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Abstract: We consider a class of conformal transformation on anti-Kähler
manifolds and find even five invariants for such a transformation. Three of
them are curvature-like tensors. Besides, we find that one of these curvature-
like conformal invariants is also an invariant of two special connections on such
a kind of spaces.

1. Facts about anti-Kähler manifolds

An anti-Kähler manifold (M,g, J) is a differentiable manifold M,
dimM = 2n, endowed with parallel complex structure J and anti-
Hermitian metrics g. With respect to the local coordinates, these condi-
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tions are

(1.1) J i
aJ

a
j = −δij, (a); gabJ

a
i J

b
j = −gij, (b); ∇kJ

i
j = 0, (c);

where ∇ is Levi-Civita connection operator with respect to metric g. We
note that Ja

a = 0.
The anti-Kähler manifolds were first investigated by A. P. Nor-

den [3] (in the case dimM = 4). He named them B-manifolds to dis-
tinguish them from the Kähler spaces (A-manifolds). Low-dimensional
spaces were also investigated in some contemporary papers, for exam-
ple, [8]. Anti-Kähler manifolds were very well presented in the paper
[1], with all of its geometric characteristics. Also, even now, the Yano’s
monography [9] can be useful.

The condition (1.1)(b) implies

(1.2) Fij = gajJ
a
i = giaJ

a
j = Fji.

Let Rijkh be a component of the Riemannian curvature tensor of Levi-
Civita connection. Then the first and the second Ricci tensors are

(1.3) ρjh = Rijhkg
ik, ρ̃jh = RajhkJ

a
i g

ik,

and the first and the second scalar curvatures are

(1.4) κ = ρjhg
jh, κ̃ = ρ̃jhg

jh.

The second Ricci tensor like the first one, is symmetric. Namely

ρ̃jh = RajhkJ
a
i g

ik = RkhjaJ
k
i g

ia = ρ̃hj.

The condition (1.1)(c), in view of the Ricci identity implies

(1.5) RijabJ
a
hJ

b
k = −Rijhk.

It is known that the condition
RijabJ

a
hJ

b
k = Rijhk

characterizes the class of Kähler manifolds among the Hermitian mani-
folds. Thus, we say that condition (1.5) is the condition of anti-Kähler
type.

The condition (1.5) implies

RabcdJ
a
i J

b
jJ

c
hJ

d
k = Rijhk
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and ([4], [5])

(1.6)
ρajJ

a
i = ρ̃ji, ρij = −ρ̃ajJa

j ,

ρabJ
a
i J

b
j = −ρij, ρ̃abJ

a
i J

b
j = −ρ̃ij.

Finally, in view of (1.5), (1.6) and (1.7), we have the following
identity:

Rijhk =
1

8

[
Rijhk +RabcdJ

a
i J

b
jJ

c
hJ

d
k −(1.7)

−RabhkJ
a
i J

b
j −RajbkJ

a
i J

b
h −RajhbJ

a
i J

b
k −

−RiabkJ
a
j J

b
h −RiahbJ

a
j J

b
h −RijabJ

a
hJ

b
k

]
.

2. Conformal change of metric

Let us consider Riemannian manifolds (M,g) and (M, g) and a
diffeomorphism ϕ : M→M such that gij = e2fgij, where f is a scalar

function. Then we say that ϕ :M→M is a conformal mapping. Since
ϕ is a diffeomorphism, we can suppose that locally it maps points onto
points with the same local coordinates, that is, locally, we can presume
that M = M ([1]). We shall consider the conformal mapping of the
anti-Kähler manifolds (M,g, J) and (M, g, J). Thus dimM = 2n and
F ij = e2fFij. From now on, all geometric objects in (M,g, J) will be
denoted by analogous letters as in (M, g, J), but with “bar”.

It is well known that the Riemannian curvature tensors, Rijhk and
Rijhk, are related as follows (see, for example, [2]):

(2.1) e−2fRijhk = Rijhk + gikσjh + gjhσik − gihσjk − gjkσih,

where

σjh = ∇jσh − σjσh +
1

2
gjh41σ, σh =

∂f

∂xh
, 41σ = σaσbg

ab.

