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Abstract: A new class of sets called 1-generalized closed (briefly ¥g-closed)
sets in topological spaces are introduced and studied. Some of their proper-
ties are investigated here. Finally, some characterizations of 1-regular and
1-normal spaces have been given.

1. Introduction

In the past few years, different forms of open sets have been stud-
ied. It is observed that a large number of papers is devoted to the study
of generalized open like sets of a topological space. The concept of gen-
eralized closed sets in a topological space was introduced by N. Levine
[13]. After that the concept of generalized closed sets has been investi-
gated by many mathematicians. It is well known that separation axioms
are one of the basic subjects of study in general topology and in several
branches of mathematics. In very recent papers different mathemati-
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cians [13, 15, 16, 4, 19, 2] continued the study of several weaker forms of
separation axioms.

The concept of a generalized type of operator, called operation on
the power set P(X) of a topological space (X, 7), was introduced in [6].
It turns out from the investigations here that by judicious use of the
notion of ‘operation’, one can give generalized definitions of different
separation axioms from which the definitions of different varied forms
of such properties and many known results thereon follow as particular
consequences.

For any topological space (X, 7), the d-closure [22] of a subset A is
defined by {x € X : ANU # & for all regular open sets U containing
x}, where a subset A is called regular open if A = int(cl(A)). A subset
A of a topological space (X, 7) is called preopen [18] (resp. semiopen
[14], d-preopen [21], a-open [17], S-open [1]) if A C int(cl(A)) (resp.
A Ccl(int(A)), A Cint(clsA), A Cint(cl(int(A))), A C cl(int(clA))).

2. Properties of 1g-closed sets

We now begin by recalling a few definitions and observe that many
of the existing relevant definitions considered in various papers turn out
to be special cases of the ones given below.

Definition 2.1. [6] A mapping ¢ : P(X) — P(X) is called an operation
on P(X), where P(X) denotes as usual the power set of X, if for each
AeP(X)\ {9}, intA C¢YP(A) and ¢(0) = 2.

The set of all operations on a space X will be denoted by O(X).
Observation 2.2. [t is easy to check that some examples of operations
on a space X are the well known operators viz. int, intcl, intcls, clint,
intclint, clintcl.

Definition 2.3. [6] Let ¢ denote an operation on a space (X, 7). Then
a subset A of X is called ¢-open if A C ¢(A). Complements of 1-open
sets will be called v-closed sets. The family of all ¢»-open (resp. ¥-closed)
subsets of X is denoted by ¥ O(X) (resp. ¥C(X)).

Observation 2.4. [t is clear that if Y stands for any of the operators
int, intcl, intcls, clint, intclint, clintcl, then 1-openness of a subset A of
X coincides with respectively the openness, preopenness, d-preopenness,
semi-openness, a-openness and [-openness of A (see [9, 18, 21, 14, 17, 1]).
Definition 2.5. [12] Let (X, 7) be a topological space, ¥ € O(X) and
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A C X. Then the intersection of all ¥-closed sets containing A is called
the v-closure of A, denoted by 1)-cl A; alternately, 1-cl A is the smallest
1-closed set containing A. The union of all y-open subsets of G is the
y-interior of G, denoted by ¥-intG.

It is known from [12] that = € ¢-clA iff ANU # @, for all U

with z € U € pO(X) and z € ¢-intG iff 3 x € U € Y»O(X) such that
r €U CG. In [12], it is also shown that X \ ¢-clG = ¢-int(X \ G).
Observation 2.6. Obuviously if one takes interior as the operation 1,
then -closure becomes equivalent to the usual closure. Similarly, -
closure becomes pcl, pcls, scl, a-cl, B-cl, if ¢ is taken to stand for the
operators intcl, intcls, clint, intclint and clintel respectively (see [9, 18,
21, 14, 17, 1] for details).
Definition 2.7. Let (X, 7) be a topological space and ¢ € O(X). Then
a subset A of X is called a 1)-generalized closed set (or in short, 1g-
closed set) iff ¢-cl(A) C U whenever A C U where U is ¢-open in X.
The complement of a 1g-closed set is called a 1 g-open set.

