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Abstract: The paper answers a particular case of an open problem which
attempts to extend Rédei’s theorem on decomposing a finite abelian group
into a direct product of its subsets.

1. Introduction

Let G be a finite abelian group written multiplicatively. Let A4,..., A,

be subsets of G. The product A; --- A, is defined to be the set
{ay - -ap: a1 € Ay,...;a, € Ay}

The product Ay --- A, is called direct if
ay---ap,=ay---a,, ap,a; €Ay, ... an,a, €A,
imply that a; = df,...,a, = a,. If the product A; --- A, is direct and
is equal to GG, then we say that the equation G = A;--- A, is a factor-
ization of GG into the subsets Aq,..., A,. A subset A of GG is called nor-

malized if e € A, where e is the identity element of G. The factorization

FE-mail address: sszabo7@hotmail.com



280 S. Szabo

G = A, --A, is termed normalized if each of its factors is a normalized
subset of G.

A subset A of GG is defined to be periodic if there is an element
g € G\ {e} such that gA = A. We call the element g a period of A. A
factorization G = A; - -- A,, is called periodic if at least one of its factors
is a periodic subset of G.

Let a be an element of G and let r be an integer such that 2 <
< |a] < r. Here |a| stands for the order of the element a. We will call
the set of elements C' in the fo:rm2

e,a,a”,...,a
a cyclic subset of G. Clearly, C' is a subgroup of G if and only if a” = e.
The element a” is called the terminating element of the cyclic subset C'.
In order to solve a long standing open geometry problem, G. Hajés [4]
proved the following theorem in 1941.
Theorem 1. If G = A, --- A, is a factorization of the finite abelian

group G, where each A; is a cyclic subset, then the factorization is peri-
odic.

r—1

Further investigations reveal that Hajos’s theorem is equivalent to
its special case when each cyclic factor has a prime cardinality. This is
why the next result of L. Rédei [5] can be considered as a generalization
of Hajés’s theorem.

Theorem 2. Let G = A; - - - A, be a normalized factorization of the finite
abelian group G such that each |A;| is a prime, then the factorization is
periodic.

Let H = {hy, hs, ..., hs} be a subgroup of G with hy =€, s > 3. A

subset A of G in form
A= {hh h’27 crey hs—lu hsd}

is called a simulated subset, where d is an element of G such that h,d &
¢ {hi,ha,...,hs_1}. In Hajés’s theorem simulated subsets may appear
beside the cyclic subsets. The following theorem was proved in [11].
Theorem 3. If G = A;---A, is a factorization of the finite abelian
group G, where each A; is a cyclic subset or a simulated subset, then the
factorization is periodic.

For cyclic groups a more general result than Rédei’s theorem holds
as it was shown by A. D. Sands [8] in 2004.
Theorem 4. If G = Ay --- A, is a factorization of the finite cyclic group
G such that each |A;| is a prime power or a product of two primes, then
the factorization is periodic.
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Hajés’s theorem admits a similar generalization. Namely, in 2008

A. D. Sands [9] proved the following theorem.
Theorem 5. Let G = BA;--- A, be a normalized factorization of the
finite abelian group G such that each A; is a cyclic subset or a simulated
subset of G and |B| = pq, where p, q are distinct primes. Then the
factorization is periodic.

An example of [1] shows that the conditions that the A; factors are

all cyclic or simulated cannot be dropped from Th. 5. Motivated by the
above results [13] advanced the next problem.
Problem 1. Let p, q be not necessarily distinct primes and let G be
a finite abelian group whose p-component and q-component are cyclic.
Suppose that G = BA - - - A, is a normalized factorization of G such that
|B| = pq and each |A;| is a prime. Does it imply that the factorization
is periodic?

In [13] it was proved that if the primes p and ¢ are equal, then the
answer for Problem 1 is “yes”. When the primes p and ¢ are distinct then
the answer for Problem 1 is “yes” for n < 3. This paper will extend the
above result for n = 4. We spell out this assertion formally as a theorem.
Theorem 6. Let p, q primes and let G be a finite abelian group with
cyclic p-component and with cyclic g-component. Let G = BA; --- A, be
a normalized factorization of G such that |B| = pq and each |A;| is a
prime. If n < 4, then the factorization is periodic.

2. Preliminaries

In this section we present some preliminary results. For easier ref-
erence we cite a result of [13].

Theorem 7. Let p be a prime and let G be a finite abelian group whose
p-component is cyclic. Let G = BA; --- A, be a normalized factorization
of G such that |B| = p® and each |A;| is a prime. Then the factorization
15 periodic.

Let G = AB be a normalized factorization of G, where |A| = p is
a prime. Choose an element a € A\ {e} and set

(1) C={ea,ad® ... a" '}

By Lemma 3 of [12] in the factorization G = AB the factor A can be
replaced by C to get the factorization G = C'B. Since |C| = p is a prime
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and since C' is normalized, it follows that if C' is periodic then it is a
subgroup of G' and so a? = e. Conversely if a? = e, then C' is a subgroup
of G and so it is a periodic subset of G. In other words C' is periodic if
and only if |a| = p.

If |a] = p for each a € A\ {e}, then we say that A is a type 1 subset
of G. A type 1 subset A of G can be represented in the form

A={e,a,a’py,....,d" p, 1}, |pil = p.
If |a| # p for some a € A\ {e}, then we say that A is a type 2 subset of
G. In this case the cyclic subset (1) is not periodic. For a type 2 subset
A we distinguish two subtypes.

In a typical situation |a| can be written in the form |a| = p*m,
where p does not divide m. Choose an integer ¢ which is not divisible by
p and set

C'={e,d,(a")?, ..., (a")P71}.
By Prop. 3 of [7] in the factorization G = CB the factor C' can be
replaced C’ to get the factorization G = C'B.

If a > 2, then we can choose t such that |a'| = p* and so C” is not
a periodic subset of G. In this case we call A a type 2a subset of G.

If @« = 1, then we can choose ¢ such that |a'| = pg, where ¢ is a
prime distinct from p. Now C’ is not a periodic subsets of G. In this
case we call A a type 2b subset of G.

If « = 0, then we can choose t such that ' = e. Now (' is a
multiset that contains the identity element e with multiplicity p and so
the product C’B cannot form a factorization of G. Therefore the a = 0
case cannot arise in connection with factorizations.

We may sum up our considerations in the following way. Suppose
that G = AB is a normalized factorization, where |A| = p is a prime.
If Ais a type 1 subset of G, then in the factorization G = AB we do
not replace A. If A is a type 2 subset of (G, then in the factorization
G = AB we replace A by the non-periodic cyclic subset (1) to get the
factorization G = C'B. If A is a type 2a subset of GG, then we may assume
that |a| = p®, where a > 2 holds in (1). If A is a type 2b subset of G,
then we may assume that |a| = pg holds in (1), where ¢ is a prime distinct
from p.

Assume that G = BA;--- A, is a normalized factorization such
that each |A;] = p; is a prime and each A; is a non-periodic subset. Set
D { A;, if A;  is a type 1 subset,

N e if A; isa type 2 subset,
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where a; € A; \ {e}
A = {€> a;, a?ﬂi,za cee a’fi_lpi,pi—l}a |pi,j| = Di,
C;, = {e,ai,a?,...,afi_l}.

In the factorization G = BA; --- A,, we replace each A; by D; to get the
factorization G = BD; --- D,,. Since A; is not periodic we know that D;
is not periodic either. We call the subset D; the standardized version
of A;.