We note that σij = σji.
If we contract (2.1) with respect to gik = e2fgik, we obtain

(2.2) ρjh = ρjh + 2(n− 1)σjh + gjhσabg
ab.

Now, contracting (2.2) with respect to gjh, we find

(2.3) σabg
ab =

e2fκ − κ
2(2n− 1)

,
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such that (2.2) becomes

σjh =
1

2(n− 1)

[
ρjh −

κ
2(2n− 1)

gjh

]
− 1

2(n− 1)

[
ρjh −

κ
2(2n− 1)

gjh

]
.

Thus, and in view of (1.8),

σabJ
a
j J

b
h = − 1

2(n− 1)

[
ρjh−

κ
2(2n−1)

gjh

]
+

1

2(n−1)

[
ρjh−

κ
2(2n−1)

gjh

]
.

Therefore

σjh − σabJa
j J

b
h =

1

(n− 1)

[
ρjh −

κ
2(2n− 1)

gjh

]
−(2.4)

− 1

(n− 1)

[
ρjh −

κ
2(2n− 1)

gjh

]
and

σjaJ
a
h + σahJ

a
j =

1

n− 1

[
ρ̃jh −

κ
2(2n− 1)

F jh

]
−(2.5)

− 1

n− 1

[
ρ̃jh −

κ
2(2n− 1)

Fjh

]
.

On the other hand, the relation (2.1) yields

e−2fRajhkJ
a
i = RajhkJ

a
i + Fikσjh + gjhσakJ

a
i − Fihσjk − gjkσahJa

i ,

from which, contracting with respect to gik, we obtain

ρ̃jh = ρ̃jh + gjh(σakJ
a
i )gik − (σjaJ

a
h + σahJ

a
j ).

Contracting this relation with respect to gjh, we get

(2.6) σakF
ak =

e2f κ̃ − κ̃
2(n− 1)

,

such that the preceding relation becomes

(2.7) σjaJ
a
h + σahJ

a
j = −ρ̃jh +

κ̃
2(n− 1)

gjh + ρ̃jh −
κ̃

2(n− 1)
gjh,

wherefrom, using (1.8), we get

(2.8) σjh − σabJa
j J

b
h = −

[
ρjh +

κ̃
2(n−1)

F jh

]
+

[
ρjh +

κ̃
2(n−1)

Fjh

]
.
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Comparing (2.4) and (2.8), we find

(2.9) 2nρjh −
κ

2n− 1
gjh + κ̃Fjh = 2nρjh −

κ
2n− 1

gjh + κ̃Fjh.

Thus, we can state

Theorem 1. For an anti-Kähler manifold, the tensor

2nρjh −
κ

2n− 1
gjh + κ̃Fjh

is conformally invariant.

3. Conformally invariant curvature tensors

For the manifold (M,g, J) the relation (1.9) is

e−2fRijhk =
1

8

[
Rijhk +RabcdJ

a
i J

b
jJ

c
hJ

d
k −RabhkJ

a
i J

b
j −RajbkJ

a
i J

b
h −

−RajhbJ
a
i J

b
k −RiabkJ

a
j J

b
h −RiahbJ

a
j J

b
k −RijabJ

a
hJ

b
k

]
,

wherefrom, substituting (2.1), we find

e−2fRijhk = Rijhk+
1

4

{
gik(σjh−σabJa

j J
b
h)+gjh(σik−σabJa

i J
b
k)−(3.1)

− gih(σjk − σabJa
j J

b
k)− gjk(σih − σabJa

i J
b
h)−

− Fik(σahJ
a
j + σjaJ

a
h)− Fjh(σakJ

a
i + σiaJ

a
k )+

+ Fih(σakJ
a
j + σjaJ

a
k ) + Fjk(σahJ

a
i + σiaJ

a
h)
}
.