Remark 2.8. (i) In a topological space (X, 7), the definition of g-open
set [13] (resp. sg-open set [4, 2|, pg-open set [15], ga-open set [16]) can
be obtained by taking ¢ = int (resp. clint, intcl, intclint).
(ii) Every 1-open set in a topological space (X, 7) is 1»g-open. In fact, if
A be a ¢-open set, then X \ A is a ¢-closed set. Let X\ A C U € »O(X).
Then ¢-cl(X\ A) = X\ A CU. Thus X \ Ais a ¢g-closed set and hence
A is a Y g-open set.

The converse of Rem. 2.8(ii) is not true as seen from the next ex-
ample:
Example 2.9. Let X = {a,b,c} and 7 = {@, X, {a},{qa,b},{a,c}}.
Then (X, 7) is a topological space. Consider the mapping ¢ : P(X) —
— P(X) defined by ¢(A) = intclA. It is easy to verify that {a,c} is
1g-open in (X, 7) but not ¥-open.

The next two examples show that the intersection (union) of two
1g-closed sets is not in general 1 g-closed.
Example 2.10. (a) Let X = {a,b,c} and 7 = {2, X, {a}}. Then (X, 7)
is a topological space. Consider the mapping ¢ : P(X) — P(X) defined
by 1(A) = intA. Then ¢ is an operation on the space X and it is easy
to see that vO(X) = {@,X,{a}}. We note that if A = {a,c} and
B = {a,b}, then A and B are two ¥ g-closed sets but AN B = {a} is not
a 1g-closed set.
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(b) Let X = {a,b,c,d} and 7 = {@, X, {b}, {c,d},{b,c,d}}. Then (X, 1)
is a topological space. Consider the mapping ¢ : P(X) — P(X) defined
by ¥(A) = intcl A. Then v is an operation on X. It is easy to check
that {c} and {d} are two g-closed sets but their union {c,d} is not
g-closed.

Theorem 2.11. A subset A of a topological space (X, T) with an op-
eration 1 is g-closed iff -cl(A) \ A contains no non-empty -closed
set.

Proof. Let F be a 1-closed subset of ¢-cl(A) \ A. Then A C F° (where
F¢ denotes as usual the complement of F'). Hence by 1)g-closedness of A,
we have ¢-cl(A) C F or F'C (¢-cl(A))°. Thus F' C ¢-cl(A)N(¢-cl(A))¢ =
=g, le., FF=0g.

Conversely, suppose that A C U where U is a 1-open subset of
X. If ¢-cl(A) € U, then ¢-cl(A) NU® (# @) is a p-closed subset of
-cl(A) \ A — which is a contradiction. Thus 9-cl(A) CU. ¢
Theorem 2.12. Let A be a1pg-closed subset of a topological space (X, T)
with an operation . Then A is -closed if and only if 1¥-cl(A) \ A is
Y-closed.
Proof. If A is t¢-closed then ¢-cl(A) \ A = @ — which is -closed.
Let A be a 1g-closed subset of X such that i-cl(A) \ A is a 1-closed
set. Then 1-cl(A) \ A is a 1-closed subset of itself. Thus by Th. 2.11,
-cl(A) \ A = @ and hence ¢-cl(A) = A, showing A to be a 1-closed
set. ¢
Theorem 2.13. Let ¢ be an operation on a topological space (X, T) and
A be a g-closed set such that A C B C1-cl(A). Then B is 1g-closed.
Proof. Let B C U, where U € ¢O(X). Since A is ¢ g-closed and A C U,
Y-cl(A) CU. Now, B C ¢-cl(A) = ¢-cl(B) Cep-cl(A). So ¢-cl(B)CU. O
Theorem 2.14. Let ¢ be an operation on a topological space (X, T).
Then vO(X) = ¢C(X) iff every subset of X is 1 g-closed.
Proof. Suppose pO(X) = C(X) and A (C X) be such that A C U €
€ YO(X). Then 1-cl(A) C ¢-cl(U) = U and hence A is 1 g-closed.

Conversely, suppose that every subset of X is 1g-closed. Let U &€
€ YpO(X). Then U C U and by ¥ g-closedness of U, we have ¢-cl(U) C U,
ie, U € YC(X). Thus pO(X) C YC(X).

Now, if F' € ¢C(X) then F° € ¢YO(X), so F¢ € ¢YC(X) (as
YO(X) CYC(X)), ie., F e pO(X). O
Theorem 2.15. Let ¢ be an operation on a topological space (X, T).
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Then a subset A of X is g-open iff F' C -int(A), whenever F is -
closed and ' C A.