For a subset A of G the notation (A) stands for the smallest sub-
group of GG that contains A. The subgroup (A) is referred to as the span
of Ain G or as the generatum of A in G. One also may say that A spans
or generates the subgroup (A) in GG. For a subset A and for a character
x of G the notation x(A) stands for the sum

> xl(a).

acA
Let p, ¢ be distinct primes and let G be a finite abelian group whose
p-component and g-component are cyclic. Let G = BA; --- A,, be a nor-
malized factorization of G, where |B| = pg and each |A;| is a prime.
Suppose that the factors Aq,..., A, are cyclic and the terminating ele-
ment of A; has order p*, o > 1 or ¢°, 3 > 1 for each i, 1 < i < s.
Consider the subgroup H = (Ag 1 U---UA,) of G. We will use the next
lemma later several times.
Lemma 1. If |H| = |Asi1] - |An|, then one of the factors Agyq, ..., Ay
is periodic. If |H| = p'[Aga] -+ [Adl, v 2 1 or [H| = ¢ Asa] -+ | Aul,
0 > 1, then B s periodic.
Proof. From |H| = |Ag4| - - -|A,]| it follows that the product Agyq--- A,
forms a factorization of H. By Th. 2 at least one of the factors Ay, 4, ..., A,
is periodic. This completes the proof of the first statement of the lemma.

Next assume that |H| = p?|Asy1| - |An|, 7 = 1 and try to show
that B is periodic. Setting C' = BA;---Asand D = Ay, q--- A, from
the factorization G = BA;--- AsAgy1--- A, we get the normalized fac-
torization G = CD of G. Choose an element ¢ € C. Multiplying
both sides of the factorization G = C'D by ¢! we get the normalized
factorization G = Gec™' = (Cc™)D of G. Restricting the factoriza-
tion G = (Cc™')D to H we end up with the normalized factorization
H=GnNH=[Cc')n H]|D. Tt follows that |H| = |(Cc™') N H||D|.
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Using |H| = p?|Ass1|---|An| = p?|D| we get that |[(Ce™') N H| = p7.
From the factorization

H=[(Cc™") N H]Asy1- - Ay,
by Th. 7, we get that at least one of the factors (Cc V)N H, Asq,..., A,
is periodic. Only (Cc™) N H can be periodic.

The p-component of G is cyclic and so it has a unique subgroup
K of order p. The elements of K \ {e} are periods of (Cc™) N H. As
(Cc™) N H is a normalized subset, K C [(Cc™!) N H| must hold. In
particular

ﬂ Ce™t # {e}.
ceC
From this, by Lemma 3 of [2], C' is periodic.

By Th. 1 of [10], the fact that the elements of K\ {e} are periods of
C' can be expressed equivalently using characters of G. Namely, x(K) =0
implies x(C) = 0 for each character y of G.

Since the g-component of G is cyclic, there is a unique subgroup L
of G of order q. We claim that x(K) =0, x(L) = 0 implies x(B) = 0 for
each character y of G.

In order to prove the claim choose a character x of G for which
X(K) =0 and x(L) = 0. Using x(K) = 0 we get

0=x(C) = x(BA; -+ Ay) = x(B)x(A1) - - x(As).
Thus x(B) = 0 or x(4;) = 0 for some ¢, 1 < i < s. If x(B) =0, then
there is nothing left to prove. Therefore we may assume that x(4;) =0
for some i, 1 < i < s. Set A; = {e,a,a? ...,a"'}. The terminating
element of A; is a” and we have assumed that the order of a” is either
p*, a>1or¢® 3>1. 1If |[a"| = p%, then set b = a? " and if la"| = ¢°,
then set b = """,

This means that b € K or b € L. Note that x(A;) = 0 is equivalent
to that y(a) # 1 and x(a”) = 1. But x(a") = 1 cannot hold as y(K) =0
and x(L) = 0 imply x(b) # 1. This contradiction proves the claim.

By Th. 2 of [10], there are subsets S, T' of G such that B can be
represented in the form

(2) B=SKUTL,

where the products are direct and the union is disjoint. Considering the
cardinalities in (2) we get
pq = |B| = |Slp+|Tlq.
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It follows that ¢ divides |S| and p divides |T'|. Using |S| > 0, |T'| > 0 we
can draw the conclusion that either S = ) and so the elements of L\ {e}

are periods of B or T' = () and so the elements of K \ {e} are periods
of B.

Let q1, ..., @, be (not necessarily distinct) prime powers. The direct
product of cyclic subgroups of orders ¢, ..., q, respectively must be a
commutative group G. We refer to G as a group of type (q1,...,¢qn)-

Suppose that the answer for Problem 1 is “no”. This means that
there is a finite abelian group GG whose p-component and g-component are
cyclic, where p, ¢ are primes. Further there is a normalized factorization
G = BA; - -+ A, such that |B| = pq, each | A4;| is a prime and none of the
factors B, Ay ..., A, is periodic. Let us call such a factorization simply
a counter-example.

From Th. 7 we know that in a counter-example p and ¢ must be
distinct primes. From Th. 4 we know that in a counter-example G cannot
be a cyclic group.

Lemma 2. In a counter-example the p-component of G is of order p and
the q-component of G is of order q.

Proof. Let G = BA;---A, be a counter-example. Suppose that the
p-component of G is of order p* and the g-component of G is of order ¢*.
We know that A > 1, 4 > 1. By symmetry we may assume that A > pu.
If A =y =1, then there is nothing to prove. Thus we may assume that
A> 2

Let Aq,..., A; be all the factors among Ay, ..., A, whose cardinal-
ity is equal to p. Clearly, s = A — 1.

Note that A; cannot be a type 1 subset of for each i, 1 <7 < s.
Indeed, if A; is a type 1 subset of G for some i, 1 < i < s, then each
element of A;\ {e} has order p and consequently A; is equal to the unique
subgroup of G of order p. This is an outright contradiction.

Therefore A; is a type 2a or type 2b subset of G for each i, 1 < i < s.

If A; is a type 2a subset of GG, then A; is a cyclic subset of G in the form

7,27 ey ?_1}7 ‘al| :paiu Q; Z 2

A; ={e,a4,a a
We set

Ci={ec;,2,....& ", ai=a
Plainly, A; can be replaced by Cj; in the factorization G = BA; --- A, as
A; = C;. If A; is a type 2b subset of GG, then A; is a cyclic subset of G

in the form
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A; = {e,azbi, (a:by)?, ..., (aib)P™'), ag] = p
and |b;| is a prime. In this case we can write |a;| in the form p® with
a; = 1. We set
Ci={e,c;,, ... "), ai=ci
In the factorization G = BA; - -- A,, the factor A; can be replaced by C;
as there is an integer ¢ relatively prime to p such that Al = C;. Namely,
the choice t = |b;| is suitable.

We claim that the numbers «q,...,a, are distinct. In order to
prove the claim assume on the contrary that there are 7, 57,1 <i < j <s
such that a; = . For the sake of definiteness we assume that i = 1,
j=2.

In the factorization G = BA;AyAs--- A, we replace the factors
Ay, Ay by C, Cs to get the factorization G = BCC5A3---A,. As
lc1| = |Csl, there is an integer ¢ relatively prime to p such that ¢! = c,.
In the factorization G = BC1CyAs - - - A,, we replace the factor Cy by C*
to get the factorization G = BCICyA3--- A,. Now C! = Cy and so the
product C%Cy cannot be direct. This contradiction proves the claim.

We may assume that A > a3 > -+ > a, > 1. Set H = (4,U
U---UA,). If f < A, then |G : H| = p*, o > 1. So Lemma 1 is
applicable and it gives that the factorization G = BA; - - - A, is periodic.
Thus we may assume that a; = A\. Set H = (A U---U A,). From
the factorization G = (BA;)Ay---A,, by Lemma 1, we get that the
factorization G = BA;--- A, is periodic. (If |H| = |As|---|As|, then
one of the factors A, ..., A, is periodic. If |H| # |Ay|---|A,|, then B is
periodic.) ¢

Let m be an integer such that the answer for Problem 1 is “yes” for
each n,n <m —1. Let G = BA;---A,, be a normalized factorization
such that the p-component of GG is of order p and the g-component of G of
is of order ¢. Further |B| = pq and each A; is a non-periodic standardized
subset of G of prime cardinality. We assume that A,, is a type 1 subset
of GG in the form

A ={e,a,a®ps, ..., p_1},
|pi| = 7 is a prime r > 3. We may assume that at least one of po, ..., p,_1
is distinct from e. For the sake of simplicity we assume that ps # e. In
addition we assume that the r-component of G is an elementary r-group,
that is, the r-component of G is of type (r,...,7).

