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Abstract: This article provides a new construction of infinite antimatroids—
antimatroid of infinite character. Comparing the new construction with a fa-
mous construction of infinite antimatroids—antimatroids of finite character, it
obtains that there is no one-to-one corresponding between antimatroids of in-
finite character and antimatroids of finite character. It also deals with some
properties for antimatroids of infinite character. At the final part, with the as-
sistance of poset theory, it introduces a one-element extension of antimatroids
of infinite character and discover methods to build up antimatroids of infinite
character.

1. Introduction and preliminaries

Many researchers are interested in infinite antimatroids though
there is no unique construction that is called an infinite antimatroid.
Generally, people refer to a finite antimatroid-like model defined on in-
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finite set as an infinite antimatroid. Therefore, there are many infinite
antimatroid structures which are provided by people from different mo-
tivations by generalizing the structure of finite antimatroids, and mean-
while, many results relative to infinite antimatroids are provided (cf. [1,
6, 8, 9]).

In this paper, we present a new construction of infinite antimatroid—
antimatroid of infinite character and discuss some relations among finite
antimatroids, antimatroids of finite character and antimatroids of infinite
character. Afterwards, we research some properties on antimatroids of
infinite character with the assistance of poset theory. At the final part, we
generalize the definitions of lifting and reduction from finite antimatroids
to antimatroids of infinite character. Using these generalizations, we
provide some methods to construct antimatroids of infinite character.

We begin this article by giving some basic definitions. Let E denote

a non-empty-perhaps infinite-set; 2¥ be the powerset of £ and £ C 2F:
L—p={Y\p:YeLl}iftpeFE, L+q={YUq:Y e€L}ifq¢E,
X CcC Y if X is a finite subset of Y.
Definition 1. (1) [1 & 2, 3] For a poset P = (5, <), a filter of P is a
subset K of S such that if r € K and x <y for y € S, then y € K. For
distinct elements z,y € S with x < y, if x < z < y necessarily implies
x =z or z =y, then x is covered by y, in notation, x < y.

(2) [5, 8.2.6 & 4] Let E be a finite set and F C 2F be a non-
empty family. A pair (E, F) is an antimatroid if it satisfies the following
properties.

(G1) For every non-empty X € F, there is an z € X such that
X\zeF.

(G2) For X,Y € F such that | X| > |V, there is an 2 € X'\ Y such
that Y Uz € F.

(G3)If AC B,A,Be F,z € E\B,and AUz € F, then BUx € F.

The sets in F are called feasible. A basis of a subset A C F is a
maximal feasible subset of A.

(3) [4, p. 20 & 6] A closure system on E is a pair (E,N') where N
is a collection of possibly infinite subsets of E such that (I.1) and (I1.2)
as follows:

(L1) 0, E € N;

(I2) X, Y € N implies X NY € NV.

The elements of N are called closed sets.

A closure operator T on E is a map from E to E such that the
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following (I.3)—(1.6):
) A C7(A);
(I.4) A C B implies 7(A) C 7(B);
) 7(7(A)) = 7(A);
) (D) = 0.
A closure system (E, N') gives rise to the following closure operator:
T(A)=n{X:ACX and X e N'}.

A closure system is called an antimatroid if the following anti-
exchange property is satisfied: for all A € N, for all distinct x,y € F'\ A,
yeT(AUx) =z €1(AUY).

Antimatroids are also known as convex geometries.
A closure system is said to be of finite character if and only if for
any A C F,
T7(A) = U{7(B) : B is a finite subset of A}.

[4, 6] show that the notions of closure system and closure operator
are in fact equivalent.

For clear, we call an antimatroid defined on a finite set E, i.e. the
definition in Def. 1 (2), a finite antimatroid.

We refer the reader to [2, 3] for further details on poset theory
and lattice theory; [4, 5] for finite antimatroid theory; [4-7] for convex
geometry.

From some results in [4, 5] relative to finite antimatroids, there are
the following views:

(1.1) (E,F) is a finite antimatroid if and only if

(E,N) is a convex geometry, where N ={E\ X : X € F}.

(1.2) (E,F) is a finite antimatroid if and only if F satisfies (G1)
and is closed under union.