Proof. Obvious and hence omitted. ¢

Theorem 2.16. Let (X, 7) be a topological space and ¢ be an operation
on X. A subset A is Yg-open iff U = X whenever U is -open and
Y-int(A) U A° C U.
Proof. Suppose U is ¥-open and ¢-int(A) U A° C U. Now, U°¢ C
C(¢-int(A))°NA = -cl(X\A)\ (X \A). Since U¢ is 9-closed and X \ A
is ¢ g-closed, by Th. 2.11, U¢ = &, i.e., U = X.

Conversely, let F' be a 1)-closed set and F' C A. Then by Th. 2.15,
it is enough to show that F° C ¢-int(A). Now, v-int(A) U A° C
C 9-int(A) U F°, where ¢-int(A) U F° is ¢-open. Hence by the given
condition, ¥-int(A) U F° = X, i.e., F C ¢-int(A4). O
Theorem 2.17. Let ¢ be an operation on a topological space (X, 7). If
a subset A of X is 1pg-closed then 1¥-cl(A) \ A is 1¥g-open.
Proof. Suppose A is 1g-closed and F' C 1-cl(A) \ A, where F is a
1-closed subset of X. Then by Th. 2.11, F = & and hence F C
C y-int[yp-cl(A) \ A]. Then by Th. 2.15, ¢)-cl(A) \ A is ¢g-open. ¢

3. Properties of ¥-regular and 1-normal spaces

Definition 3.1. Let (X, 7) be a topological space and ¢ be an operation
on the space X. Then (X, 7) is said to be ¥-regular if for each 1-closed
set F' of X not containing x, there exist disjoint ¢-open sets U and V'
such that x € U and ' C V.

Remark 3.2. Regular space, pre-regular space, semi-regular space, (-
regular space, a-regular space are defined and studied in [9, 20, 8, 10, 11]
respectively. The above definition gives a unified version of all these def-
initions if ¢ takes the role of int, intcl, clint, clintcl, intclint respectively.

Theorem 3.3. Let 1) be an operation on a topological space (X, ). Then
the following are equivalent:

(a) X is i-regular.

(b) For each x € X and each U € Y O(X) containing x there exists
V € YpO(X) containing x such that x € V C ¢-cl(V) C U.

(c) For each-closed set F of X, N{y-cl(V): F CVeypO(X)}=F.

(d) For each subset A of X and each U € yO(X) with ANU # &,
there exists a V€ YO(X) such that ANV # @ and ¥-cl(V) CU.



232 B. Roy and R. Sen

(e) For each non-empty subset A of X and each 1)-closed subset F
of X with AN F = @, there exist UV € vO(X) such that ANV # &,
FCWandWnNV =g.

(f) For each 1-closed set F with x & F there exists U € pO(X)
and a g-open set V such that x e U, F CV and UNV = Q.

(g) For each A C X and each -closed set F' with ANF = & there
exists U € YO(X) and a ¥g-open set V' such that ANU # @&, F CV
andUNV = @.

(h) For each v-closed set F' of X, F' = n{y-cl(V) : F C V|V s
g-open}.

Proof. (a) = (b): Let U be a 1-open set containing . Then x ¢ X \U,
where X \ U is ¢-closed. Then by (a) there exist G,V € yO(X) such
that X \U C Gandz € Vand GNV = @. Thus V C X \ G and so
eV Cy-c(V)CX\GCU.

(b) = (c): Let X \ FF € »O(X) be such that x ¢ F. Then by (b) there
exists U € ¥ O(X) containing x such that z € U C ¢-cl(U) C X \ F. So,
F C X\¢-cl(U) =V (say)e vO(X) and UNV = @. Thus z & ¢-cl(V).
Thus F' D N{y-cl(V) : FCV € pO(X)}.

(c) = (d): Let U € pO(X) with z € UNA. Then x ¢ X \ U and hence
by (c) there exists a 1-open set W such that X\U C W and z & -cl(W).
We put V' = X \ ¢-cl(W), which is a 1-open set containing = and hence
ANV # @ (asx € ANV). Now V C X\W and so ¢-cl(V) C X\W C U.
(d) = (e): Let F be a t)-closed set as in the hypothesis of (e). Then
X\ Fis a¢-open set and (X \ F)NA # @. Then there exists V' € v O(X)
such that ANV # @ and ¢-cl(V) C X\ F. If we put W = X \ ¢-cl(V),
then FCW and WNV = @.

