according to (15) and (1)

1 27p* + 4¢3
3d —2¢ = —(10¢° — 54p?) —2g = 22 T _
q 9q2( q p°) —2q 0
2
= 9_q2(b —¢)*(c—a)*(a —b)?* = 2w> O

In the Euclidean geometry Emmerich ([2]) and Nehring ([8]) have
the equality Q' : 25'Qy = —2 cos 2w, and in the isotropic geometry
the equality Q' + 2Q," = 3y implies the following
Corollary 6. The point from Th. 9 satisfies the equality

Q/l QO . Ql2 QO = 2.
Theorem 10. The points Y} and ), from Th. 8 satisfy the equality
AQ, BQ) CO)
: ; =BC? : CA% : AB3.
AQ,  BQL, O

In the Euclidean geometry Nehring [8] has this statement.
Proof. From (12) and (14) we get

3p a a
A, = - —a=——(q¢+3bc) = —(b—¢)?,
1 " q( ) q( )
3p a a
AQ) = — —a = — —2q) = —(c— -
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and therefore
AQ:l _ 2(b — c)? :2(b—C>3:_ 2 BCS. o
AQY, (c—a)(a—Db) 3qw 3qw

Theorem 11. With the labels from Th. 8 the equalities

(18) BA; _AB3 CBy _303 AC, _CA3
CA,  CA3 AB,  AB3 BC,  BC3

are valid.

This theorem generalizes the Euclidean result (see Piggott [9]).
Proof. Let us find the abscissa of the point Ay = C'Q; N BS),. By the
subtracting equations (2)3 and (3) of the lines Cy and B2, we get the
equation (2w —b+c)x — (b+ ¢)w + a(b— ¢) = 0 with the solution x = ay
given by the formula

" _alc—b—w)
T 2w—bte
Since
1
c—b—w:—(b—c)+3—q(b—c)(c—a)(a—b):
b—c b—c
- 3¢ +2¢ — 3b¢) = — b
3 (=3¢ + 2q — 3be) 3 (q + 3bc),
2
2w—b+c:—3—q(b—c)(c—a)(a—b)—(b—c):
b—c b—c
— 2" %9(2g — 3b — 2" %rg—6b
3 [2(2q — 3bc) + 3q] 3 (7q — 6bc),
it follows
a(q + 3bc)
g = ——————.
T7q — 6bc

Because of that we get

(7Tq — 6bc) - BAy = (7q — 6bc)(as — b) = a(q + 3bc) — b(7q — 6bc) =
= (a — 7b)q + 3abc + 6b*c =
= —(a — 7b)(a® + ab + b?) — 3b(a + 2b)(a + b) =
= —a® + 3a’b — 3ab® + b* = (b—a)’ = AB®,

and analogously
(7q — 6bc) - CAy = AC® = —C A3,
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so the first of the equalities (18) is valid. ¢

In the Euclidean geometry the statement of Th. 13 can be found
at [10], Pranesachar. The same statement can also be found at Piggott
[9]. He states that in the considered case the line through the points A,
Q1, Q9 is the angle bisector of the angle A. It is a consequence of the
isogonality of the points €2; and (2.

It could be useful to know the midpoint of the points €2 and 2.
So, it can be proved.

Theorem 12. The midpoint of CB-points of the standard triangle ABC

3p 1 1
is the point S = <£, §w2 — gq)

Proof. According to (8) we get

_2Zp—pr—py_3p

x - )
2q 2q
3 2 3 2
Y= 2—(]2(19% +p5) — 91~ 2% [(p1 +p2)* — 2p1pa] — 91~
30, , 1] 2 3/, 2. 1 1
= — —2 —_ _ - g —_ —0 — —( =
EEACH e e peh
32 2 1 1 , a1 1, 1
= (2T 4¢P — g = _Zg=
2 997317 TP ) m 30 = g 9w 5a
1, 1
=¥ gzt O

Owing to [7] the Brocard diameter of the triangle ABC' is the

. - . : 3 .
isotropic line with the equation x = 2—p, so it follows

Corollary 7. The midpoint of CB—points of an allowable triangle lies
on its Brocard diameter.

The following interesting statement can be also proved.
Theorem 13. CB-points of the triangle ABC are collinear with its
vertex A if and only if the equality BC* + CA - AB = 0 is valid.

Proof. The lines Ay and AQ, with the first equations (2) and (3)
are coincident under the condition 2w = —(b — ¢), i.e. provided that
2(c —a)(a —b) = 3q or 2(2¢ — 3bc) = 3¢ which gives the final condition
q = 6bc.



Crelle-Brocard points of the triangle in an isotropic plane 181

On the other hand, we get

BC?*+CA-AB = (b—c)*+(c—a)(a—b) = —(q+3bc)+2q—3bc = q—6bc,
so the obtained condition is equivalent to the desired equality BC?+
+CA-AB=0. ¢
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