Contracting (3.1) with respect to gik = e2fgik, we obtain

(3.2) ρjh = ρjh +
1

2

[
(n− 2)(σjh−σabJa

j J
b
h) + (σabg

ab)gjh− (σabF
ab)Fjh

]
.

Contracting (3.2) with respect to gjh, we obtain

(3.3) σabg
ab =

e2fκ − κ
2(n− 1)

,

while after contracting it with respect to F jh = e2fF
jh

, we find

σabF
ab =

e2f κ̃ − κ̃
2(n− 1)

.
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Thus, relation (3.2) becomes

σjh − σabJa
j J

b
h =

2

n− 2

[
ρjh −

κ
4(n− 1)

gjh +
κ̃

4(n− 1)
F jh

]
−(3.4)

− 2

n− 2

[
ρjh −

κ
4(n− 1)

gjh +
κ̃

4(n− 1)
Fjh

]
,

wherefrom there follows

σjaJ
a
h + σahJ

a
j =

2

n− 2

[
ρ̃jh −

κ̃
4(n− 1)

gjh −
κ

4(n− 1)
F jh

]
−(3.5)

− 2

n− 2

[
ρjh −

κ̃
4(n− 1)

gjh −
κ

4(n− 1)
Fjh

]
.

Now, substituting (3.4) and (3.5) into (3.1), we have

e−2f

{
Rijhk −

1

2(n− 2)
(gikρjh + gjhρik − gihρjk − gjkρih −

−F ikρ̃jh − F jhρ̃ik + F ihρ̃jk + F jkρ̃ih) +

+
κ

4(n− 1)(n− 2)
(gikgjh − gihgjk − F ikF jh + F ihF jk)−

− κ̃
4(n− 1)(n− 2)

(gikF jh + gjhF ik − gihF jk − gjkF ih)

}
=

= Rijkh −
1

2(n− 2)
(gikρjh + gjhρik − gihρjk − gjkρih −

−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih) +

+
κ

4(n− 1)(n− 2)
(gikgjh − gihgjk − FikFjh + FihFjk)−

− κ̃
4(n− 1)(n− 2)

(gikFjh + gjhFik − gihFjk − gjkFih).

In other words, the tensor

1

B ijhk = Rijkh −
1

2(n− 2)
(gikρjh + gjhρik − gihρjk − gjkρih −(3.6)

−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih) +

+
κ

4(n− 1)(n− 2)
(gikgjh − gihgjk − FikFjh + FihFjk)−
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− κ̃
4(n− 1)(n− 2)

(gikFjh + gjhFik − gihFjk − gjkFih)

satisfies the condition

(3.7) e−2f
1

B=
1

Bijhk .

The tensor (3.6) is obtained in [4] and [5] using the pseudoconformal
correspondence

gij = αgij + βFij,

where α and β are scalar functions.
On the other hand, substituting (2.4) and (2.5) into (3.1), we obtain

e−2f

{
Rijhk −

1

4(n− 1)
(gikρjh + gjhρik − gihρjk − gjkρih −

−F ikρ̃jh − F jhρ̃ik + F ihρ̃jk + F jkρ̃ih) +

+
κ

4(n− 1)(2n− 1)
(gikgjh − gihgjk − FikFjh + FihFjk)

}
=

= Rijhk −
1

4(n− 1)
(gikρjh + gjhρik − gihρjk − gjkρih −

−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih) +

+
κ

4(n− 1)(2n− 1)
(gikgjh − gihgjk − FikFjh + FihFjk).

This means that the tensor

2

Bijhk = Rijhk −
1

4(n−1)
(gikρjh + gjhρik − gihρjk − gjkρih −(3.8)

−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih) +

+
κ

4(n−1)(2n−1)
(gikgjh−gihgjk−FikFjh+FihFjk)

satisfies the condition

e−2f
2

Bijhk=
2

Bijhk .

But, if instead of (2.4) and (2.5), we use (2.7) and (2.8), we obtain

e−2f
3

Bijhk=
3

Bijhk
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where
3

Bijhk = Rijhk +
1

4

(
gikρjh + gjhρik − gihρjk − gjkρih −(3.9)

−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih
)

+

+
κ̃

4(n− 1)
(gikFjh + gjhFik − gihFjk − gjkFih).

