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1. Introduction

Let A be the class of functions of the form
(1.1) f(2) :z+Zakzk,
k=2

analytic in the open unit disk A = {z : z € C and |2] < 1}. Let S
denote the class of functions f € A which are univalent in A. If f and ¢
are analytic in A, we say that f is subordinate to g, written symbolically

as
f=gor f(z)<g(2) (z€4)
if there exists a Schwarz function w(z), is analytic in A (with w(0) =0
and |w(z)] < 1 in A) such that f(z) = g(w(2)), z € A. In particu-
lar, if the function ¢(z) is univalent in A, then we have the following
equivalence:
f(z) <g(z)(z€A) & f(0) =g(0) and f(A) € g(A).

A function f € A is said to be in the class of uniformly convex

functions of order v and type (3, denoted by 8 — UCV (y) (see [5]) if

|2 f)
(12 %{1 e } e

where 3 > 0, —1 < v < 1, B+~ > 0 and it is said to be in the
corresponding class denoted by 8 — SP(7) if

R

where § >0, —1<y<land 8+~ >0.

These classes generalize various other classes which are worthy to
mention here. For example the class 5—UCV (0) = f—UCYV is the known
class of 5 — uniformly convex functions (see [12]). Using the Alexander
type relation, we can obtain the class § — SP() in the following way:

feB—SP(H) %/0 FO)dt € B—UCV(Y) or

f€B-UCV(y) & zf' € B SP(y).

The class 1 — UCV(0) = UCV of uniformly convex functions was
defined by Goodman (see [11]) while the class 1 — SP(0) = SP was

+ 7
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considered by Ronning in [24]. The classes 1 — UCV (y) = UCV (v) and
1 — SP(y) = SP(y) were investigated by Ronning in [23]. Furthermore,
the classes f—UCV (0) = f—UCV and §—SP(0) = f—SP, respectively,
were defined by Kanas and Wisniowska in [12] and [13].

Geometric interpretation. It is known that f € § — UCV(~v) and
g € B — SP(y) if and only if 1 + f,(() and Zé’ég), respectively, takes all
the values in the conic domain Rg, which is included in the right half

plane R(w) > ﬁ’g and is given by

(1.4) Rgﬁzz{w:u+z'vE(C:u>/6\/(u—1)2+v2+%

f>0andy € [—1,1)}.

Let Ps, =14 P,z + ... denote the function which maps the unit
disk conformally onto the domain Rg. given in (1.4). Let ORgs, be a
curve defined by the equality

(1.5)  ORp, = {w—U+ZU€C u _</6\/m+7>2’
B>0andy € [—1,1)}.

After some elementary calculations, we saw that for 8 # 0, OR3
represent conic curves symmetric about the real axis. Thus the region
Rp~ is an elliptic domain for 3 > 1, a parabolic domain for 8 = 1, a
hyperbolic domain for 0 < # < 1 and the right half plane R(w) > ~, for
g =0.

The functions }A’gﬁ play the role of extremal functions of the classes
P(Ps.,) were obtained in [12] (also see [1], [3] and for place Taylor series
expansion of Ps., [15], [24]) as follows:

( 1+(1 2“0 B =0,
1+ 2(1 ) (log 1+f> , B=1,
(1.6) Pgn(2) = 1 15 Cos 2 (arccos ()i log 1+£} - fz_gl, 0<pB<1,

u(z)
1—y
| 7= 1sm( I == t2x2d1>+ 71 6>1



88 H. Orhan and E. Deniz

where u(z) = 12__\/*/52, t € (0,1), z € A and t is chosen such that § =
7K' (t)

NOR KC(t) is Legendre’s complete elliptic integral of the first
kind and K'(t) is the complementary integral of IC(t).
For two analytic functions

f(z) —z—i-Zakz and g(z _z+Zbkz

k=2
their Hadamard product (or convolution) is deﬁned by

(fx9)(2) =2+ arbp2® (2 €A).

= cosh

Note that f % g € A. Define the incomplete Beta function ¢(a,c), for
a€R;c#0,—-1,-2,... by

(1.7) ola,c; 2 '_Z+ZC— (z € A),

k=1
where (k),, is the Pochhammer symbol (or the shifted factorial) in terms
of the Gamma function, given by

(o = ) _ [ i~
K)p 1= I'(k)  |k(k+1)...(k+n—1) neN:={1,2,...}.

The Carlson—Shaffer operator (see [6]) L(a,c) is defined in terms of
Hadamard product by

(1.8a) L(a,c)f(z) =¢la,c;2) * f(2), z€A, feA

Note that L(a,a) is the identity operator and L(a,c) = L(a,b)L(b,c),
(b,c#0,—1,—-2,...).