(1.3) (E,F) is a finite antimatroid if and only if § € F and F
satisfies that for X, Y € F such that X € Y, there is an z € X \ Y such
that Y Ux € F.

(1.4) (E,F) is a finite antimatroid if and only if it has a unique
basis and satisfies (G1), (G2) and

(G4)if AC BC C,AB,C e Fx € E\C, AUz € F, and
CUx € F,then BUx € F.

(1.5) Because of (1.1), some researchers also call a convex geometry
(E,N) an antimatroid sometimes.
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We generalize the definition of finite antimatroid in [4, 5] to infinite
case as follows.

Definition 2. £ is an antimatroid of infinite character on E (sometimes,
it is denoted by (F, L)) if it satisfies the following:

(L1) 0 € £L;

(L2) if X # 0 and X € L, then X \ x € L for some z € X;

(L3)if X,Y e Land X €Y, then Y Uz € L for some z € X \ Y.

Any element of L is called a feasible set and a maximal feasible set
is called basis.

For infinite antimatroids, we need to point out the following results.

(1.6) By (1.1)—(1.3), Def. 1 and Def. 2, we may state that any finite
antimatroid is an antimatroid of finite character, and also an antimatroid
of infinite character.

2. Correlation

From now on, we will deal with some relations among antimatroids
of infinite character, antimatroids of finite character and finite antima-
troids. The aim is to illustrate the internal properties of antimatroids of
infinite character.

We give two examples of antimatroids of infinite character in order
to show some properties of antimatroids of infinite character clearly.

Example 1. Let £ = {1,2,...} and £ = {X : X CcC E}. Then we
easily receive some properties of (E, L) as follows.
(i) (E, L) is an antimatroid of infinite character.

(ii) for any X,Y € L, it is obvious X UY € L.

(iii) (£, £) has no basis.

(iv) (E, £) is not an antimatroid of finite character because if X =
= E\ {1}, then for any Y CC X, there is Y € L, but X ¢ L. However,
X = UYCCXY is true.

(v) Les N ={X : E\ X € L}. Then it satisfies () ¢ N in virtue of
E & L. According to [6], (E,N) will not be a convex geometry, and also
not an antimatroid of finite character.

The (iv) and (v) in Ex. 1 illustrate that antimatroid of infinite
character in infinite antimatroid constructions is new.

The (v) in Ex. 1 implies that for antimaroids of infinite character,
(1.1) is not true.



On antimatroids of infinite character 261

On matroids, some authors (see e.g. [18] and [19]) talk about “merely
finitary” matroids, by which they mean a closure system on an infinite
set that is finitary: if p is in the closure of a set S, then p is in the closure
of a finite subset of S. Combining with the results in [6] and Ex. 1, we
arrive at the conclusion that (£, £) in Ex. 1 owns a “matroid merely fini-
tary character”, but not an antimatroid of finite character. This analysis
and comparison describe that some kind of infinite matroids are different
from the new class of antimatroids—antimatroid of infinite character.

These descriptions state that it has importance and value to study
on the new construction—antimatroid of infinite character.

Example 2. Let F = {1,2,...} and £ = 2F. Then it is easy to see that
(E, L) is an antimatorid of infinite character and E is the only basis.

From Ex. 1 and Ex. 2, we may explore the following property.

Property 1. If an antimatroid of infinite character (E,L) has bases,
then the cardinality of the set of bases is 1.

Proof. Otherwise, let By, By be two bases of (F, £). By the maximality
of bases, it brings about By € B, and By € By. In light of (L3), it infers
to By Uby, By Uby € L for some by € By \ By and by € By \ By. These
illustrate By C By U by and By C By U by, a contradiction. ¢

There are many results relative to finite antimatroids (cf. [1, 4,
5, 10] and (1.1)—(1.5)). Considered them with antimatroids of finite
character (see [6] for the details of antimatroids of finite character) and
antimatroids of infinite character, we sum up the following results.

(2.1) [5, Prop. 8.2.8 & 4] points out that a finite antimatroid has
a unique basis. Ex. 1 indicates that an antimatroid of infinite character
perhaps has no base.

