Mathematica Pannonica
21/2 (2010), 251-263

ON QUASI-GENERALIZED
RECURRENT MANIFOLDS

Absos Ali Shaikh

Department of Mathematics, University of Burdwan, Golapbag,
Burdwan-713104, West Bengal, India

Indranil Roy

Department of Mathematics, University of Burdwan, Golapbag,
Burdwan-713104, West Bengal, India

Received: February 2010
MSC 2000: 53 B 05, 53 B 50, 53 C 15, 53 C 25

Keywords: Quasi-generalized recurrent manifold, recurrent manifold, gener-
alized recurrent manifold, Ricci recurrent manifold, generalized Ricci recur-
rent manifold, quasi-generalized Ricci recurrent manifold, quasi-generalized 2-
Ricci recurrent manifold, projectively recurrent manifold, conformally recurrent
manifold, scalar curvature.

Abstract: The object of the present paper is to introduce a kind of non-
flat semi-Riemannian manifolds called quasi-generalized recurrent manifolds,
to study a lot of their several geometric properties and to furnish also a proper
example.

1. Introduction

Let (M™, g) be an n-dimensional connected semi-Riemannian mani-
fold with Levi-Civita connection V. Then M is said to be locally sym-
metric due to Cartan if its curvature tensor R satisfies VR = 0. The
notion of locally symmetric manifolds has been weakened by many au-
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thors in several ways to a different extent such as recurrent manifolds
by A. G. Walker ([15]), 2-recurrent manifolds by A. Lichnerowicz ([9]),
concircular recurrent manifolds by T. Miyazawa ([10]), weakly symmetric
manifolds by L. Taméssy and T. Q. Binh ([13]), conformally recurrent
manifolds ([1]), projectively recurrent manifolds ([2]), generalized recur-
rent manifolds ([3], [4]).

Again M™ is said to be Ricci symmetric if its Ricci tensor S of type
(0, 2) satisfies VS = 0. The notion of Ricci symmetry has also been
weakened by many authors such as Ricci recurrent manifolds by E. M.
Patterson ([11]), weakly Ricci symmetric manifolds by L. Taméssy and
T. Q. Binh ([14]), generalized Ricci recurrent manifolds ([5]).

We denote by VT the covariant differential of the ith order, i > 1,
of a (0, k) tensor field T', k > 1, defined on a semi-Riemannian manifold
(M™, g) with Levi-Civita connection V. The tensor field 7" is said to be
recurrent, respectively, 2-recurrent ([12]), if the following condition holds
on M

(1.1) (VD) ( Xy, ..., Xi; X)T (Y1, ..., Ye) =
= (VT)(Yy,....Y;, X)T'(Xy, ..., Xk),
respectively,
(1.2) (V2T (X1, .., X X, Y)T(Ya, ..., Ys) =
= (VI?)(Y,.... Y X, Y)T(X1, ..., Xp),
where X, Y, X3, Y1, ..., X, Y} are vector fields on M. From (1.1),

respectively (1.2), it follows that at a point © € M if the tensor 7" is non-
zero, then there exists a unique 1-form ¢, respectively, a (0, 2)-tensor v,
defined on a neighbourhood U of x, such that
VI=T®¢, ¢=d(log|T]),
respectively,
VT =T @1,
holds on U, where ||T|| denotes the norm of T, ||T'||> = ¢(T,T).

A non-flat connected semi-Riemannian manifold (M", g) (n > 2),is
said to be recurrent ([15]) if its curvature tensor R of type (0, 4) satisfies
the condition VR = A® R where A is a non-zero 1-form. Such a manifold
is denoted by K,,. Let Ugp = {x € M : VR # A® R at }. Then the
manifold (M™, g) is said to be generalized recurrent ([4]) if on Up C M,
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we have VR = A® R+ B ® G, where B is an 1-form on Ui and G is a
tensor of type (0, 4) given by

(1.3) G(X,Y,Z,U) = g(X,U)g(Y, Z) — g(X, Z)g(Y,U)

forall X,Y, Z, U € x(M), x(M) being the Lie algebra of smooth vector
fields on M. Such a manifold is denoted by GK,,. It is clear that the
1-form B is non-zero at every point on Ug. It is also clear that every K,
is GK,, but not conversely.