If we put

Tijhk = gikρjh + gjhρik − gihρjk − gjkρih −
−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih,

1
πijhk = gikgjh − gihgjk − FikFjh + FihFjk,
2
πijhk = gikFjh + gjhFik − gihFjk − gjkFih,

we have
1

B = R− 1

2(n− 2)
T +

κ
4(n− 1)(n− 2)

1
π − κ̃

4(n− 1)(n− 2)

2
π,

2

B = R− 1

4(n− 1)
T +

κ
4(n− 1)(2n− 1)

1
π,

3

B = R +
1

4
T +

κ̃
4(n− 1)

2
π .

Thus, we have

(3.10)
1

B=
1

n− 2
[(n− 1)

2

B −
3

B] +
n

4(n− 1)(n− 2)(2n− 1)
κ 1
π .

We note that the relations (2.3) and (3.3) yield
e2fκ − κ
2(2n− 1)

=
e2fκ − κ
2(n− 1)

,

wherefrom
e2fκ = κ,

and therefore

e−2fκ
1
π= κ 1

π .
Thus, we can state

Theorem 2. For an anti-Kähler manifold, each of tensors (3.6), (3.8),

(3.9) and κ 1
π is algebraic curvature tensor and satisfies

(a) the anti-Kähler condition of type (1.5), and
(b) conformal condition of type (3.7). These tensors are mutually

related such that condition (3.10) holds.
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4. The class of proper follower connections and its
invariant

On an anti-Kähler space, we shall consider a class of connections
given by their coefficients

(4.1) Γi
jh = {ijh} − pjδih + pigjh + qjJ

i
h − qiFjh,

where vector (pi) is its generator and vector (qi) is generator’s image by
the structure, i. e. qi = paJ

a
i . We shall call such kind of connection a

proper follower connection, because it is a metric J-connection, but,
of course, non-symmetric.

The components of Riemannian curvature tensor of proper follower
connection are given by

Mijhk = Rijhk − gihpkj + gikphj − gjkphi + gjhpki +(4.2)

+Fihqkj − Fikqhj + Fjkqhi − Fjhqki,

where Rijhk is a component of curvature tensor of Levi-Civita connection
and

pkj = ∇kpj + pkpj − qkqj +
1

2
psq

sFkj −
1

2
psp

sgkj,(4.3)

qkj = ∇kqj + pkqj + qkpj −
1

2
psp

sFkj −
1

2
psq

sgkj.(4.4)

First, we can notice that qkj = pkaJ
a
j . Second, we can notice that

the component of the tensor (4.2) is skew-symmetric in first two indices.
Now we want it to be invariant under changing places of first and second
pair of indices, i.e. we want it to be an algebraic curvature tensor. Then
we obtain that there holds

gih(pjk − pkj)− gik(pjh − phj) + gkj(pih − phi)− gjh(pik − pki)+
(4.5)

+ Fih(qkj−qjk)−Fik(qhj−qjh)+Fjk(qhi−qih)−Fjh(qki−qik)=0.

After transvection by gik, we obtain

(4.6) (2n− 3)(pkj − pjk)− Ja
j J

b
k(pba − pab) = 0.
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Applying (4.6) once again, we obtain that there holds

(4.7) pjk − pkj =
1

(2n− 3)2
(pjk − pkj).

If we exclude the cases of low dimensions (2n = 2, 2n = 4 [8]), we obtain
that the tensor pjk is symmetric:

pjk = pkj.

Then, using (4.5), we can easily obtain, after transvection by F ih, that
the tensor qjk is also symmetric:

qjk = qkj.

We are going to calculate a curvature-like invariant of such a connection,
like it has been done in [6], [7].