(2.2) The definition of a finite antimatroid and Def. 2 state that a
finite antimatroid is an antimatroid of infinite character. (1.4) and (iii)
in Ex. 1 show that the converse will not be true.

(2.3) (1.1) expresses that every finite antimatroid can be defined
by a convex geometry. Any antimatroid of finite character is defined by
convex geometry (cf. [6]). The (v) in Ex. 1 indicates that not every
antimatroid of infinite character can be defined by convex geometry.

From the discussion above, we may infer to the following conse-
quences.

(2.4) Def. 2 is an extension of a finite antimatroid.

(2.5) Antimatroids of infinite character and antimatroids of finite
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character are different generalizations of finite antimatroids under infinite
cases. They are infinite models of finite antimatroids.

(2.6) An antimatroid of infinite character can not be defined by a
convex geometry.

An antimatroid of infinite character have not some characters that
antimatroids of finite character own. That is, antimatroids of infinite
character possess itself special features.

(2.7) It is necessary to study on antimatroids of infinite character.

3. Properties with posets

In this section, we will find out some properties of antimatroids of
infinite character. All of them are true for finite antimatroids (for finite
cases, see [1, 4, 5, 10]). All the discussion are assisted with the method
of poset theory.

Theorem 1. Let (E,L) be an antimatroid of infinite character and
X, YelLand X CY. X <Y in (L, Q) if and only if X Up € L and
XUp=Y forsomepeY \ X.

Proof. Evidently, (£, C) is a poset.

(=) If XUpe L forsomepeY\X,then X Up=Y because X
is covered by Y in (£, C). Thus, the following is to prove X Up € L for
some p € Y\ X.

Otherwise, for any t € Y\ X, it has X Ut ¢ L.

According to Y € £ and (L2), there exists y €Y satisfying Y \ y € L.
Obviously, Y \ y is covered by Y. If y ¢ X, then X C Y \y < Y,
a contradiction to X < Y. That is, y € X is true. This infers to
Y\y € X. So, XUq € L holds for some g € (Y \y)\ X because of (L3),
a contradiction to the supposition.

(<) Exercise. ¢

Though Ex. 1 describes that an antimatroid of infinite character
perhaps does not have a basis, we still have the following property.

Property 2. Let (E, L) be an antimatroid of infinite character.
(1) If (E, L) has a basis B, then the length h(L,C) of (£, C), i.e.
max{|l| : [ is a chain in (L, C)}, is the cardinality |B| of B.
(2) Assume that (E, L) satisfies that for any x € E, there is A € L
satisfying x € A. Then
h(L,C) < oo if and only if |E| < oc.
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Proof. (1) It is straightforward from the definition of base in Def. 2,
Prop. 1, Th. 1 and (L1).

(2) (<) Obviously.

(=) Taken (L2), (L3) and h(L,C) < oo together, it infers to the
existence of bases in (£, C). Using Prop. 1, it follows that (E,£) has a
unique base B. The above (1) and h(L£,C) < oo will compel |B| < oo.
Moreover, |2P| < oo is correct. Thus, |£| < |2P| < oo is correct. Apply-
ing (L3) with the given condition, it yields out |B| = |E|. Furthermore,
(E, L) is a finite antimatroid, and hence, |E| < oo, the required results
follow. ¢

Using the above results, we may state the following.

(3.1) The results in [4, 5] prescribe that finite antimatroids are
“antipodal” to and different from finite matroids in many parts, and those
properties make finite antimatroids be valuable to be studied. Prop. 2 (2)
indicates some difference between an antimatroid of infinite character and
a matroid of arbitrary cardinality, because from the results in [11], we
know that for a matroid (E,F) of arbitrary cardinality, h(F,C) < oo
holds no matter |E| < oo or |E| £ 0.

(3.2) More results of matroid of arbitrary cardinality can be seen
[11-17]. We may search out more “antipodal” results to our antimatroids
of infinite character. This is left rooms for the future. This also states the
valuable of presenting and studying on antimatroids of infinite character.

4. Lifting and reduction

Similar to [1], we will define a one-element extension of antimatroids
of infinite character and find out two methods to build up antimatroids
of infinite character.