The object of the present paper is to introduce a generalized class
of recurrent manifolds called quasi-generalized recurrent manifolds.

A non-flat semi-Riemannian manifold (M™,g) (n > 2) [this con-
dition is assumed throughout the paper] is said to be quasi-generalized
recurrent manifold if on Ugr C M the condition

(1.4) VR=A®R+B®[G+gAH]|

holds, where A, B are two non-zero 1-forms such that A(.) = g¢(., @),
B(.) = g(.,8), H=n®mn, n being a non-zero 1-form defined by n(.) =
= ¢(., p) such that g(p, p) = €; and the Kulkarni-Nomizu product E'A F’
of two (0, 2) tensors E and F' is defined by
(EAF) (X1, X2, X5, Xq) =
= FE(Xy, Xy)F (X, X3) + E(Xa, X3)F (X, X4)—
— BE(X1, X3)F(Xa, X4) — E(Xa, X4)F (X1, X3),

X; € x(M), i=1,2,3,4. Such a manifold is denoted by QGK,,.

A semi-Riemannian manifold (M", g), (n > 2), is said to be Ricci
recurrent ([11]) if its Ricci tensor is not identically zero and satisfies
VS = A® S, where A is a non-zero 1-form. Such a kind of manifold
is denoted by RK,. Let Us = {z € M : VS # A® S at x}. Then
the manifold (M™, g) is said to be generalized Ricci recurrent ([5]) if on
Us C M, the condition VS = A® S+ B ® g holds where B is an 1-form
on Ug. It is clear that the 1-form B is non-zero at every point of Usg.
Such a manifold is denoted by GRK,,. Extending the notion of GRK,,
we introduce the notion of quasi-generalized Ricci recurrent manifolds.

A semi-Riemannian manifold (M", g) is said to be quasi-generalized
Ricci recurrent (briefly, QGRK,) if on Us C M, the condition

(1.5) VS=A®S+B®[g+n&n]
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holds, where B and 7 are two 1-forms on Ug. It is clear that the 1-forms
B and 7 are non-zero at every point of Ug.

A semi-Riemannian manifold (M™,g) (n > 3), is said to be quasi-
generalized 2-Ricci recurrent if its Ricci tensor S is not identically zero
and satisfies the following:

(1.6) (VVS)=K®S+N®g+I1®H,

where K, Ny, I are tensors of type (0, 2) and H =n®n.
A projective transformation on a semi-Riemannian manifold is a
transformation under which geodesics transform into geodesics. The pro-

jective curvature tensor P of type (0, 4) on a semi-Riemannian manifold
(M™, g) is defined by ([6], [16])

1

n—1

(1.7) P=R- D

Y

where D is a tensor of type (0, 4) and is given by

VX,Y, Z U ex(M).

A semi-Riemannian manifold (M",g) (n > 2), is said to be projec-
tively recurrent ([2]) if its projective curvature tensor P is not identically
zero and satisfies

VP=A®P,
where A is a non-zero 1-form.

As a special subgroup of the conformal transformation group, Y.
Ishii ([8]) introduced the notion of the conharmonic transformation un-
der which a harmonic function transforms into a harmonic function. The
conharmonic curvature tensor C of type (0, 4) on a Riemannian mani-
fold (M™,g) (n > 3) (this condition is assumed as for n = 3 the Weyl
conformal tensor vanishes) is given by

— 1

A semi-Riemannian manifold (M™,g) (n > 3), is called a generalized
conharmonically recurrent if its conharmonic curvature tensor C' satisfies
the following

VOC=A®C+B®GdG,
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where A and B are non-zero 1-forms, and is denoted by GCK,,.