In the factorization G = BA; - - - A,, the factor A,, can be replaced
by the subgroup H = (a) to get the factorization G = BA;---A,,_1H.
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By considering the factor group G/H we get the factorization
(3) G/H =[(BH)/H|[(AH)/H] - [(An-1H)/H]

of the factor group G/H.

Multiplying the factorization G = BA;---A,, by a~! we get the
factorization G = ga™' = BA; -+ A,,_1(Ana™t). In this factorization
the factor (A,,a™') can be replaced by the subgroup K = (aps) to get
the factorization G = BA; - -+ A,,_1 K. Passing to the factor group G/K
gives the factorization

(4) G/K = [(BK)/K][(ALK)/K]- - [(An-1K)/K]

of the factor group G/K.

Lemma 3. Suppose that (A;H)/H is not a periodic subset of G/H in
the factorization (3) and (A;K)/K is not a periodic subset of G/ K in the
factorization (4). Then in the factorization G = BA; - -- A,, the factor
B is periodic.

Proof. The group G is a direct product of its subgroups L, M, N,
where |L| = pq, N is the r-component of G’ and none of the primes p, g,
r divides |M|. Let z, y be a basis for L with |z| = p, |y| = ¢q. The element
a € N can be augmented by suitable elements of N to form a basis for N.
Similarly, the element ap, € N can be augmented by suitable elements

to form a basis for N. In fact there are elements 21, ..., z,_1 € M N such
that both z1,..., 2z, 1,a and 21, ..., z,_1, aps form a basis for M N. Thus
x,Y, 21, .., 2 form a basis for G, where z, is either a or ap,.

Let us choose z; to be a. Each b € B can be represented uniquely
in the form
igd 0 L0d) | a(siig)

_ J
b=z"y 2] cee 2 ,

where
0<i<p—1, 0<j5j<q—-1, 0<alk,i,j) <]zl —1
The factorization (3) is periodic, by the choice of m and by the assump-
tion of the lemma only (BH)/H can be periodic. We may assume that
xH is a period of (BH)/H since this is only a matter of exchanging the
roles of the elements z, y. It follows that
a(k70>j) = Oé(k’, 17]) == Oé(k’,p - 17])
for each j, 0 < j < g—1and for each k, 1 < k < s — 1. In particular
0=a(k,0,0)=a(k,1,0)=---=a(k,p—1,0)
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as B is a normalized subset of G.
The element ps can be represented uniquely in the form
pr=2y V200 < Bli) < |z - 1
Using this b can be written in the form
s—1
b= iy [H z:(k,i,j)—ﬁ(k)a(s,i,j)] aa(s,i,j)—ﬁ(s)a(s,i,j)pg(S,i,j)'
k=1
From py # e, it follows that one of 3(1),...,3(s) is not zero. For the
sake of definiteness we assume that 3(1) # 0.

From the factorization (4) it follows that (BK)/K is a periodic
subset in G/K. We may assume that either 2K or yK is a period of
(BK)/K. Let us first assume that 2K is a period of (BK)/K. This
implies that

Oé(l, 0?]) - ﬁ(l)a(s> 07]) =

Oé(l,l,j) _ﬁ(l)a($>17j> == a(l,p— 17]) _ﬁ(l)a(svp_ 17])
As B(1) # 0 we get
OA(S,O,j) = Oé(S,l,j) == Oé(S,p— 17])

and so B is periodic.
Let us assume next that yK is a period of (BK)/K in G/K. This
implies that
a(1,4,0) — B(1)a(s,,0) =
a(l,i, 1) = B()a(s,i, 1) = =a(l,i,qg—1) — B(1)a(s,i,g—1) =0
for each i, 0 <17 < p— 1. In other words
0=ca(l,i,j) — f(Da(s,i,j), 0<i<p—1, 0<j<q-—1.

From . . .
a(1,0,j) =a(l,1,j) =---=a(l,p—1,j)
we get
Q(S,O,j) = Oé(S, 17]) == Oé(S,p - 1?])
and so B is periodic. ¢
Lemma 4. In a counter-example for n = 4 the type of G can only be
one of the following

(p.q,r,r,m,1), (p.g, 72 m,71), (P.g, 73 71), (p,q,r*,1%),
(p’Q7T7T7T7S)’ (p7q7r27/r’8)’ (p7q7r7/r7878)7 (p7Q7T7T782)7
(p’ Q7 T? r? S? t)’

where p, q, r, s, t are distinct primes.

Proof. By Lemma 2 we may assume that p-component of G has order p
and the g-component of G has order q. As the order of GG is a product of
six not necessarily distinct primes, we need all non-cyclic finite abelian
group whose order is a product of four not necessarily distinct primes. ¢
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3. A special case

This section is devoted to a very special case of Problem 1. Suppose
G = HK is a factorization of the finite abelian group G, where H, K are
subgroups of G. Each element g € G can be represented uniquely in the
form

g=ab, a€H, beK.
The element a will be called the H-part of g and the element b will be
referred to as the K-part of g. Suppose p is a prime divisor of |G|. If H is
a p-group and | K| is not divisible by p, then H is called the p-component
of G and K is called the p’-component of G. The H-part of an element
g € (G is referred to as the p-part of g and the K-part of g is referred to
as the p/-part of g.

Let A be a normalized subset of G such that |A| = pis a prime. The
height of A is defined to be the product of the orders of the p/-parts of
the elements of A. Let Ay,..., A, be normalized subsets of G with prime
cardinalities. The height of a factorization G = BA; --- A,, is defined to
be the product of the heights of the factors Ay, ..., A,.

Theorem 8. Let G be a group of type (p,q,r,...,r), where p, q, v are
distinct primes. Let G = BA; --- A, be a normalized factorization of G
such that |B| = pq, |Ai| = r for each i, 1 <i <mn. Then at least one of
the factors B, Ay, ..., A, is periodic.

Proof. We divide the proof into four steps.

Step (1): Suppose there is a counter-example G = BA; --- A,,. We
choose a counter-example with minimal n. For a fixed n we choose one
with a minimal height. Let z,y,uy,...,u, be basis elements of G with
|| =p, [yl = ¢, |lua] = -+ = |uy| = 7. Set L = (us,...,u,). Let A be
the set of the L-parts of the elements of A;. It is a corollary of Prop. 3
of [7] that in the factorization G = BA; - -+ A,, each A; can be replaced
by A to get the normalized factorization G = BA! --- A,. In particular
the product A} --- A} is direct. The cardinalities give that L = A} --- A},
is a factorization of L. Thus G = BL is a normalized factorization of G.
Therefore B is a complete set of representatives in G modulo L. The
elements of B are in the form

miyjli,j, Lijel, 1<i<p—-1, 1<j<q-—1.

Step (2): If A; C L foreachi, 1 <i<mn,then L =A4;---A,isa
normalized factorization of L and by Th. 2, one of the factors Ay, ..., A,
is periodic. This is a contradiction. Thus A; € L for some i, 1<i<n,
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say Ay € L. There is an element a € A; whose p-part or g-part is not
e. Set A} = {e,a,a?, ...,a""'}. By Lemma 3 of [12], in the factoriza-
tion G = BA;--- A, the factor A; can be replaced by A] to get the
normalized factorization G = BA| A --- A,. The element a can be rep-
resented in the form a = a;dy, where |ai| = r, |di| € {p,q}. Set A} =
= {e,a1,a?,...,a}"% a7 d;}. By Lemma 2 of [11], in the factorization
G = BA| A, - - - A, the factor A can be replaced by A/ to get the factor-
ization G = BA]As--- A,. In general if A; € L, then A; can be replaced
by a non-periodic simulated subset. We assume that in the starting
counter-example these replacements have already been done. We call a
factor A; a type « factor if A; € L and we call A; a type (8 factor if
A; C L.

