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Abstract: We prove the following theorem: if ABC and UVW are two op-
positely similar triangles with homologous vertices A and U, B and V, C and
W, with no parallel sides and if we denote ABNVW = D, ABNWU = E,
BCNWU=F,BCNUV =G, CANUV = H, CANVW = I, then the three
pairwise radical axis of the circumscribed circles of the inscribed quadrilaterals
AHUE, BGVD, CWIF coincide. Conversely, let us suppose that the circles
(Ca), (Cb) and (CC) have the common radical axis. Let us choose the points

A€ (Ca), B e (Cb) and C € (CC) so that the points A, B, C are not collinear
and do not coincide with one of the point of intersections of the circles where
appropriate. We consider the following intersection points: AB N (C b) =D,
ABN(C,) = E,BCN(C,) = F, BCN(C,) =G,CAN(C,) = H,CAN(C,) =1
and FENGH = U,GHNDI =V, DINFE = W. It follows that: (a) U € (C,),
Ve (Cb) and W € (CC). (b) The triangles ABC and UVW are oppositely sim-
ilar, with homologous vertices A and U, B and V', C' and W. Some applications
are presented.

1. Introduction

Two similar triangles are oppositely similar if, when we read the
vertices of the first triangle in the clockwise sense, then we read the
homologous vertices of the second triangle in the counter-clockwise sense.
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Figure 1

In plane transformation terms, two triangles are oppositely similar if one
of them is the image of the other one through the product between a
reflection on a straight line (the axis) and a homothety with the center
on the straight line. This product is called opposite similarity. When we
draw two oppositely similar triangles and consider the intersection points
of the lines of the sides which are not homologous, we easily notice the
existence of three inscribed quadrilaterals (see Fig. 1). The goal of the
paper is to prove the following result concerning these quadrilaterals,
which we have not seen stated.

Theorem 1. We consider the oppositely similar triangles ABC and
UVW , with homologous vertices A and U, B and V, C and W and
with no parallel sides. Let us denote the following intersection points:
ABNVW =D, ABNWU = E, BCNnWU = F, BCNnUV = G,
CANUV =H, CANWV = 1. It follows that:

(a) The quadrilaterals AHUE, BGV D, and CWIF are inscribed quadri-
laterals.
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(b) The three pairwise radical azis of their circumscribed circles coin-
cide.

Conversely, let us suppose that the circles (Ca), (Cb) and (Cc) have the
property that the three pairwise radical axis coincide. Let us choose the
points A € (Ca), B € (Cb) and C' € (CC) so that the points A, B,C
are not collinear and do not coincide with one intersection point of the
circles in case the circles intersect themselves. We consider the following
intersection points: AB N (Cb) =D, ABN (Ca) =F, BCN (Cc) =F,
BCN(C,)=G,CAN(C,) =H,CAN(C) =1 and FENGH = U,
GHNDI=V,DINFE=W. It follows that:

(a) U e (Ca), Ve (Cb) and W € (Cc).

(b) The triangles ABC and UVW are oppositely similar, with homol-
ogous vertices A and U, B and V', C and W.

We shall use in proofs the complex number formalism. Next, we
denote with the corresponding small letter the affix of a point which is
denoted with a capital letter. Let us remind some basic facts (see [1]).

(1) If N is the intersection point of the lines AB and C'D, then its
affix is

(cd — &d)(a — b) — (ab — ab)(c — d)

(1.1) T a@ D) c—d) - (a—b)(c—a)

(2) The complex equation of the circumscribed circle of the triangle
ABC is
224 Pz +BE+e=0,
where

a—>b 5 ac — aa aac — aac
= = E = .
b

1.2
(1.2) @ c—b’ a—a

a—Q

(3) The radical axis of the circles (C1) and (Cy), described by the
equations zZ + 122+ f122 + €12 =01s

(13) (51 _52)34‘ (61 —52)24—81 — &9 = 0.
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2. Lemmas

In this paragraph we prove some identities between the affixes of
the homologous vertices of two oppositely similar triangles which we in-
tensively utilize in the next paragraph, where we prove the main result.
Let us consider the oppositely similar triangles ABC and UVW, with
homologous vertices A and U, B and V', C' and W. The relation between
the affixes of the homologous vertices can be stated as:

u—v_v—w_w—u_C
a—b b-¢ c—a
therefore
(2.1) u—v=C_@a—b;v—w=_0b—-e); w—u=C_((c—a).