(e) = (a): Let F be a ¢-closed set not containing x. Then by (e), there
exist W,V € v O(X) such that F C W andz € Vand WNV = 2.

(a) = (f): Obvious as every -open set is ¢ g-open (by Rem. 2.8(ii)).
(f) = (g): Let F be a 1)-closed set such that ANF = & for any subset A
of X. Thus for a € A, a ¢ F' and hence by (f), there exists U € v O(X)
and a Yg-open set V such that a € U, F C Vand UNV = &. So
ANU # @.

(g) = (a): Let x ¢ F, where F' is ¢-closed. Since {z} N F = &, by (g)
there exists U € v O(X) and a ¢ g-open set W such that z € U, F C W
and UNW = @. Now put V = ¢-int(W). Then FF C V (by Th. 2.15)
and UNV = @.
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(c) = (h): We have FF C n{¢-cl(V) : F C V and V is ¢g-open}
Cn{y-cl(V): F CV and V is ¢p-open} = F.

(h) = (a): Let F be a ¢-closed set in X not containing x. Then by (h)
there exists a 1g-open set W such that FF C W and = € X \ ¢-cl(W).
Since F' is 1-closed and W is ¢g-open, F' C -int(W) (by Th. 2.15).
Take V = ¢-int(W). Then FF C V, x € X \ ¢-cl(V) = U (say) (as
(X\F)NV=g)andUNV =02.

Definition 3.4. Let 1) be an operation on a topological space (X, ).
Then (X, 7) is ¥-normal if for any pair of disjoint ¢-closed subsets A and
B of X, there exist disjoint y-open sets U and V such that A C U and
BCV.

Remark 3.5. Normal space, pre-normal space, semi-normal space, a-
normal space, -normal space are defined and studied in [9, 20, 2, 11, 10]
respectively. The above definition gives a unified version of all these def-
initions if ¢ takes the role of int, intcl, clint, intclint, clintcl respectively.

Theorem 3.6. Let 1) be an operation on a topological space (X, ). Then
the following are equivalent:

(a) X is ¢-normal;

(b) For any pair of disjoint 1-closed sets A and B, there exist
disjoint ¥ g-open sets U and V' such that A C U and B CV;

(c) For every i-closed set A and v-open set B containing A, there
exists a ¥g-open set U such that A C U C y-cl(U) C B;

(d) For every i-closed set A and every 1 g-open set B containing
A, there exists a -open set U such that A C U C h-cl(U) C ¢-int(B);

(e) For every1g-closed set A and every v-open set B containing A,
there exists a Y¥-open set U such that A C -cl(A) C U C ¢v-cl(U) C B.
Proof. (a) = (b): Let A and B be two disjoint 1-closed subsets of X.
Then by ¢-normality of X, there exist disjoint ¢)-open sets U and V such
that A C U and B C V. Then U and V are ¥g-open by Rem. 2.8(ii).

(b) = (c): Let A be a 1)-closed set and B be a 1-open set containing A.
Then A and B¢ are two disjoint 1)-closed sets in X. Then by (b), there
exist disjoint ¢ g-open sets U and V such that A C U and B¢ C V. Thus
ACUC X \V C B. Again, since B is ¢-open and X \ V is ¢ g-closed,
-cl(X \ V) C B. Hence A C U C ¢-cl(U) C B.

(c) = (d): Let A be a t-closed subset of X and B be a 1)g-open set
containing A. Since B is a 1g-open set containing A and A is v-closed,
by Th. 2.15, A C ¢-int(B). Thus by (c) there exists a 1g-open set U
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such that A C U C 9-cl(U) C ¢-int(B).

(d) = (e): Let A be a tg-closed set and B be a ¢-open set in X con-
taining A. Now A C B implies ¢-cl(A) C B, where 1-cl(A) is ¢-closed
and B is 1g-open (as B is ¢-open). Then by (d), there exists a ¥-open
set U such that A C ¢-cl(A) C U C ¢-cl(U) C ¢-int(B). Thus A C
C gocl(A) C U C ocl(U) C B.

(e) = (a): Let A and B be two disjoint ¢-closed subsets of X. Then A
is ¢ g-closed and A C X \ B, where X \ B is ¢-open. Thus by (e), there
exists a ¢-open set U such that A C ¢-cl(A) C U C ¢-cl(U) C X \ B.
Thus AC U, BC X\ ¢-cl(U) and U N (X \ ¢-cl(U)) = @. Hence X is
Y-normal. ¢
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