Step (3): If each A; is a type «a factor, then by Th. 5, one of the
factors B, A1, ..., A, is periodic. This is a contradiction and so there are
type [ factors among Ay, ..., A,. We may assume that A;,..., A type
a factors and Agyq,..., A, are type [ factors. If r = 2, then a type (3
factor is obviously a subgroup and consequently it is periodic. Thus in a
counter-example r > 3 must hold. A type (8 factor A; can be expressed

in the form
2 r—1
A= {67 a;, @idm, ey Oy di,r—l}v

where d; ; & (a;). We also use the representation A; = {a;0,...,a;,-1}
for A;, where
;0 =€, A;1 = G4, Q;2 = az‘di,27 ey Qi1 = aidi,r—l-

For notational convenience temporarily we introduce the notation
Ay = B. By Lemma 3 of [11], in the factorization G = Ay --- A, the
factor A, can be replaced by Hy, jm = (an,kag}m) to get the normalized
factorization G = Ay - - Ap—1H, k.m for each k,m, k # m. Considering
the factor group G/H, k,» we get the normalized factorization
G/Hupkm = (Ao/Hpkm)/Hokm - (An—1Hprm)/ Hnkem.-

The minimality of n in the counter-example gives that one of the factors
(Ai/Hp jem)/ Hp gm is periodic. Inthe i # 0 case A;H,, i is a subgroup of
G. Inthel <i<scased; € Hy,» C L follows. This is a contradiction.
Thus (A;/Hy km)/ Hn km can be periodic only in the i € {0,s+1,...,n}
case. In other words for each i, s + 1 < ¢ < n there is an f(i,k,m) €
€ {0,s+1,...,n} such that (A km)Hikm)/ Hikm is periodic. We record
this data by constructing a graph I' on the nodes {0,s+1,...,n}. For
each i, k,m we draw an directed edge from i to f(i, k, m).
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If for each i, s + 1 < ¢ < n there are k, m such that f(i,k,m) €
€ {s+1,...,n}, then I' contains a cycle. Let Q2 C {s+1,...,n} be the
nodes of this cycle. Note that the product ], ., A; forms a factorization
of the group [[,.o(a:;). By Th. 2, at least one of the factors A;, i €  is
periodic. This is a contradiction. Thus there is an 7, s + 1 < ¢ < n such
that (BH;gm)/Hikm is periodic for each possible choice of k,m. We
assume that ¢ = n. The elements of (BH,, km)/Hnkm are the following
Li€a,. . ap), 0<i<p—1, 0<j<q-—1
This set is periodic with period xH,, k. m or YH,, i m-

Step (4): Suppose first that (BH,, jm)/Hnkm is periodic with pe-
riod xH,, k m. It follows that

l67j:l’1,j =...=1

1,97
xXr y]li7an7k7m, l

/
p—l,]

for each j, 0 < j < ¢ —1. Let I; be the common value. Therefore the
elements of B are the following
xiyjlg,jag(i’j), lij€(ar,. . an1), 0<B3,5) <r—1

Here we set £k = 1, m = 0 and used the representation

A, ={e,an,a2dpa, ..., a  dy, 1}
of A,. One of d,,9,...,d,,_1 is not equal to e, since otherwise A, is
periodic. We may assume that d,,_1 # e as A, can be replaced by
Al for each integer t that is relatively prime to r. (A little reflection
will convince the reader that replacing A, by A! is not changing the
family of subsets H, j,, originally assigned to A,.) Plainly d,,_; €
€ (ai,...,an—1)\{e}. For notational simplicity temporarily set d=d,, ,—1.
Thereis a v, 1 <~y <r—1 for which a” € A holds. In the factorization
G = BA; -+ A, the factor A, can be replaced by H = (d"a,) to get the
normalized factorization G = BA; --- A,_1H. In the factor group G/H
the factor (BH)/H must be periodic because of the choice of A,. One
can write the elements of B in the following form

xiyjl;d—vﬁ(ivj) (dvan)ﬁ(i’j).
Here I;d=%00) € (ay,...,a,—1) and (d7a,)?%) € H. If (BH)/H is
periodic with period xH, then it follows that
1Ld=800) — p g=8a) — ... — [ g~ 7PP—19)
J J J

for each 7, 0 < j < g — 1. Therefore
It implies that B is periodic with period z.
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To finish the proof note that A,, can be replaced by H,, i, such that
there are at least three distinct among the subgroups H,, ; ,,, as r > 3. By
the pigeon-hole principle there are at least two choices of the k, m values
for which (BH, k.m)/Hpk.m is periodic with period H,, j ., or there are
at least two choices of the k,m values for which (BH,, km)/Hpgm is
periodic with period yH,, k.. For the sake of definiteness suppose that
the first possibility occurs. We then carry out the argument above with
these particular choices of £ and m.

This completes the proof. ¢

4. Eight propositions

In this long section we deal with the eight group types left open by
Lemma 4 and Th. 8.

Proposition 1. Let G be a group of type (p,q,r,1,,t), where p, q, r,
s, t are distinct primes. Suppose that G = BA1AsA3Ay is a normalized
factorization such that |B| = pq, |Ai| = |As| = r, |As] = s, |A4| = t.
Then the factorization is periodic.

Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA;A; A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.

If Dy = A4, then each element of Ay \ {e} has order t and so A, is
equal to the unique subgroup of GG of order ¢. This gives the contradiction
that Ay is periodic. Thus we may assume that D, = Cy. A similar
argument shows that we may assume that D3 = Cs.

If D; = C; for each i, 1 < ¢ < 4, then from the factorization
G = BC1C,C3CY, by Th. 5, it follows the contradiction that at least one
of the factors B, C1, Cs, C3, Cy is periodic. By symmetry we may assume
that D1 = Al.

If Dy = Ay, then the product A; A, forms a factorization of the
r-component of G which is a group of type (r,r). By Th. 2, either A; or
Ay is periodic. Thus we may assume that Dy = Ay, Dy = Cy, D3 = (s,
Dy = Cy. The choices for |ay|, |as|, |as|, |as| are the following



Factoring abelian groups whose orders are products of six primes 293

Table 1: The choices for |aq], |az|, |as|, |as] in Prop. 1
Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
las| 7 r v r r r r r r r r r r r r r
ag| rp rp TP TP TP TP TP TP TP TP TP TP TP TP TP TP
las| sp sp sp sp sq sq sq sq sr sr sr sr st st st st
las| tp tq tr ts tp tq tr ts tp tq tr ts tp tq tr ts
Case 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
las| 7 r v r r r r r r r r r r r r r
las] rq rq rq rq rq rq rq rTq rq Tq Tq rq TQ Tq TG Tq
las| sp sp sp sp sq sq sq sq sr sr sr sr st st st st
las| tp tq tr ts tp tq tr ts tp tq tr ts tp tq tr ts
Case 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48
las| » r v r r r r r r r T T T T T T
las| rs rs rs rs rs rs rs rs rs rs rs rs rs rs rs rs
las| sp sp sp sp sq sq sq sq sr sr sr sr st st st st
lag| tp tq tr ts tp tq tr ts tp tq tr ts tp tq tr ts
Case 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64
lay| 7 r v v r r r r r r T T T T T T
lag| vt rt rt rt vt vt vt vt vt rt rt rt rt rt rt rt
las| sp sp sp sp sq sq sq sq sr sr sr sr st st st st
las| tp tq tr ts tp tq tr ts tp tq tr ts tp tq tr ts

|ax| € {r},
las| € {rp,rq,rs,rt},
las| € {sp, sq, sr, st},
lays| € {tp,tq, tr ts}.
This leaves 64 cases to consider. These are depicted in Table 1. Set
H = <A1 U CQ U Cg U C4> In case 64 |H‘ = ‘A1||02||03HC4‘ holds. It
follows that H = A,C5C3CYy is a factorization. By Th. 2, the factorization
is periodic. The same holds in cases 43, 44, 47, 48, 59, 60, 63.
In case 1 |H| = p|A;1||Cs||C5]|Cy| holds. By Lemma 1, it follows
that B is periodic. The same holds in cases 1, 3, 4, 9, 11, 12, 13, 15, 16,
33, 35, 36, 41, 45, 49, 51, 52, 57, 61.
In case 32 |H| = q|A4||C5]|C5]|C4| holds. By Lemma 1, it follows
that B is periodic. The same holds in cases 22, 23, 24, 26, 27, 28, 30, 31,
32, 38, 39, 40, 42, 46, 54, 55, 56, 58, 62.
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Set H = (A;UCyUC3). In case 2 |[H| = p|A;||Cs]|Cs] holds. From
the factorization G = (BC4)A;C5C3, by Lemma 1, it follows that B is
periodic. The same applies in cases 10, 34.