We also need the following definition of fractional derivative.
Definition 1.1 (see [19]). The fractional derivative of order « is defined,
for a function f(z), by D2f(z) := F(ll_a)% N (Zf_(gadc 0<a<l),
where f is an analytic function in a simply connected domain of the
z—plane containing the origin and the multiplicity of (z—({)~* is removed

by requiring log(z — ¢) to be real when z — ¢ > 0.

Using D2 Owa and Srivastava (see [20]) introduced and studied
the operator Q¢ : A — A, which is known as an extension of fractional
derivative and fractional integral, as follows



Subordination results for subclasses of analytic functions 89

(19)  9°f(2) = T(2— )= DA f(2) = (a €[0,1))
B I(k+DI(2-a) B
_Z+k§ T+ 1—a) = =
= (2,2 —a;2) % f(2) =
=L(2,2—a)f(z).

Note that Q2f(z) = f(z).

The linear multiplier fractional differential operator Dy f + A — A
was defined by Orhan et al. in [18] as follows

Dynf(z) = f(2)
DYaf(2) = D3, f(2) = Mz 07 (o))" +
) + (A= w2l F ()] + (=M ) [ (2)

Dy f(z) = D5, (DY, f(2))

where A > >0, 0<a<landneNy=NU{0}.
If f is given by (1.1) then from the definitions of the Dy’ and Q~
it is easy to see that

(1.11) Dynf(z) =z + Z Upon(A, 1, @)agz"
where
(1.12) U\ p, ) = {Fg{é;—iﬂ;?;?) (I+(Apk+A—p)(E-1)) .

From (1.9) and (1.12), the operator DY'f(z) can be written, in
terms of convolution as
(1.13)

D f(2) = [(0(2,2=0;2) % gau(2)) % - - (9(2,2— 5 2) * ga,u(2))] 5 (2)

-~

Vo
n-times

where
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BA=A+p)+22A—p+22p0—2)+ 2
g)\vli(z) = (1 . Z)3 =

:z+§:(1+()\uk‘—l—)\—u)(k:—1))zk.
k=2

It should be remarked that the operator DY’ is a generalization of
many other linear operators considered earlier. In particular, for f € A
we have the following:

a. Di’g (z) = D™ f(z), the operator introduced by Salagean (see [28]).

b. D;‘:g (z) = DY f(z), the operator defined and studied by Al-Oboudi
(see [2]).

c. Dé:g‘ (z) = Q%f(z), the fractional derivative operator introduced by
Owa and Srivastava (see [20]).

d. D;‘:g f(z) = D%, f(2), the operator worked by Radducanu and Orhan
(see [22]) also Deniz and Orhan (see [7]).

e. D\ f(2) = Dy f(z), the operator investigated by Al-Oboudi and
Al-Amoudi (see [3]).

f. D/l\”g‘f(z) = D{ f(z), the operator introduced by Noor et al. (see [17]).

Using the operator D)7, authors defined in [8] and [18] the classes
B—UCV" (v) and B — SP"(7) as follows

Definition 1.2. For A > >0, 0 < a<1,>0, -1 <vy<1
andf +~ > 0 a function f € A is said to be in the class 3 — UCV\""(7)
if it satisfies the following condition:

2Dy f(2)
(1.14) 5}%{1 B } > 4

Definition 1.3. For A > >0, 0<a <1, >0, -1 <~ < 1and
B+v >0 afunction f € A is said to be in the class 3 — SP/(v) if it
satisfies the following condition:

2(DYYf(z /
LU

2Dy f (=)

W‘F”}/ (ZEA).

/

2Dy f ()

n,a -1
D)\:uf(z)

+ (zeA).
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Note that f € 8 — SP{"!(v) if and only if DY/ f € 8 — SP(y).
Using the Alexander type relation, it is clear that

(1.16) feB—-UCVI () & 2f" € B—SP(7),

and also - -
B—=UCV () € B = SPU()-

Geometric interpretation. From (1.14) and (1.15), f € 3—UCV " (v
and f € B — SP(v) if and only if p(z) = 1 + % and q(z) =

DY f()
— DULf(2)
is included in the right half plane. Thus, we can rewrite the conditions
(1.14) and (1.15) in the form

take all the values in the domain R, given in (1.4) which

(117> p= P,B777 q= pﬁ,’Y (Z € A)u

where the function Pg, given by (1.6).
By virtue of (1.14), (1.15) and the properties of domain Rg.,,we
have, respectively