We also denote
n=(a—0)(b—c)(c—a).

Lemma 1. The following relations are true:

(2.2) ) ) )
(b—c)(c—a)u—(b—¢c)(c—a)v=(a—b)(b—c)w— (a—"Db)(b—c)u=

(23) (c—a)b— E)b@_— (¢ —a)(b— c)at+

Proof. As w = L_;;_% ~u— &% -, it follows that:

therefore (2.2) is true. Next, we get:

(c—a)(b—2c)bv — (¢ —a)(b— c)au+

+(a—b)(b—¢&)cw — (a—b)(b— c)ai +n(b— ) =

= (b—¢)[(c—a)bv + (a—b)cw]| — (b—c)(¢ — @+ a — b)au +n(b— &) =
— (b—2)[(c — a)bv + (a — b)ew + (b — c)ati + nC].
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As n¢ = (a — b)(c — a)(v — w), one obtains
(c—a)(b—¢e)bv — (¢ —a)(b — c)au+

+(a— )(—é)ﬂ—uw—m@—cmu+n(_@§:
= (b—2)[(c— a)bv + (a — b)cw+
+ (b —c)au + ( —b)(c—a)t — (a —b)(c — a)w] =

a(b—2)[(b— )i+ (¢ = a)v + (a = bya].
But
(b—c)u+ (c—a)v+ (a —b)w =

=(b—c)i+ (c—a)v+ (a—1b) (E:ZE—Z:Z@> =0,

therefore (2.3) is true. ¢
Lemma 2. If
E— [(E—&)(u—v)ﬂ—(c—a)(u v)a } [(a —b)(v—w)— (d—l_))(v—w)}—
— [(a=8) (v—w)7—(a—b) (0—0)8] [(c—a)(a—7) — (~a) (u—0)]
and

Zoe = [(€—a)(u—v)u—(c—a)(u—v)a] [(b—c)(w—u)—(b—c)(w—u) |-
— [(b—&)(w—u)w—(b—c)(w—u)c] [(c—a)(i—v)—(c—a)(u—v)],

then
(2.4) lc — al*Za + |a — b|*Z4. = 0.
Proof. Replacing in Z,, with (2.1), we get
Ew = [(e—a)(a—b)Cu—(c—a)(a—b)a] [(a—b)(b—c)(—(a—b)(b—c)(]-
— [@=0)(b—2e)¢v—(a—b)(b—c)b][(c—a)(a—b)¢—(c—a)(a—b)(] =
= la=0P’|¢[*[(e—a)(b—c)u—(c—a)(b—c)T]+
+|a=bP|¢]*[(c—a)(b—c)a—(c—a)(b—c)b]+
+(a=b)(v-a)i+C(a—b)(b—a)n.

As v — @ = (b— a)(, it follows that
Za = la—b{[¢P[(E = a)(b - )i — (c— a)(b— )7+
+ ¢ lle = a)(b - &)a— (¢~ a)(b— )F] — 2T — Cn}.

Analogously, we obtain

1 |
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C a\2{\§|2[(d —B)(b— )i — (a— b)(b— &)w]+
+1¢12[(a = BB - &)a — (@~ )b — )] + T+ Cn}.

It is easy to check that, if a, b, c are complex number, then
[(c—a)(b—E)a—(c—a)(b—c)b] + [(a—b)(b—c)a— (a—b)(b—c)c] = 0.
Taking into account this identity and (2.2), it follows that the relation
(2.4) is true. ¢

Lemma 3. If

(2.5) lc — al*Sap + |a — b*See = 0.