In case 21 |H| = ¢q|A1||Cy]|C5] holds. From the factorization G =
= (BC,;)A;CyC5, by Lemma 1, it follows that B is periodic. The same
applies in cases 25, 37.

Set H = (A;UC,UCY). In cases 5, 7, 53 |H| = p|A1]|Cs||Cy]. From
the factorization G = (BC3)A;CyCy, by Lemma 1, it follows that B is
periodic. In cases 18, 19, 50 |H| = g|A1||C2||Cy|. From the factorization
G = (BC5)A1C5Cy, by Lemma 1, it follows that B is periodic.

Set H = (A; UCy). In case 6 |H| = p|A||Cs||Cy] and in case
17 |H| = q|A1]|C5]|Cy]. From the factorization G = (BC3Cy)A,1Cy, by
Lemma 1, it follows that B is periodic.

In the remaining cases 8, 14, 20, 29 Lemma 3 is applicable with the
type 1 factor A;. ¢

Proposition 2. Let G be a group of type (p,q,7%,7), where p, q, r
are distinct primes. Suppose that G = BA{A3A3A4 is a normalized
factorization such that |B| = pq, |A1| = |As| = |As| = |A4| = r. Then
the factorization is periodic.
Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA;A; A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.
If D; = C; for each i, 1 < ¢ < 4, then from the factorization
G = BC1C,C3CYy, by Th. 5, it follows the contradiction that at least one
of the factors B, C1, Cs, C3, Cy is periodic. By symmetry we may assume
that D4 = A4.
If D3 = Ajs, then each element of A3A,\ {e} has order p. Note that
G has a unique subgroup of type (r,r). Thus the product A3A, forms
a factorization of this subgroup. By Th. 2, either A3 or A4 is periodic.
Thus we may assume that D3 = C3. A similar argument shows that we
may assume that Dy = Cy, Dy = Cs.
Therefore we may assume that D; = Cy, Dy = Cy, D3 = (s,
Dy = A,. The choices for |ay|, |az], |as|, |as| are the following
lai| € {r3, 7%, rp,rq},
las| € {r3, 7%, rp,rq},
las| € {r3,r%,rp,rq},
|aa] € {r}.
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Table 2: The choices for |aq|, |az|, |as|, |as| in Prop. 2
Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

lag| 3 3 3 o3 3 3 3 3 3 3 3 3 3 3 33
lag| 73 3 3 3 2 2 02 2 rp orp rp rp rq TQ TG TQ
las| > 12 rp rqg v 2 rp rq 3 % rp rq v % rp 1q

lay] » r v v r r r r r r T T T T T T

Case 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
A i i i e
lag| 72 3 3 2 2 2 2 02 rp rp rp Tp rq TQ TQ Tq
las| 2 % rp rq 3 2 rp rq v rp rq v 1 rp rq

lay] » r v v r r r r r r T T T T T T
Case 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48
[ar| rp rp rp rp rp rp rp TP TP TP TP TP TP TP TP TP
lag| 7 3 P r® o r* r* rp orp rp rp TqQ TQ rQ TQ
las| % rp orq v r* rp rq 3 rp orq v r* rp 1q
las| » r v r r r r r r r r r r r r r
Case 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64
las] rq rq rq rq rq vq Tq vq Tq Tq TQ TqQ TQ Tq Tq Tq
lag| r° o o o rp orp rp TP TQ TQ TG TQ
las| ™ 2 rp orq v 2 rp rq 3 2 rp orq v % rp 1q
lay] » r v v r r r r r r T T T T T T

This leaves 64 cases to consider. These are depicted in Table 2.

Let us consider case 64. In the factorization G = BC;C3,C3A, the
factors C1, Cq, C3, Ay can be replaced by (af), (ad), (al), (as) to get
the factorization G = B(a{)(al)(al)(as). This shows that the product
(af)(ad)(ad)(a4) is direct. It follows the contradiction that G has a sub-
group of type (r,7,7). The same argument applies in cases 11, 12, 15,
16, 27, 28, 31, 32, 35, 36, 40, 41, 42, 43, 44, 45, 46, 47, 48, 51, 52, 55, 56,
57, 58, 59, 60, 61, 62, 63.

Set H = (C1UCyUC3UAy). Incases 1,2,5,6,17, 18, 21,22 |H| =
= |C4||Cs]|Cs]| Ay]. Thus H = C1CyC3A, is a factorization and, by Th. 2,
the factorization is periodic. In cases 3, 7, 9, 10, 19, 23, 25, 26, 33, 34,
37, 38 |H| = p|C4||C2||Cs]| As]. In the factorization G = BC1CyC5Ay4, by
Lemma 1, the factor B is periodic. In cases 4, 8, 13, 14, 20, 24, 29, 30, 49,
50, 53, 54 |H| = q|C1]|Cs||Cs]|A4l. In the factorization G = BC,CyC3 A,
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by Lemma 1, the factor B is periodic. ¢

Proposition 3. Let G be a group of type (p,q,72,1r?), where p, q, r
are distinct primes. Suppose that G = BA{A3A3A4 is a normalized
factorization such that |B| = pq, |Ai| = |As| = |As| = |A4| = r. Then
the factorization is periodic.

Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA;A;A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.

If D; = C; for each i, 1 < i < 4, then from the factorization
G = BC,C,C3CYy, by Th. 5, it follows the contradiction that at least one
of the factors B, C, Cs, (3, Cy is periodic. By symmetry we may assume
that D4 = A4.

If D3 = Ajs, then each element of A3A,\ {e} has order p. Note that
G has a unique subgroup of type (r,r). Thus the product A3A, forms
a factorization of this subgroup. By Th. 2, either A3 or A, is periodic.
Thus we may assume that D3 = C3. A similar argument shows that we
may assume that Dy = C;, Dy = Cs.

Therefore we may assume that D; = Cy, Dy = Cy, D3 = (s,
Dy = A,. The choices for |aq|, |az], |as|, |as| are the following

|a1| € {r®,rp,7q},
|az| € {r®,rp,7q},
|as| € {r*,rp,rq},
|as| € {r},
This leaves 27 cases to consider. These are depicted in Table 3.

Set H = (C1UCyUC3U Ay). In cases 1 C4, Cy, C3, Ay is in the
r-component of G. Hence H = C1C5C5A4 is a factorization and by Th. 2
the factorization is periodic.

In cases 2, 4, 5, 10, 11, 13, 14 |H| = p|Ci||Cs||Cs]|A4| and so
by Lemma 1, B is periodic. In cases 3, 7, 9, 19, 21, 25, 27 |H| =
= q|C1]|Cs||C5]| A4] and so by Lemma 1, B is periodic.