2Dy f(2) B+
(1.18) %{1+ (D;Lﬁf(z))’ }> 1+ﬁ>0
and

2Dy f(2) B+

(1.19) éR{ D7 (2) > 1575 > 0,
which means that

n,a n,o ﬁ +
(1.20) f €8 —UCV(y) = Dyof e CV (ﬁ) ccov
and
(1.21) fep—SP(y)= Dy, feST (%) C ST

where CV(v), ST(v), CV, ST denote the well-known classes of ~-
convex, y-starlike, convex and starlike functions, respectively.
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We note that by specializing the parameters n, a;, A, u, # and ~, the
subclass 3—SPy 5‘(7) reduces to several well-known subclasses of analytic
functions. Detailed information can be find in [8] and [18].

For special values of parameters n, a, A, u, 6 and -, from the general
class § — SP(v) and 8 — UCV,(7), we refer to the following classes
in [8]:

o O-SPU(y)= 0= SF,(y) and §-UCVY)(v) = B-UCVL,().

o 0— SP/("’:‘(v) = ST;f(v) and 0 — UCV/\T;’LO‘(V) = C’V/\T,‘f(v),
o 1—-SPUH0)=5P0] and 1—UCV"*(0) = UCV,"T,

which have not been studied.
In [8], we proved following inclusion relations
B =SSP (y) S B~ SPU(v) € B~ SP(v)
and
B—UCVI(y) C B = UCVH(y) € B—UVC(y).

By (1.18) and (1.19), respectively, we note that 3 — UCV\"(y) C
C OVm(353) and 8 — SPY(v) € STy (35,

In [8], basic properties of the classes3—UCV " () and B—SPy(7)
are studied, such as inclusion relations and coefficient bounds. In this pa-
per, several interesting subordination results are derived for these classes,
which yield sharp distortion, rotation theorems and Koebe domain. Con-
sequences of the main results and their relevance to known results are
also pointed out.

2. Subordination theorems and consequence

In order to derive our main results, we need the following lemmas.
Lemma 2.1 (see [26]). Let f and g be convex univalent functions in A.
Then so is [ * g.

Lemma 2.2 (see [27]). Let F' and G be convez univalent functions in A.
Also, let f < F and g < G. Then fxg < F*G.

Lemma 2.3 (see [25]). If R(c) > 0 or ¢ =0, then the function

(2.1) h(c;z) = Z Eli: j_ 2 2F

k=1

18 conver univalent.
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Lemma 2.4. For A\ > pu > 0, the function h*%(z) s convex univalent,
where

> 1
2.2 h k.
(22) wnlz ; Tkt r—pk—1)°

Proof. For special case of A = u = 0,we obtain the equality ho O( ) = flz,

which is convex univalent. Let A > p > 0.
Firstly, we will show that the series hy ,(2) can be written as con-
volution of h(cy;z) and h(ce; 2) as follows:

(2.3)  hau(z) = (142 \u+ X —p) [h,\%(z) - 1] = h(ey; 2) * h(cg; 2).

Then, if we prove h(cy; z) and h(cy; 2) are convex univalent functions so,

we can say that the function hk%(z) is also convex univalent where the
functions h(cp; z) and h(ce; 2) are defined by (2.1). To show this, we can
rewrite the equality (2.3) as follows:

7»\,“(2) =142+ X—p) {iz)\%(z) _ 1] _

1420+ A —
Z s H Zkzz
— +Ap(k+1)+A—p)k

_Zl—l— Cl—l—CQ —|—0102 k i(1+01) k*i(1+02) k

z
Cl+02 k“l‘ClCQ
= h(Ch z) x h(ca; 2).

From above equalities we obtain ¢; + ¢; = Wamd C1Cy = ﬁ When
we solve ¢; and ¢y, we can see easily that R(c;) = R(c2) > 0. Therefore,
from Lemma 2.3, h(cq; z) and h(ce; ) are convex univalent functions and
from Lemma 2.1, the function m%(z) is convex univalent.