Definition 3. Let £, L5 be the subfamilies of an antimatroid of infinite
character £. Suppose that they satisfy the following:

(EO) ;Cl U ,Cg = ;C;

(E1) £, is an antimatroid of infinite character;

(E2) L, is a filter in (£, C);

(E3) Lo={Y € L: X CY for some X € L1 N Ly}.

Let p be a new element not in £. Then

(LD ery) =L1U(La+p) =L U{Y Up:Y € Lo},

which we call a lifting of L at (L1, L) by p. We write £ T p to denote
(L1 p)(z,,c.) When no confusion may occur.
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Let £ be an antimatroid of infinite character on E. In the poset

(L, C), we easily receive the following (L4). Further, we will achieve with
Th. 2.

(L4) Let X, Y € L. If X CY and X # Y, then there exists Y; € L
satisfying X CY; <Y.

Theorem 2. A lifting (L T p)(z,.c.) i an antimatroid of infinite char-
acter on U p.
Proof. We will finish the proof step by step using Def. 2.

Step 1. (L1) is obviously true.

Step 2. Tt proves (L2) as follows. Let Y # (0 and Y € £ 1 p.

If Y € £y, then (L2) is clear.

IfY € Ly +p,ie. Y =Y Up for some Y’ € Ly. Then, there are
the following two statuses to be dealt with.

Status 1. Suppose Y’ is a minimal in (Ls, C).

It follows Y’ € £ from (E3). Hence Y\ p=Y'€ L, C L1 p.

Status 2. Suppose Y’ is not a minimal in (Lo, C).

Then there is a minimal A in (L5, C) such that A C Y’. By (L4),
there is a chain A C A; C ... CY; <Y’ between A and Y’ in (£, Q).
(E2) will ask this chain to be true in (L2, C). Moreover, by Th. 1, it
implies that there is y € Y/ C Y such that Y’ \ y = Y;. This means
Y1 € L5 from (E2). Hence, we have Y\ y = (Y'\y)Up € L 1 p. That is
to say, (L2) is true.

Step 3. We shall show (L3). Let X, Y € Ltpand X ¢ Y.

If X,Y € £4. Then (L3) is clear from (E1) and (L3).

XY e Lo+p,ie X =XUpY =Y'Up,and X' Y' € L. Then
X" ¢ Y’ is true according to X ¢ Y. Because of £, C L, we achieve
Y'Uy € L for some y € X'\ Y’ in view of (L3), and further, Y’ Uy € L,
in view of (E2) and Y C Y Uy. Thus YUy = Y Uy)+pe LT p
holds.

fXeliandY =Y +pe Ly+p Then X €Y brings about
X ¢ Y'. Considered with X,Y" € £ and (L3), it causes Y’ Uz € L for
some z € X \ Y. Considering (E2) with Y’ C Y’ Uz € L, we obtain
Y'Ux € Ly. Hence, Y Uz = (Y'Ux)+p € L1 p holds.

Y eliyand X =X +peLo+p Then, X €Y andp ¢ E
together follows X’ ¢ Y. Thus, Y U2’ € £ holds for some 2/ € X'\ Y
according to the correct of (L3) for L. p ¢ FE leads to 2/ € X \ Y.
Therefore, Y Uz’ € L C L1 pis true for some 2’ € X \ Y. ¢
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Next we introduce the converse operation of lifting. Take an ele-
ment p € E. Then L [ p=L—-p={X\p: XeL}={Y CE\p:
there exists X € £ satisfying Y = X \ p}.

Lemma 1. £ | p is an antimatroid of infinite character on E \ p.
We call it a reduction of L at p.

Proof. Exercise. ¢

The following theorem expresses that the reduction and the lifting
are the converse of each other. It is also a different method to build up
an antimatroid of infinite character from that appeared in Th. 2.
Theorem 3. (1) For any p € E, we have (L L p) T p)(z,,c.) = £, where
L,={X:Xelp¢gX}and Lo={X\p: XeL,pe X}

(2) Let q be a new element not in E. Suppose that L1 and Ly satisfy
(E0)~(E3). Then ((£ 1 q)(ci,e0)) + 4= L.

Proof. Using Lemma 1 and Def. 2, similarly to the proof in [1, Th. 2.2],
the required results follow. {
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