Consider case 6. In the factorization G = BCCyC5A, the factors
Cy, C3, Ay can be replaced by (ab), (al), (as). From the factoriza-
tion G = BCi(dah)(al)(as) one can draw the conclusion that the prod-
uct (ab)(ai)(as) is direct. This leads to the contradiction that G has
a subgroup of type (r,r,r). A similar argument can be used in all the
remaining cases. ¢
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Table 3: The choices for |a1], |as|, |as|, |as4] in Prop. 3
Case 1 2 3 4 5 6 7 8 9

A A A
las| % 72 2 rp rp Ttp rq rq 1q
las| r* rp rq v rp rq 1 rp rq
lag| r r 7 r r r T T T

Case 10 11 12 13 14 15 16 17 18
lai| rp rp rp rp rp Tp rp TP TP

lag] 7% 2 2 rp rp rp rq rq 71q
las| 7 rp rq > rp rq r* rp rq
lag| r r 7 r r r T T T

Case 19 20 21 22 23 24 25 26 27

las| rq rq rq rq rq rqg rqg rq rq
2 2 .2

las| r* r* r* rp rp rp rq rq rq
las| r* rp rq T rp rq * rp rq
las| 7 r r 7 r r r r r

Proposition 4. Let G be a group of type (p,q,r%,r,7), where p, q,
r are distinct primes. Suppose that G = BA1AyA3A4 is a normalized
factorization such that |B| = pq, |A1| = |As| = |As| = |A4| = r. Then
the factorization is periodic.
Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA;As A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.
If D; = C; for each i, 1 < i < 4, then from the factorization
G = BC1C,C3CYy, by Th. 5, it follows the contradiction that at least one
of the factors B, Cy, Cs, (3, Cy is periodic. By symmetry we may assume
that D4 = A4.
If Dy = Ay, D3 = Ajs, then each element of AyA3A,\ {e} has order
p. Note that G has a unique subgroup of type (7,7, 7). Thus the product
Ay Az Ay forms a factorization of this subgroup. By Th. 2, one of A,, As,
Ay is periodic. Thus by symmetry we may assume that Dy = Cj.
Therefore we may assume that one of the following situations holds
Dy =Cy, Dy=0Cy D3z=As, Dy= Ay
D1 == Cl, D2 == CQ, D3 == Cg, D4 = A4.
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Table 4: The choices for |a1], |as|, |as|, |as4] in Prop. 4

Case 1 2 3 4 5 6 7 8 9

lai| 7 2 2 rp rp rp rq rq rq

las| 7% rp rq 1 rp rq r* rp rq

las| 7 7 r r r r r r 7T
r

N r r r r r r r r

The choices for |a4|, |as], |as|, |as| are the following

lai| € {r? rp,rq}, lai| € {r? rp,rq},
las| € {r? rp,rq}, las| € {r? rp,rq},
|as| € {r}, |as| € {r?,rp,rq},
|as| € {r}, |aq| € {r}.

This leaves 9 and 27 cases to consider, respectively. These are depicted
in Table 4 and Table 3.

Let us deal with Table 4 first. Set H = (C; U Cy U A3 U Ay).
In case 1 |H| = |Cy||Cy||As||As] and so H = C1C3A3A, is a factoriza-
tion. By Th. 2, the factorization is periodic. In cases 2, 4, 5 |H| =
= p|C1]|Cy||As||A4|. By Lemma 1, B is periodic. In cases 3, 7, 9 |H| =
= q|C1]|Cs|| As|| A4|]. By Lemma 1, B is periodic.

Consider case 6. In the factorization G = BC,CyA3A, the factors
C1, Cy, Az, Ay can be replaced by (a}), (al), (a3), (as). This means that
the product (a})(ad)(as){as) is direct. This leads to the contradiction
that G has a subgroup of type (r,r,r,r). Case 8 can be settled in a
similar way.

Next let us deal with Table 3. Set H = (C; UCy UC3U Ay). In
case 1 |H| = |C4]|Cs]|Cs]|As| and so H = C1CC3A, is a factorization.
By Th. 2, the factorization is periodic. In cases 2, 4, 5, 10 11, 13 |H| =
= p|C4||Cy]|C5]| A4]. By Lemma 1, B is periodic. In cases 3, 7, 9, 19, 21,
25 |H| = q|C1]|Cs||As||A4]. By Lemma 1, B is periodic.

Let us consider case 27. In the factorization G = BC;C3,C3A, the
factors C1, Cq, C3, Ay can be replaced by (af), (ad), (al), (as) to get
the factorization G = B(a{)(ad)(al)(as). This shows that the product
(af)(ad)(ad)(a4) is direct. It follows the contradiction that G has a sub-
group of type (r,r,r,r). The same argument applies in cases 14, 15 17,
18, 23, 24, 26.

We are left with cases 6, 8, 12, 16, 20, 22. By symmetry it is enough
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to settle case 8. In this case we carry out a more detailed analysis.

In the factorization G = BC1CyC3A, the factors Cy, C3, A4 can be
replaced by (al), (a}), (a4) to get the factorization G = BCi{a3)(ah)(a4).
The product C;(ad)(a%)(as) forms a factorization of the r-component of
G which is a group of type (r?,7,r). It follows that one of

{alvagvag}v {a17a§7a4}7 {alvagva4}
is a basis for the r-component of G. The elements of GG of order r together
with the identity element form a unique subgroup of G of type (r,r, 7).
One of

{agvagvag}v {agva§7a4}v {a’i,a%,cm}
is a basis of this subgroup.

The subgroup N = (Ay) is of type (r,r) or (r,r,r). Suppose first
that N is of type (r,7). If ai &€ N, then set H = (C; UC3 U Ay). Now
|H| = ¢|C1]|Cs||A4| and so by Lemma 1, B is periodic. If a; ¢ N, then
set H = (C1UCyU Ay). Now |H| = p|C1||Cs||As| and so by Lemma 1,
B is periodic. It remains that a3, a} € N. It follows that af, af form a
basis for N. But then the product (al)(a%)(as) cannot be direct.

Suppose next that N is of type (r,r,r). Let

K=(af), L={d), M=/a).
Consider the factorizations

)  G/K = [(BK)/K][(CiK)/K][(CsK)/K][(AK)/ K],
6)  G/L = [(BL)/L][(CiL)/L][(CoL)/L][(AsL)/ L],
(1) G/M = [(BM)/M][(C;M)/M][(C2M)/M][(CsM)/M].

If a7, a, b is a basis for N, then a] ¢ K and so (C;K)/K cannot
be periodic in (5). Plainly, af ¢ K and so (C3K)/K cannot be periodic
in (5). As N is of type (r,r,r), (A4K)/K cannot be periodic in (5).
Thus (BK)/K must be periodic in (5). An analogous argument gives
that (BL)/L is periodic in (6). In the way we have seen in the proof of
Lemma 3 we can conclude that B is periodic.

If af, af, a4 is a basis for N, then a] ¢ L and so (CyL)/L cannot
be periodic in (6). Plainly, af ¢ L and so (CoK)/K cannot be periodic
in (6). As N is of type (r,r,7), (A4L)/L cannot be periodic in (6). Thus
(BL)/L must be periodic in (6). An analogous argument gives that
(BM)/M is periodic in (7). Again we can conclude that B is periodic.

The case when af, a3, a4 is a basis for N can be settled in a similar
way. ¢



300 S. Szabo

Table 5: The choices for |ag|, |a4| in Prop. 5

Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

las| s? s* s% s? sp sp sp sp Sq Sq Sq Sq Sr Sr Sr sr

las| s? sp sq sr s* sp sq sr s® sp sq sr s sp sq sr

Proposition 5. Let G be a group of type (p,q,r,r,s*), where p, q, r,
s are distinct primes. Suppose that G = BA1AsAsAy is a normalized
factorization such that |B| = pq, |A1| = |As| = r, |As| = |A4] = s. Then
the factorization is periodic.

Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA;A; A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.

If Dy = Ay, then each element of A, \ {e} has order s and so
Ay is equal to the unique subgroup of G of order s. This gives the
contradiction that A4 is periodic. Thus we may assume that Dy, = Cj.
A similar argument shows that we may assume that D3 = Cj.