By using Mathematica program 7.0, we can easily see that the func-

hA,u()

tion 1S convex.
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0.4

L —1-
|'|““ﬁw"(. ,. ;
GBI/
! \“\‘ i
A=

N\

-0.4

(a) Graphic of the function hia(z) gy

z

Theorem 2.1. Let M(z) = 1+ myz + ma2® + ... be a conver and
univalent function in A and f € A. If

(2.4) Diul®) < M(z),

then we have

z
where
(2.5)

Phul2) = (92—, 2;2) % hy u(2) % -+ (0(2 = @, 2 2) % hyu(2)) -

Proof. Let hy, be defined by (2.2). By using (1.13) and (2.5), we can
see that

(2.6)

FO) _ [e@=a22)shu() | pR=a,22)xh()] Dief)
z z z z
_ ) Dyase)

2 z '

In [9], it is shown that the function M
A,,u(z)

Also, by using Lemma 2.4, the function h .

is convex univalent in A.

is convex univalent in A,

#5,.(?)
z

and applying Lemma 2.1 n-times, we get that is convex univalent.
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From (2.4), (2.6) and using Lemma 2.2 with g(z) = G(z) = 2+
get

z)  u(?) 1,
fi ) < )"Z « M(z) = ;{qﬁ)\u(z) « zM(z)}.
By considering the function f(2) = ¢3 ,(2) * 2M(z), we can show that
the result is best possible. ¢
Remark 2.2. For special case of a = 0, we have new subordination
results for differential operator DY ,f(z) in ([22] and [7]).

Let
1
(2.7 i) = () (68,0 205,21
where
/ — ? Pﬁ,“{(&) - 1d
(2.8) G, () = exp / el L,

and ¢, Ps., are defined by (2.5) and (1.6), respectively.
Using (2.7) and (2.8) we prove the next results.

Theorem 2.3. Let 342y > 1. Then the function Fj_(c, A, pi; 2) defined
by (2.7) is convex univalent in A.

Proof. Now, we observe that
Fhlas A iz 2) =
Pu(2)

= =G, (2) =
_ 02— a, 2;;) * hy u(2) . P2 —a, 2;;) * a(2) * glﬁ,'y(z)-

Also, we must remember that
(2—a,2;2)

hk,u(z)

— is convex univalent (in [9]),
4= — is convex univalent (from Lemma 2.4),
G, (2) — is convex univalent (in [4], Th. 2.3).
Therefore, by Lemma 2.1, Fj (v, A, p1; 2) is convex univalent. ¢

Theorem 2.4. Let 8+ 2y > 1 and let f be in the class f — SP{ (7).
Then we have
f(2)

z
where Fj_ (o, A, s 2) is defined by (2.7). The result is best possible.

—< f,é,’\{(a7 )\7 ILL; Z)?
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Proof. Let f € 3 — SP{(v). Then by (1.17),

(DY)

— e = Paa(2),

DA:uf(Z) ’
which implies
2(Dynf(2)
Dy f(2)
Note that Ps(z) — 1 is a univalent convex function in A. Using a result
of Goluzin [10] (see also [21] p. 50]), we have
DY f(z *p —1
>\7ﬂf( ) < / ,377(&-) dg
< 0 3

Thus, there exists a function w € A satisfying w(0) = 0 and |w(z)| < 1,
z € A such that

—1< P (2) - 1.

Log

Dinf) _ / Poy(w() 1

Log— ()

w(§),

which is equivalent to

Do 2 A .
7)"“;(2) < exp (/0 7P5’V(? 1d§> =Gj.,(2). O

Theorem 2.5. Let f+ 2y > 1 and let f be in the class 3 — SP{'(7).
Then

i)
(2.9) éﬁ(a, Ay —1) < ‘7 < .7'—577(047 A7), 2| =r <1
and
(2.10) \Argf SO < masane ) 02} Jal < L
0 z|=r

where Fj , is defined by (2.7). Equality holds in (2.9) and (2.10) for some
2z # 0 if and only if f is a rotation of z]—"é’,y.

Proof. Let f € 3 — SP(7). Then by Th. 2.4 and Lindel5f’s principle
of subordination, we get

(2.11)
‘i‘nf R{F5.,(a, N, 5 2)} < 1|nf§R{M} < Sup%{M} < f(ZZ) <
z|<r ’ z|<r z |2|<r z

< sup ‘ fiz) ’ < Is?fﬂ?{fé,»y(a, A s 2)}-
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Since Fj ., is convex univalent and has real coefficient, 7 (A) is a convex
domain symmetric with respect to real axis. Hence,

inf R{F (e A ps2)y = if {Fp, (A p2)} = Fp,(a, A s =),

|2 <r
Is?fﬂ?{fg»y(a A z)} = s {Fp (o, A\ s )} = Fp (o, A, ;7).

Thus (2.11) gives the assertion (2.9) of Th. 2.5.