As both pkj and qkj are consisting of five addends and the sum of
last four of them is symmetric in both cases, then there holds

(4.8) ∇kpj = ∇jpk; ∇kqj = ∇jqk,

what means that both the generator and its image by the structure are
gradients. We can also notice that Riemannian curvature tensor of proper
follower connection satisfies the first Bianchi identity

Mijhk +Mihkj +Mikjh = 0

and, moreover, it satisfies the anti-Kähler condition (1.5).
Now we shall transvect (4.2) by gik and obtain

µjh = ρjh + 2(n− 2)phj + gjhp
s
s − Fjhq

s
s,

where µjh is a component of the Ricci tensor of the proper follower con-
nection. Then, after another transvection of upper equality by gjh, we
obtain

(4.9) pss =
µ− κ

4(n− 1)
,

where µ is scalar curvature of the connection (4.1).
If we transvect the upper equality by F jk, we obtain that there

holds

(4.10) qss =
µ̃− κ̃

4(n− 1)
,
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where µ̃ stands for µajF
aj. Now we shall obtain that there holds

(4.11) phj =
1

2(n− 2)

[
µhj − ρhj −

µ− κ
4(n− 1)

ghj +
µ̃− κ̃

4(n− 1)
Fhj

]
.

If we transvect (4.10) by F ik, we obtain

(4.12) µ̃jh = ρ̃jh + 2(n− 2)qjh + gjhq
s
s − Fjhp

s
s,

where µ̃jh = MijhkJ
i
ag

ak = MijhkF
ik and ρ̃jh is given by (1.3). Then, we

obtain

(4.13) qhj =
1

2(n− 2)

[
µ̃hj − ρ̃hj −

µ̃− κ̃
4(n− 1)

ghj −
µ− κ

4(n− 1)
Fhj

]
.

But, using the relationship between phj and qhj, we can also obtain that
there holds

qhj = phaF
a
j =(4.14)

=
1

2(n−2)

[
µhaJ

a
j −ρhaJa

j −
µ− κ

4(n−1)
Fhj−

µ̃− κ̃
4(n−1)

ghj

]
.(4.15)

Using (1.6), we have that the first member in parentheses of (4.13) is
equal to the first member in parentheses of (4.14). So, we shall use
(4.13) rather the (4.14). From (4.12) and (4.13), we obtain that there
holds

Rijkh −
1

2(n− 2)
(gikρjh + gjkρik − gihρjk − gjkρih−(4.16)

− Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih)+

+
κ

4(n− 1)(n− 2)
(gikgjh − gihgjk − FikFjh + FihFjk)−

− κ̃
4(n− 1)(n− 2)

(gikFjh + gjhFik − gihFjk − gjkFih) =

= Mijkh −
1

2(n− 2)
(gikµjh + gjkµik − gihµjk − gjkµih−

− Fikµ̃jh − Fjhµ̃ik + Fihµ̃jk + Fjkµ̃ih)+

+
µ

4(n− 1)(n− 2)
(gikgjh − gihgjk − FikFjh + FihFjk)−
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− µ̃

4(n− 1)(n− 2)
(gikFjh + gjhFik − gihFjk − gjkFih).

So, we have proved that there holds:

Theorem 3. On an anti-Kähler manifold (M,g, J), dimM 6=2, 4, if the
generator of a proper follower connection (4.1) is a gradient, then the
tensor on the right-hand side of (4.15) is independent on the choice of

generator and is equal to conformal curvature invariant
1

B given by (3.6).

5. The class of antiholomorphically projective con-
nections and its invariant

On the same anti-Kähler space, we shall consider another class of
connections, given by its coefficients

(5.1) Γi
jh = {ijh}+ pjδ

i
h + pigjh − qjJ i

h − qiFjh,

(qj = paJ
a
j ) which we call an antiholomorphically projective connection

by the reason of evident similarity to holomorphically projective connec-
tion. Its coefficients look like coefficients of holomorphically projective
connection ([9]), but with opposite signs on the structure image side.
An antiholomorphically projective connection is a J-connection, non-
symmetric, but not a metric one.

We shall calculate the components of curvature tensor of such a
connection. After lowering its upper index, we obtain that there holds

Nijhk = Rijhk + gihpkj − gikphj − gjkphi + gjhpki −(5.2)

−Fihqkj + Fikqhj + Fjkqhi − Fjhqki.