If D; = C; for each i, 1 < i < 4, then from the factorization
G = BC,C,C3CYy, by Th. 5, it follows the contradiction that at least one
of the factors B, C, Cs, (3, Cy is periodic. By symmetry we may assume
that Dl = Al-

If Dy = Ay, then the product A; A, forms a factorization of the
r-component of G which is a group of type (r,7). By Th. 2, either A; or
Aj is periodic. Thus we may assume that Dy = Ay, Dy = Cy, D3 = Cj,
Dy = Cy. The choices for |ay|, |as|, |as|, |as| are the following

|a| € {r},

|CL2| € {Tp, rq, TS},

las| € {s?, sp, sq, sr},

las| € {s?, sp, sq, sr}.
There are 16 choices for |as|, |as| which are depicted in Table 5. In case
1 the product C3Cy forms a factorization of the s-component of G. By
Th. 2, we get the contradiction that one of Cj3, C, is periodic.

In case 6 in the factorization G = BA;CyC3C} the factors Cs, C,
can be replaced by (a}), (a}). This leads to the contradiction that G has
a subgroup of type (s, s). Using a similar argument we can sort out the
cases 7, 8, 10, 11, 12, 14, 15, 16.
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Table 6: The choices for |aq|, |az|, |as|, |as| in Prop. 5
Case 1 2 3 4 5 6 7 8 9

las| 7 7 r r r r r r r
lag| rp rp rp rq rq Trq TS rs rs
las| % % 2 2 s s s s S?

las| sp sq sr sp sq sr sp sq sr

By symmetry we may assume that |az] € {s?}, |as| € {sp, sq, sr}.
So there are 9 choices for |ai|, |az|, |as|, |as| to consider. These cases are
depicted in Table 6.

Set H = <A1 U Cg U Cg U C4> In case 9 |H| = |A1||Cg||03||04|
and so H = A;C,C3Cy is a factorization. By Th. 2, the factorization is
periodic. In cases 1, 3, 7 |H| = p|A1||C4||Cs]|Cy| and in cases 5, 6, 8
|H| = q|A1||Cs]|C5]|Cy4|. By Lemma 1, B is periodic.

In cases 2, 4 Lemma 3 is applicable with the type 1 set A;. ¢

Proposition 6. Let G be a group of type (p,q,r? r,s), where p, q, r,
s are distinct primes. Suppose that G = BA1AsAsAy is a normalized
factorization such that |B| = pq, |A1| = |As| = |As| =71, |As| = s. Then
the factorization is periodic.

Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA;A;A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.

If Dy = A4, then each element of A, \ {e} has order s and so Ay is
equal to the unique subgroup of G of order s. This gives the contradiction
that A4 is periodic. Thus we may assume that Dy = Cj.

If D; = C; for each i, 1 < ¢ < 4, then from the factorization
G = BC1C,C3CY, by Th. 5, it follows the contradiction that at least one
of the factors B, C1, Cs, C3, Cy is periodic. By symmetry we may assume
that D1 = Al.

If Dy = As, then each element of A;As \ {e} has order r. The
elements of G of order r together with e form a unique subgroup of G
of type (r,r). Therefore the product A; A, forms a factorization of this
subgroup of G. By Th. 2, either A; or A, is periodic. Thus we may
assume that D1 = Ay, Dy = Cy, D3 = C3, Dy = C4. The choices for |aq],
las|, |as|, |as| are the following
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Table 7: The choices for |a1], |az|, |as| in Prop. 6
Case 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

las| 7 r v r v r r r r r r r T T T T

las| 72 % 2 2 rp rp Tp TP TQ TQ TQ TQ TS TS TS TS

las| 72 rp rq rs s* rp rq rs r* rp rq sr r® sp rq rs

Table 8: The choices for |a1], |az|, |as|, |as4] in Prop. 6
Case 1 2 3 4 5 6 7 8 9

las| 7 ¢ r r r r r r r
Y B e e e R R R R R I
las| ™ rp r rq rq rq rs rs rs
las| sp sq sr sp sq sr sp sq sr

|aa| € {r},

|a2| S {727 rp,rq, TS}>

|a3| S {72’ rp,rq, TS}>

las| € {sp, sq, sr}.
There are 16 choices for |ay, |as|, |as| which are depicted in Table 7. In
case 1 the product A;C5C3 forms a factorization of the r-component of
G. By Th. 2, we get the contradiction that one of Ay, Cy, Cj5 is periodic.

In case 6 in the factorization G = BA;C5C3Cy the factors A;, Cs,
C5 can be replaced by (ai), (ab), (af). This leads to the contradiction
that G has a subgroup of type (r,r,r). Using a similar argument we can
sort out the cases 7, 8, 10, 11, 12, 14, 15, 16.

By symmetry we may assume that |as| € {r?}, |as| € {rp,rq,rs}.
So there are 9 choices for |a1], |as|, |as]|, |as| to consider. These cases are
depicted in Table 8.

Set H = (A, UCUC3UCy). In case 9 |H| = |A1||Co||Cs]|Cy]
and so H = A;C,C5C} is a factorization. By Th. 2, the factorization is
periodic. In cases 1, 3, 7 |H| = p|A1||Cs]|C5]|C4| and in cases 5, 6, 8
|H| = q|A1]|C2||C5]|Cy|. By Lemma 1, B is periodic.

Set H = (A UCyUCs). In case 2 |H| = p|A;1]|Cs]|Cs| and in case
4 |H| = q|A4]||C2||Cs]. From the factorization G = (BCy)A;C2C35 by
Lemma 1, it follows that B is periodic. ¢

Proposition 7. Let G be a group of type (p,q,r,7,s,s), where p, q, T,
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Table 9: The choices for |aq], |as|, |as|, |as| in Prop. 7
Case 1 2 3 4 5 6 7 8 9
las| 7 7 r r r r r r r
lag| rp rp rp rq rq Trq TS rs rs
las] s s s s s s s s s
las| sp sq sr sp sq sr sp sq sr

s are distinct primes. Suppose that G = BA1AsAsAy is a normalized
factorization such that |B| = pq, |A1| = |As| = r, |As| = |A4] = s. Then
the factorization is periodic.

Proof. We may assume that none of the factors A, Ay, Az, Ay is pe-
riodic since otherwise there nothing to prove. In the factorization G =
= BA; A3 A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.

If D; = C; for each i, 1 < ¢ < 4, then from the factorization
G = BC1C,C3CYy, by Th. 5, it follows the contradiction that at least one
of the factors B, C1, Cs, C3, Cy is periodic. By symmetry we may assume
that D1 = Al.

If Dy = Ay, then the product A; A, forms a factorization of the
r-component of G. By Th. 2, either A; or A, is periodic. Thus we may
assume that Dy = (.

If D3 = A3z, Dy = A4, then the product As;A, forms a factorization
of the s-component of G. It follows that either Az or Ay is periodic. By
symmetry we may assume that Dy = Cy.

Therefore we may assume that one of the following situations holds

Dy =A;, Dy=0Cy D3z=A3, Dy=Cy,
D1 == Al, D2 == Cg, D3 == Cg, D4 == C4.

The choices for |a4|, |as], |as|, |as| are the following

|ar| € {r}, la,| € {r},
lag| € {rp,7q, 75}, las| € {rp,rq,rs},
|las| € {s}, las| € {sp, sq, sr},
|CL4| € {Sp, SCLST}a |CL4| S {Sp, sq, S’I"}.

This leaves 9 and 27 cases to consider, respectively. These are depicted
in Table 9 and Table 10.