Similarly, from Th. 2.4, we get the rotation assertion (2.10). Equal-
ity holds true in (2.9) and (2.10) for some z # 0, 25 # 0, respectively, if
and only if f is a rotation of fj,(a, A, p1;2) = 2F} (@, A, p; 2). O

Since coefficient bounds are sharp for 7 = 0, we get a better result
for the function f € ST\ (v) as follows:

Theorem 2.6. Let f be in the class ST\ (7). Then

(2.12) lf(2) < 7‘]:677(0(, A, 157, |zl =r <1

Furthermore, zf% < v <1, then

(2.13) b (A, ;=) < %{M} < ‘f(z) .

z - z

Both estimates (2.12) and (2.13) are sharp if f is a rotation of
Jor(a, Ay 2) = 27, (o, A, 5 2), where

1
210 Fadmd) =1 (8.0 T ).

and ¢, is defined by (2.5).
Proof. By direct calculations, we find the following equality

2Gy,(2) = (1_ B Z+ZH]—2’}/ 1

k=2 j=2

Now let f € ST\""(7). In [8], we proved that
k

1 J—2v
‘ak‘ S 9
Upn(A, 1, @) ]1:[2 (k—1)!

where Uy, (A, p, @)is defined by (1.12) and we mentioned that the result
is sharp. Then we have
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A Il <y (H (jl;:__z&) \Ifk,n<1 j 1=

= \jos A,y @

(i Somigart) (5 (M5 ) -

= Tfé,y(a, A7),

which yields (2.12). Next, suppose that % < v < 1. Then, by Th. 2.6 and
inequality (2.11), we get (2.13). O

Corollary 2.7 (Koebe Domain). Let f+2v > 1 and let [ be in the class
B—SPU(v). Then for [0<)\< Y5 and 0 < pand A — 1< pu <
or[0=p=Aor[0=pn<\,

K(B=SPUi() ={w: lwl < Fp, (@A s —1) =
= —fon(e, A =1)} C f(A

The result is sharp for a rotation of fs~(c, A, p; 2) = 2Fj_ (a0, A, p; 2).

By virtue of (1.16) and Th. 2.4 and Th. 2.5, we get the following
results.

Corollary 2.8. Let 3427 > 1 and let f be in the class § —UCV7 (7).

)

Then

(2.15) f'(2) < F (o A s 2),

216) (=) < PG < F (e ),

and

(2.17) |Arg f'(20)| < max{Arg]—"éﬁ(a,)\,u; 2)}, el < 1,

where Fj . is defined by (2.7). The result (2.15) is best possible and
equality holds in (2.16) and (2.17) for some z # 0, zy # 0, respectively,
if and only if f is a rotation of the function Fg. (o, A, i; 2).

Corollary 2.9. Let f be in the class CV\"7 (7). Then
(2.18) () < Fopla A ), |zl =r<1
Furthermore, zf% <~v <1, then

(2.19) Foqla A ;=) <R{F(2)} < [f(2)]
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Both estimates (2.18) and (2.19) are sharp if f is a rotation of
For(a, A, p1; 2), where Fq (o, A, p1; 2) is defined by (2.14).

By using standard techniques and Cor. 2.8, we obtain the distortion
theorem and Koebe domain of the class 8 — UCV\"" (7).
Corollary 2.10 (Distortion bound and Koebe domain). Let 5+ 2y > 1
and let f be in the class 3 — UCV " (7). Then

—Fpy(a, A s —r) < |f(2)] < Faylon A psr),

and for [0<)\§#and0<uand)\—1§u§1%\] or [0=p =2
or[0=pu <\,
K(B-UCV () ={w: |w| < =Faqla, A\ —=1)} C f(A).
The result is sharp for a rotation of Fg(c, A, 1; 2).
Corollary 2.11. Let f be in the class CV\' (7). Then

(2.20) |f(2)] < Forla, Apr), |zl =
Furthermore, z’f% <~ <1, then we have
(2.21) —Fo(a, A ;=) < [f(2)].

Both estimates (2.20) and (2.21) are sharp if f is a rotation of
For(a, A, p1; 2), where Fq (o, A, p1; 2) is defined by (2.14).
Remark 2.12. For special values of parameters n, «, v, A, u and (3,
Th. 2.1-Th. 2.6 and Cor. 2.7-Cor. 2.11 reduce to some results obtained
in [4], [12]-[16], [23], [29] and [30].
Remark 2.13. For special values of parameters n, «a, v, A, g and 3 in
Th. 2.4-Th. 2.6 and Cor. 2.7-Cor. 2.11, we obtain some subordination
results, distortion theorems, rotation theorems and Koebe domains for
the classes 8 —SPY ,(7), 8—UCVY,(v), STy (v), VT (v), SPy and
Ucvyr.
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