Proof. Taking into account (2.1), it follows that
Yab =

= [(c—a)(a—b)Cau—(c—a)(a—b)¢au] [(a—b)(b—c)

= [¢]’la—b]*[(c—a)(b—E)bv— (c—a)(b—c)au+

+ (¢—a)(b—c)bv—(c—a)(b—c)au]+

+ ¢*(@—b)(au—bv)7 + C*(a—b)(au—bv)n.
But ati — bv = ati — bt + bt — bt = (a — b)u + b(id — v) = (a — b) (@ + bC).
Let us denote Qy = (¢ — a)(b — €)bv — (¢ — a)(b — c)ati. Then we can
rewrite - ~ ~ ~
ap = la = OPICI* [Qab + Qap] + la = bI*Cn(@ + bC) + |a — bI*Cn(u + bO),
therefore ~ o -

Sap = |a = b[¢1* [Qap + Qap + 1C + 7bC] + |a — 0*(C*770 + (*nu).
Analogously, taking into account (2.1) and aii — cw = (a — c) (@ +cC), we
get

Yoe = e — al*|¢)*] = (a = b)(b — &)au — (@ — b)(b — c)ati+
+ (b—c)(@—b)cw + (b—¢)(a — b)cw]|—
= le—alPCn(a+ e¢) = e — al*Cnlu + ).
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Let us denote Q.. = —(b — ¢)(@ — b)aui + (b — &)(a — b)cw. Then

Yae = ¢ = a1 [Qae + Que — 1 — 7] — |e — al*(¢qu + Pryu).
We obtain
|C - a’|22ab + |a - b|2zac =

= |a—b|2|c—a|2|§|2 [Qab + Qab + Qac + Qac + 7755 + ﬁbg - nég—ﬁcd =
= |a = b|*|c — al?|¢*[Qap + Qac + 1C(0 — &) + (Qap + Qac +1¢(b—0)) |.

Let us notice that, following our previous notations, the relation (2.3)
can be rewritten as:

Qap + Qac +1¢(b—1¢) =0,
therefore (2.5) is true. ¢

3. The Proof of Theorem 1

3.1. The Proof of Direct Theorem

The proof of point (a) is obvious. We remind that a small letter
represents the affix of the point which is denoted with the corresponding
capital letter. Let us denote (C,), (Cp) and (C.) the circumscribed circles
of the inscribed quadrilaterals AHUFE, BGV D, and CW I F respectively.
If we denote their equations in the complex plane with

(C): 224 Baz 4 BaZ + €4 =0,

(C,) : 224 Boz+ Bz +e, =0,

(C): 2Z2+ Bz + Bz +e.=0,
then we have to prove that the relation (see (1.3))
Ba — B _ @a_ﬂ:b _ta"%
Ba—Be  Ba—Be €a—ec

is true. According to (1.1), the affixes of the points of intersection are

(3.1)
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e —w) - (c—a)@ -0

According to (1.2), the coefficients of the equations of the circumscribed
circles are

B, = QU — QG I QU — Qg GU
¢ Qg — da e Qg — @a ’
5 _ O_qﬂ_) — Oéb[_) o — Oébl_)’U - @bb’(_J
’ o — @ ’ o — @
8 = QW — O:C .= Q.CW — QCW
¢ Qe — ac T Qe — O_éc ’
where
a—h b—d c— f
aa:u_ha ab:U—d’ ac:w_f-
Replacing with the affixes of the corresponding points, we obtain
c—a)al a—Db)x; b—c)a!
o= W% (azbap - (broa.
(u—v)ay (v—w)a} (w—u)a?
wh/erii o . -
a, =a(u—v)—a(a—v)—(uv—av), o) =u(c—a)—1u(c—a)+(ca—ca),
ay =b(v—w)—b(v—w)—(vio—vw), o =v(a—b)—v(a—b)+ (ab—ab),
/

Taking into account

A

o A "o 1" "
oy =—a,, o =—a,

oy = —ay, oy = —qy, o= —a, .= —af,
we get the following form for the coefficients of the circumscribed circles:

(c—a)(lu—v)u—(c—a)(u—17)a

Pa = (c—a)(u—v)—(c—a)(u—wv) ’
. (c—a)(u—2v)au— (¢ —a)(u—v)au
¢ (c_—a)(ﬂ—@)—(é—d)(u—v)_ ’
5, = (@—b)(v—w)v— (a—@)(@—u‘;)b
(a—b)(@—zﬁz—(d—b)_(v—w) ’
.Y — (a —b)(v —w)bv — (d—?)(v — w)bv
(a—b)(v—w)—(a—0b)(v—w) ’



A property of oppositely similar triangles 209

B:(b—é)(v—w)‘—(ﬁ—C)(w—‘)‘
T -9 —a) = (b-)(w—u)
. :(b—c(u‘;—@)éw—(?—é)(w—u)cw
¢ b—c)(w—1u)—(b—2¢c)(w—u)
et (= a)(u—v)i— (c— a)(a—1)
Pa =B (c—a)a-v)—(-a)u-v)
_(@=b)(v - w)v —(a - b)(©—w)b
(a—b)(v —w)— (a—0b)(v—w)
Let us denote
T, =

Ts=(0b—c)(w—u)—(b—c)(w—u)
Taking into account the notation in Lemma 2, we obtain
o Eab
ﬁa ﬁb - Tl ] Tg .
Analogously, we obtain
Ba_ﬁc: Tl 'Tg.

Taking into account (2.4), it follows that

Ba _517 o _|a_ b‘2T3

(32) Ba - Bc B |C - a‘2T2‘
e e (c — a)(a — D)au — (¢ — a@)(u — v)az
ST T C -0 - (c—a)u—v)

(@ =b)(v—w)bv — (a— ?)(U — w)bv
(a—0b)(v—w)—(a—"b)(v—w)

Then, taking into account the notation in Lemma 3, we obtain

X
Eq —Ep = Tl‘,r2.
Analogously, we obtain
Yge
Ea — Ec

TR
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Taking into account (2.5), it follows that

(3.3)

(3.2) and (3.3) show that the relation (3.1) is true. This concludes
the proof of Direct Theorem.

3.2. The Proof of Converse Theorem

First, let us prove the following technical lemmas.
Lemma 4. Let us consider the circles (Cl), (C2) and the lines di and ds
which intersect the circles in the points {A, B} = dy N (C,), {M,N} =
=d N (Cz), {C,D} =dyn (C1> and {P,Q} =dyN (C ) If BD || MP,
then AC' || QN .

Proof. We prefer to use complex numbers, although the synthetic proof
is not difficult. The conditions from hypothesis can be written

c—b:c—d R; p—n : P4 eR; a=b eR; C_dE]R.
a—b a—d m-n m-—gq m-—n pP—q
We get % € R. As 7=F € R, it follows that
(b ¢)(a—d)
(%) %e]&.

m—p
But the condition of concyclicity of the points A, B,C, D and M, N, P, Q)

can be rewritten

b—c : b-d e R; nep : m—a e R.

a—c a—d m — p n—gq
Taking into account (x), it follows that ==2 € R, which means AC' || QN. ¢
Lemma 5. Let us consider the mscmbed quadrilateral ABC'D and the

points M € AB and P € CD.

(a) Let us consider the points N € AC and Q € BD, so that the
triangles AMN and DPQ are similar, with homologous vertices A
and D, M and P and N and Q. If the triangles AMN and DPQ
are directly similar, then CD 1. BD.

(b) Let us consider the points N € AD and Q) € BC, so that he trian-
gles AMN and CPQ are similar, with homologous vertices A and
C, M and P and N and Q. If the triangles AMN and CPQ are
directly similar, then AB 1. AD.
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Proof. (a) There exist the real numbers «, 3,7, 0 so that
(x) m = (1—a)a+ab, p = (1-5)d+Bc, n = (1—y)at+ye, g = (1—0)d+0b.
Let us suppose that the triangles AMN and DP(Q) are directly similar,

with homologous vertices A and D, M and P and N and (). Then,
replacing in 7= = *Z_;Z with (), we get O‘Eb Z; ﬁ(c d As

b—a b—d
: R
c—a c—alE ’

p 2
C_
R.