The meaning of upper abbreviations is

pkj = ∇kpj − pkpj + qkqj +
1

2
psq

sFkj −
1

2
psp

sgkj;(5.3)

pkj = ∇kpj + pkpj − qkqj −
1

2
psq

sFkj +
1

2
psp

sgkj;

qkj = ∇kqj − pjqk − qjpk −
1

2
psq

sgkj −
1

2
psp

sFkj;

qkj = ∇kqj + pjqk + qjpk +
1

2
psq

sgkj +
1

2
psp

sFkj.
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There also hold the following relationships:

(5.4) pkaJ
a
j = qkj; pkaJ

a
j = qkj;

(5.5) pkj = ∇kpj + Skj; pkj = ∇kpj − Skj;

and, consequently,

(5.6) qkj = ∇kqj + SkaJ
a
j ; qkj = ∇kqj − SkaJ

a
j .

Also, it is obvious from (5.3) that both tensors Skj and SkaJ
a
j are sym-

metric.
If we want the curvature tensor (5.2) to be an algebraic curvature

tensor, i.e. to be skew-symmetric in first two indices, the necessary con-
dition shall be satisfied

0 = gih(pkj + pkj)− gik(phj + phj) + gjh(pki + pki)− gjk(phi + phi) +

+Fik(qhj + qhj)− Fih(qkj + qkj) + Fjk(qhi + qhi)− Fjh(qki + qki)

and, taking into account (5.3):

0 = gih∇kpj − gik∇hpj + gjh∇kpi − gjk∇hpi +(5.7)

+Fik∇hqj − Fih∇kqj + Fjk∇hqi − Fjh∇kqi.

We shall suppose that the curvature tensor of antiholomorphically projec-
tive connection is skew-symmetric in first two indices and that, besides,
its generator (pi) is a gradient. Then

(5.8) ∇kpj = ∇jpk.

If we transvect (5.7) with F ih, we obtain

(5.9) (2n+ 1)∇kqj −∇jqk = gjkF
ih∇hpi + Fjk∇sp

s.

As the right-hand side of (5.9) is symmetric, its left-hand side will also
be symmetric and, consequently

(5.10) ∇kqj = ∇jqk
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and the generator’s image by the structure will also be a gradient.
From (5.9), we can see that

(5.11) ∇kqj = αFkj + βgkj

and, as a consequence,

(5.12) ∇kpi = αgki − βFki.

For the tensor Skj ((5.3), (5.5)) there holds

(5.13) Ss
s = −(n+ 2)psp

s; SkjF
kj = −(n+ 2)psq

s.

We want the tensor (5.2) to be invariant under changing places of
first and second pair of indices. Then, using (5.5) and (5.6), we obtain
that there holds

gjh(pki + pki)− gik(phj + phj) = Fjh(qki + qki)− Fik(qhj + qhj)

or
gjh∇kpi − gik∇hpj = Fjh∇kqi − Fik∇hqj.

After transvection of the last equality by gjk, we obtain

(5.14) α =
1

2n
∇sp

s, β =
1

2n
∇sq

s,

for scalar functions appearing in (5.11) and (5.12).
Now we are going to construct a curvature-like invariant of that

class of antiholomorphically projective connections. Transvecting (5.2)
by gik, we obtain

(5.15) νjh = ρjh + 2(1− n)phj − 2phj + gjhp
s
s − Fjkq

s
s,

where νjh denotes the component of the Ricci tensor of antiholomorphi-
cally projecive connection. After transvection of (5.15) by gjk and using
(5.4), (5.5) and (5.13), we obtain

(5.16) psp
s =

ν − κ
4(n− 1)(n+ 2)

,

where ν stands for the scalar curvature of (5.1).
In fully analogous way, we can find, transvecting (5.2) by F ik first

and then by gjh that there holds

(5.17) psq
s =

ν̃ − κ̃
4(n− 1)(n+ 2)