A semi-Riemannian manifold (M™,g) (n > 3), is said to be confor-
mally recurrent ([1]) if its conformal curvature tensor C' is non-vanishing
and satisfies the following:

(1.9) VO =A®C,

where A is a non-zero 1-form.

Section 2 deals with some geometric properties of QGK,,. An n-
dimensional Lorentzian manifold M is a smooth connected paracompact
Hausdorff manifold with a Lorentzian metric g, that is, M admits a
smooth symmetric tensor field g of type (0, 2) such that for each point
p € M, the tensor g, : T, M xT,M — R is a non-degenerate inner product
of signature (4,4, +,--- ,+, —), where 7,M denotes the tangent vector
space of M at p and R is the real number space. A spacetime is a
connected 4-dimensional Lorentzian manifold. The existence of QG K} is
ensured by a proper example and it is shown that a Lorentzian QG K}y is
a Godel cosmological model.

2. Some geometric properties of QG K,

Theorem 2.1. In a semi-Riemannian manifold (M",g) (n > 2), the
following results hold:

(i) A QGK,, is a QGRK,,.

(i) In a QGK,, the relation

(21) rA+ (n—1)(n+2¢)B =2[A(Q.) + (n—1+€)B + (n — 2)B(p)n]

holds, where r is the scalar curvature and Q) being the symmetric endo-
morphism corresponding to the Ricci tensor S.

(iii) In a QGK,, with non-zero constant scalar curvature the asso-
ciated 1-forms A and B are related by rA+ (n — 1)(n+ 2¢)B = 0, and
the relation A(QX)+ (n—14¢€)B(X)+ (n—2)B(p)n(X) = 0 holds for
all X.

(iv) If in a QGK,, with non-zero constant scalar curvature, the
vector field p is parallel and the vector fields o and [ associated to the
1-forms A and B respectively are codirectional, then A and B are closed.

(v) If a QGK,, is projectively recurrent, then it is a GK,,.

(vi) A QGK,, is a GOK,,.
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(vii) A GOK, satisfying the condition
(2.2) VS=A®S+(n—-2)BH, H=n®mn, isa QGK,.

(viii) A QGK,, (n > 3) is a conformally recurent manifold.
(ix) If in a QG K, the vector field p is parallel and the vector fields
«, B are codirectional, then it is a quasi-generalized 2-Ricci recurrent.

Proof of (i). Taking an orthogonal frame field and contracting suitably,
(1.4) yields

(2.3) VS=A®S+ B ®g+ Bnan,

where By and Bs are 1-forms given by By = (n — 1+ ¢€)B and B, =
= (n — 2)B of which B; and B; are non-zero as B is non-zero. This
proves (i).

Proof of (ii). From (2.3) it follows that

dr(X)
dr(X)

rA(X)+ (n—1)(n+2¢)B(X), and
2[A(QX) + (n— 1+ ¢)B(X) + (n — 2) B(p)n(X)],

r being the scalar curvature of the manifold. By virtue of (2.4) and (2.5),
we get (2.1). This proves (ii).

Proof of (iii). If  is a non-zero constant, then (2.4) and (2.5) implies
that

: rA(X)+ (n—1)(n+2¢)B(X)=0, and
(2.7) AQX)+ (n—1+¢)B(X)+ (n—2)B(p)n(X) =0,

which proves (iii).

Proof of (iv). Differentiating (1.4) covariantly, and then using (1.4) we

obtain

(2.8)

(VyVxR)(Z,W,UV) =

= [(VyA)(X) + A(X)A(Y)|R(Z,W,U,V)+
+AX)B(Y) [9(Z.V)g(W,U)—g(Z,U)g(W.V) + g(Z.V)n(W)n(U)+
+g(W.Um(Z)n(V) = 9(Z, U)n(W)n(V) — g(W.V)n(Z)n(U)]+
+(VyB)(X)[g(Z2,V)g(W.U)—g(Z,U)g(W, V) + g(Z,V)n(W)n(U)+
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+9(W Un(Z)n(V) = g(Z, U)n(W)n(V) — g(W, V)n(Z)n(U)]+
B(X)[g(Z,V)(Vyn)(W)n(U) + g(Z,V)(Vyn)(U)n(W)+