If & Z € R, it would follow that the points B,C' and D are collinear,

Wthh is false. It follows that
c—d

b—d

it follows that

€ iR,

therefore CD 1 BD.

(b) The proof goes on the same line as the proof of the point (a),
so we omit it. ¢

As Fe (CC) and F € (Ca), there exist the points Uy = FEN (Ca)
and W, = FEN (CC). We claim that the lines HU; and IW; are not
parallel. Indeed, argumentum ad absurdum, let us suppose that they
are parallel. Then, applying Lemma 4 to the circles (Ca), (CC) and
the lines F'E and HI, it follows that the lines AE and C'F are paral-
lel too, which is false, because AF N CF = B. We consider the point
Vi = HU NIW;. We get the points H, A,U,, E € (C ) and I,C, W1, F €
€ (C,). Then ZHU,E = ZBAC and ZIW\F = ZACB, so the tri-
angles ABC' and U;V;W; are similar, with the homologous vertices A
and Uy, B and Vi, C and W;. We prove that the triangles ABC and
U, VW, are oppositely similar. Indeed, argumentum ad absurdum, let
us suppose that they are directly similar. Then, applying Lemma 5 to
the inscribed quadrilaterals HAU, E and ICW,F', it would follow that
both angles ZHU, E and ZIW{ F" are right angles, which implies that the
angles A and C' of the triangle ABC" are right, which is false. Conse-
quently, the triangles ABC and U;ViW; are oppositely similar, with the
fore-cited homologous vertices. According to the Direct Theorem, if we
consider the intersection points ABNV,W; = Dy, ABNW U, = E,, BCN
NWy U, = Fy, BCNUVy = Gy, CANUVy, = Hy, CAnNWVp = [, it
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follows that the quadrilaterals AH,U; E,, BG1V1 Dy and CW11, F; are in-
scribed and their circumscribed circles, denoted respectively (Cl), (62)
and (Cg) have the radical axis in common. Let us notice that, accord-
ing to hypothesis and with our construction, H € U;V; N AC, therefore
H = H,. Analogously, one obtains I; = I. The lines U;W; and EF
coincide, therefore {F}} = BCNWU; = BCNFE ={F} and {E} =
= ABNWU, = ABN FE = {E}. It follows that the circles (Cl) and
(Ca) coincide, because they are the circumscribed circle of the triangle
AHE. Analogously, one obtains the circles (Cg) and (CC) coincide. It
follows that U; = U and W; = W. The circles (Cz) and (Cb) have in
common the point B and their common axis coincides with the common
axis of the circles (C 1) = (Ca) and (C3) = (CC). If they did not coincide,
then the point B would belong to their radical axis, therefore B would
belong to the radical axis of the circles (Ca) and (Cc), which contradicts
the hypothesis. It follows that ((32) = (Cb), therefore V' = V; and this
concludes the proof of the Converse Theorem.

3.3. A Remark

We have a better understanding of the Converse Theorem 1 if one
considers three circles in general position. It is known that, if the centers
of the circles (Ca), (Cb) and (Cc) are not collinear, then the three pairwise
radical axis have a common intersection point, called the radical center.
If the centers are collinear, then the three pairwise radical axis coincide
or are parallel. Let us consider that the centers are not collinear. Let us
choose the points A € (Ca), B e (Cb) and C € (CC) and let us consider
the following intersection points: AB N (Cb) =D, ABN (Ca) = F,
BCN(C)=F, BCN(C,) =G CAN(C,)=Hand CAN(C)=1I.
Next, let us consider the intersection points DIN (Cb) =S5,DIN (CC) =T
and GSNET = R. Obviously the triangles ABC and RST are oppositely
similar, with homologous vertices A and R, B and S, C'and T'. According
to Direct Theorem 1, if we consider the intersection points M = ACNRS
and N = AB N TR, then the quadrilateral M ARN is inscribed and its
circumscribed circle, denoted (Cl) and the circles (Cb) and (CC) have
the property that the three pairwise radical axis coincide. If we repeat
the construction with respect to the lines F'E and GH, we finally obtain
three directly similar triangles RST, UVW and XY Z, each of them
oppositely similar with ABC' (see Fig. 2). Let us notice that the circles
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Figure 2