,
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where ν̃ = NijhkF
ikgjh. If we transvect (5.2) by F ikF jh, we obtain that

(5.18) psp
s =

˜̃κ − ˜̃ν
4(n− 1)(n+ 2)

,

where ˜̃κ = ρ̃hjF
hj and ˜̃ν = NijhkF

ikF jh. From (5.16) and (5.18), we
obtain that there holds

Lemma 1. On an anti-Kähler space, for the scalar curvature ν and

scalar function ˜̃ν = NijhkF
ikF jh of a class of antiholomorphically pro-

jective connections with gradient generator and curvature tensor which is
invariant under changing places of the first and second pair of indices,
there holds

(5.19) ν + ˜̃ν = κ + ˜̃κ
where κ and ˜̃κ are the same quantities depending on Levi-Civita connec-
tion.

We can also notice that there hold

(5.20)
pss = 2nα− (n+ 2)psp

s; pss = 2nα + (n+ 2)psp
s,

qss = 2nβ − (n+ 2)psq
s; qss = 2nβ + (n+ 2)psq

s.

From (5.3), (5.11) and (5.15), we obtain

νjh = ρjh + 2(1− n)(αgjh − βFjh + Sjh)− 2(αgjh − βFjh + Sjh) +

+gjh(2nα− Ss
s)− Fjk(2nβ − SabF

ab) =

= ρjh + 2(2− n)Sjh + (n+ 2)psp
sgjh − (n+ 2)psq

sFjh.

From the upper equality, we obtain that there holds

(5.21) Sjh =
ρjh − νjh
2(n− 2)

+
1

8(n− 1)(n− 2)

[
(ν − κ)gjk − (ν̃ − κ̃)Fjh

]
,

using (5.16) and (5.17). We shall also need the tensor

ShaJ
a
j =

ρha − νha
2(n− 2)

Ja
j +(5.22)

+
1

8(n− 4)(n− 2)
[(ν − κ)Fhj + (ν̃ − κ̃)ghj].
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We can conclude from (5.22), as ρhaJ
a
j is symmetric, that νhaJ

a
j is also

symmetric Besides, it is easy to verify that this class of antiholomor-
phically projective connections satisfies the first Bianchi identity, anti-
Kähler condition (1.5) and also conditions which are analogous to (1.7)
and (1.8).

Substituting (5.11) and (5.12) into (5.2), we obtain that there holds

Nijhk = Rijhk + gihSjk − gikSjh + gjkShi − gjkSki +(5.23)

+FikShaJ
a
j − FihSkaJ

a
j + FjhSkaJ

a
i − FjkShaJ

a
i .

Substituting (5.21) and (5.22) into (5.23), we obtain that there holds

Rijkh −
1

2(n− 2)
(gikρjh + gjkρik − gihρjk − gjkρih(5.24)

−Fikρ̃jh − Fjhρ̃ik + Fihρ̃jk + Fjkρ̃ih) +

+
κ

4(n− 1)(n− 2)
(gikgjh − gihgjk − FikFjh + FihFjk)

− κ̃
4(n− 1)(n− 2)

(gikFjh + gjhFik − gihFjk − gjkFih)

= Nijkh −
1

2(n− 2)
(gikνjh + gjkνik − gihνjk − gjkνih

−Fikν̃jh − Fjhν̃ik + Fihν̃jk + Fjkν̃ih)

+
ν

4(n− 1)(n− 2)
(gikgjh − gihgjk − FikFjh + FihFjk

− ν̃

4(n− 1)(n− 2)
(gikFjh + gjhFik − gihFjk − gjkFih).

So, we have proved that there holds

Theorem 4. On an anti-Kähler space, if the generator of an antiholo-
morphically projective connection is a gradient and if its curvature tensor
is an algebraic curvature tensor, then the tensor on the right-hand side of
(5.24) is independent on the choice of generator. Moreover, it is equal to
the tensor (3.6), which is a conformal invariant of considered anti-Kähler
space and also to the invariant of considered class of proper follower con-
nections (4.1).
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