Let us deal with Table 9 first. Set H = (A; U Cy U A3 U Cy).
In case 9 |H| = |A1||Cs||A3||Cy| and so H = A;C5A3C, is a factoriza-
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Table 10: The choices for |aq], |as|, |as|, |as] in Prop. 7
Case 1 2 3 4 5 6 7 8 9
las| 7 r r r r r r r r
ag| rp rp rp TP TP TP TP TP TP
las| sp sp sp sq sq sq sr sr sr
las| sp sq sr sp sq sr sp sq sr
Case 10 11 12 13 14 15 16 17 18
las| 7 r v r r r r r r
las] rq rq rq rq rq rq rq rq rq
las| sp sp sp sq sq sq sr sr sr
las| sp sq sr sp sq sr sp sq sr
Case 19 20 21 22 23 24 25 26 27
lat| 7 r 7 v r r r r r
las| rs rs rs rs rs rs rs rs rs
las| sp sp sp sq sq sq sr sr sr
las| sp sq sr sp sq sr sp sq sr

tion. By Th. 2, the factorization is periodic. In cases 1, 3, 7 |H| =
= p|A1]|Cs||As]|C4| and in cases 5, 6, 8 |H| = q|A1]|Cs||As]|C4|l. By
Lemma 1, B is periodic.

In cases 2, 4 Lemma 3 is applicable with the type 1 subset As.

Next let us deal with Table 10. Set H = (A; UCy, UC3U Cy). In
case 27 |H| = |A1]|Cy||Cs]|Cy| and so H = A;CyC5CY is a factorization.
By Th. 2, the factorization is periodic. In cases 1, 3, 7, 9, 19, 21, 25
|H| = p|A1]|Cs||C5]|Cy| and in cases 14, 15, 17, 18, 23, 24, 26 |H| =
= q|A4||C4||Cs]|Cy]. By Lemma 1, B is periodic.

Set H = (A UCyUCy). In case 6 |H| = p|A;1]|Cs]|Cy| and in case
12 |H| = p|A1]|Cs||Cy]. From the factorization G = (BC3)A;CyCy, by
Lemma 1, it follows that B is periodic.

In the remaining cases Lemma 3 is applicable with the type 1 subset
A O
Proposition 8. Let G be a group of type (p,q,r,7,7,5), where p, q, T,
s are distinct primes. Suppose that G = BA1AsAsAy is a normalized
factorization such that |B| = pq, |A1| = |As| = |As| = r, |A4] = s. Then
the factorization is periodic.
Proof. We may assume that none of the factors A;, Ay, Az, Ay is pe-
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Table 11: The choices for |a1|, |as|, |as|, |as] in Prop. 8
Case 1 2 3 4 5 6 7 8 9

las| 7 7 r r r r r r r
lag| 7 7 r r r r r r r
las| ™ rp rp rq rq rq rs rs rs
las| sp sq sr sp sq sr sp sq sr

riodic since otherwise there nothing to prove. In the factorization G =
= BA;A; A3A, we replace each A; by D; to get the normalized factor-
ization G = BD1D2D3D4.

If Dy = Ay, then each element of A4\ {e} has order s and so A, is
equal to to the unique subgroup of G of order s. Thus we may assume
that D4 = 04.

If D; = C; for each i, 1 < i < 4, then from the factorization
G = BC,C5,C3CYy, by Th. 5, it follows the contradiction that at least one
of the factors B, C, Cs, C3, Cy is periodic. By symmetry we may assume
that Dl = Al-

If D; = A; for each i, 1 < i < 3, then the product A;A5A; forms
a factorization of the r-component of G. By Th. 2, one of Ay, Ay, A3 is
periodic. Therefore we may assume that one of the following situations
holds

Dy = Ay, Dy=Ay D3=0C; Dy=Cy,
D1 == Al, D2 == Cg, D3 == Cg, D4 == C4.

The choices for |aq], |as], |as|, |as| are the following

|aa| € {r}, |a1| € {r},

|CL2| € {T}? |CL2| S {Tp, TQ7TS}>
‘a3‘ < {Tp7 TCLTS}? ‘a3‘ S {Tpv TQJTS}v
‘CL4‘ < {Sp7 SQ7ST}7 ‘CL4‘ S {8p7 54, ST}’

This leaves 9 and 27 cases to consider, respectively. These are depicted
in Table 11 and Table 12.

Let us settle Table 11 first. Set H = (4; U A, UC3 U Cy). In
case 9 |H| = |A1]|A2||Cs]|Cy] and so H = A;AxC5Cy is a factoriza-
tion. By Th. 2, the factorization is periodic. In cases 1, 3, 7 |H| =
= p|A1]|A2]|C5]|Cy| and in cases 5, 6, 8 |H| = q|A1]|A2]|Cs]|C4|l. By
Lemma 1, B is periodic.
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Table 12: The choices for |a1], |as|, |as|, |as] in Prop. 8
Case 1 2 3 4 5 6 7 8 9

las| 7 r r r r r r r r
|a2‘ ro rp Trp Trp Trp Tp TP TP TP
las| ™ T rp rq rq rq rs rs rs
las| sp sq sr sp sq sr sp sq sr
Case 10 11 12 13 14 15 16 17 18
las| 7 r v r r r r r r
|a2| rq r¢q rq Tr*q Trq rq rq rq Trq
las| ™ T rp rq rq rq rs rs rs
las| sp sq sr sp sq sr sp sq sr
Case 19 20 21 22 23 24 25 26 27
lat| 7 r 7 v r r r r r
las| rs rs rs rs rs rs rs rs rs
las| rp rp rp rq rq rq rs rs rs
las| sp sq sr sp sq sr sp sq sr

Set H = (A1 UA,UC3). In case 2 |H| = p|A1||Az]|Cs| and in cases
5, 6, 8 |[H| = q|A1]|A2]|Cs|. From the factorization G = (BCy)A; A2Cs,
by Lemma 1, B is periodic.

Finally let us turn to Table 12. Set H = (A; UCy, UC3 U Cy). In
case 27 |H| = |A1||Cy||C5]|Cy| and so H = A;C>C3CY is a factorization.
By Th. 2, the factorization is periodic. In cases 1, 3, 7, 9, 19, 21, 25
|H| = p|Ai1]|Cs||C5]|Cy| and in cases 14, 15, 17, 18, 23, 24, 26 |H| =
= q|A1]|Cs]|C5]|Cy|. By Lemma 1, B is periodic.

In cases 4, 5, 8, 10, 11, 16, 20, 21 Lemma 3 is applicable with type
1 subset A;. Thus we left with cases 6, 12. These are symmetric cases
so it is enough to settle case 6.

In case 6 we carry out a more detailed analysis. Let K = (a1),
L = (a}). Consider the factorizations

®)  G/K = [(BK)/KJ[(C.K)/K][(C3K)/K][(CiK)/ K],
(9) G/L = [(BL)/L|[(AL)/L][(CoL)/L][(CsL)/L].

In (9) only (BL)/L can be periodic. In (8) (BK)/K or (C4K)/K can
be periodic. If in (8) (BK)/K is periodic, then the argument we used in
the proof of Lemma 3 provides that B is periodic. Thus we may assume
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that in (8) (C4K)/K is periodic. This implies that a} € K.

The subset A; can be written in the form

Ay ={e,ay,alps,....a o1}, pil =

If pa, ..., pr_1 € {a1), then A; is periodic. Therefore we may assume that
one of po, ..., py—1 is not an element of (a;). For the sake of definiteness
we assume that py & (a1).

Multiplying the factorization G = BA,CyC3Cy by al_l we get the
factorization G = Ga;' = B(Aja;")C,C3Cy. Set M = {a,p;) and con-
sider the factorization

(10)  G/M = [(BM)/L][(CoM)/M][(CsM)/M][(C4M)/M].

In (10) only (BM)/L or (C4M)/M can be periodic. If (BM)/L is peri-
odic, then using the fact that (BL)/L is periodic in (9) we get that B is
periodic. Thus we may assume that (CyM)/M is periodic in (10). This
implies that a} € M. Now a} € KN M = {e} and so a} = e. This means
that C} is periodic. ¢
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