(Ca), (Cb), (CC), together with the new circles (Cl), ((32) and ((33) have
the common radical center, which is the common center of the direct
similarities which transform the triangles RST, UVW and XY Z one
another. The Converse Theorem 1 states: if the initial circles have the
common radical axis, then the triangles RST, UVW and ZY X coincide.

4. Applications

The case when the circles intersect themselves presents a particu-

larly interesting in applications. First, let us prove the following useful
consequence of Th. 1 (see Fig. 3).
Corollary 1. Let us suppose that the circles (Ca), (Cb) and (CC) have
the property they intersect themselves in the points M and N. Let us
choose the points A € (Ca), B € (Cb) and C' € (CC) so that the points
A, B,C are not collinear and do not coincide with one of the point of
intersections of the circles. We consider the following intersection points:
ABn (C,) =D, ABn(C,) = E, BCn(C,) = F, BCN(C,) =G,
CANn(C)=H, CAn(C) =1 and FENGH =U, GHNDI =V,
DINFE =W. Then:
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Figure 3

(a) U € (Ca), Ve (Cb) and W € (Cc).

(b) The triangles ABC and UVW are oppositely similar, with homol-
ogous vertices A and U, B and V', C and W.

(c) Let us denote My, Ny the isogonal conjugates with respect to the tri-
angle ABC, of the points M, respectively N. Then the homologous
of the points My and Ny with respect to the triangle UVW are the
points M, respectively N .

Proof. Applying the Converse of Th. 1, we obtain that the statements of
the points (a) and (b) are true. In order to prove the point (c), it suffices
to take a look, for example, at the circle (Ca), where we notice that
VUM = ZHUM = ZCAM. Analogously, we get ZUWM = /BCM
and ZWVM = ZABM. This concludes the proof.

4.1. An application to Schroder point

Let ABC' be a triangle with the incenter I. The incircle of triangle
ABC touches BC', CA and AB at A’, B’ and C’. The triangle A’B'C" is
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Figure 4

called the Gergonne triangle of ABC. The Schréder point S, (see Fig. 4)
is the second intersection point of the circles AIA’, BIB' and CIC".
Theorem 2. Let us denote the circles AIA’, BIB' and CIC" respectively
with (Ca), (Cb) and (CC). We consider the following points of intersec-
tions: ABN(C,) =D, ABN(C,) =E, BCNn(C)=F, BCn(C,) =G,
CAN(C,)=H,CANn(C)=J and FENGH =U, GHNDJ =V,
DJNFE=W. It follows that:

(a) U € (Ca), Ve (Cb) and W € (CC).

(b) The triangles ABC and UVW are oppositely similar, with homol-
ogous vertices A and U, B and V', C and W.

(c) I is the incenter of the triangle UVW.

Theorem 3. Let us keep the notations in Th. 2 and let us consider the
following points of intersections: A'B' N (Cb) =Dy, AB' N (Ca) = Fi,
B'C'n (CC) =F, B'C'N (Cb) =G, C"AN (Ca) =H,, C"A'n (CC) =J
and FlElﬂGlHl = Al, GlHlﬂDljl = Bl, DlJlﬂFlEl = Cl. [thllOU)S
that:

(a) Al c (C[), B, € (Cb> and Cl S (CC)
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(b) The triangles A'B'C" and A1 B,Cy are oppositely similar, with ho-
mologous vertices A" and Ay, B and By, C" and C4.

(c) I1is the orthocenter of the triangle A;B,Ch.
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