+9(W U)(Vyn)(Z2)n(V) + g(W, U)n(2)(Vyn)(V)—

—{9(Z, U)(Vyn)(W)n(V) + g(Z, U)(Vyn)(V)n(W)+

+g(W, V) (Vyn)(Z)n(U) + g(W.V)(Vyn)(U)n(Z)}].

Interchanging X and Y and then subtracting the result, we obtain
= [(Vy A)(X) = (VxA)(Y)]R(Z, W, U,V)+

+[(VyB)(X) = (VxB)Y)|G + g A H](Z, WU, V)+
[ (Y)AX) = AY)BX)]G +g A H](Z,W,U,V)+

(

B(X)[g(Z.V)(Vyn)(W)n(U) + g(Z, V) (Vyn)(U)n(W)+
+9(WU)(Vyn)( (V) + gW, U)(Vyn)(V)n(Z)—
—{9(Z,U)(Vym)(W)n(V) + g ( (Vyn)(V)n(W)+
+g(W, V) (Vyn)(Z)n(U) + g(W.V)(Vyn)(U)n(Z)}] -

B(Y)[g(2,V)( V)(Vxn)(U)n(W)+

(
U)
(
Vxn)(W )77() 9(Z,
(
U)
(V

+9(W U)(Vxn)(Z2)n(V) + g(W, U)(Vxn)(V)n(Z)—
—{9(Z, U)(Vxn)(W)n(V) +g ( (Van)(V)n(W)+
+g(WV)(Vxn)(Z)n(U) + g(W.V)(Vxn)(U)n(2)}],

where H =n ® .

We suppose that «, 3 are codirectional and p is a parallel vector
field. Then B(X)A(Y)—A(X)B(Y) =0and (Vxn)(Z) =0 for all X,Y.
Hence (2.9) takes the form

= [(Vy A)(X) = (VxA) (V)] R(Z,W,U.V)+
+ [(VyBY(X) — (VxB)(Y)]G + g A HI(Z,W.U,V).

From Walker’s lemma ([15], equation (26)) we have

(VoYW R)(X,Y,U,V) — (Vi V,R)(X,Y,U,V)+
+ (VuVyR)(Z, W, X,Y) — (VyVuR)(Z,W,X,Y) = 0.
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By virtue of (2.10), (2.11) yields

(2.12) M(X,Y)R(Z, W, U, V)+L(X,Y)(G+g A H)(Z,W,U,V)+
+ M(Z,W)R(X,Y,U,V)+L(Z,W)(G+g A H)X,Y,U,V)+
+ M(U,V)R(Z,W,X,Y)+L(U,V)(G+gAH)(Z, W, X,Y)=0,

where M(X,Y) = (VxA)(Y) = (VyA)(X), and L(X,Y) =(VxB)(Y)—
—(Vy B)(X).

If the scalar curvature is a non-zero constant, then we have the
relation (2.6). Using (2.6) in (2.12) we obtain

(2.13) M(X,Y)N(Z,W,U,V) + M(Z,W)N(X,Y,U,V)+
+ M(U,V)N(Z,W,X,Y) =0,

where N = R — 5055 (G + g A H), from which it follows that N is a

symmetric (0, 4) tensor with respect to the first pair of two indices and
the last pair of two indices. Consequently by virtue of Walker’s lemma

([15], eq. (27)), we obtain
M(X,Y) = L(X,Y) =0,

for all X,Y. And hence
(VxA)(Y) = (VyA)(X) =0,
(VxB)(Y) — (VyB)(X) =0.
Therefore dA(X,Y) =0, dB(X,Y) = 0. This proves (iv).
Remark 2.1. If p is a concurrent vector field, then the result is also

true.
Proof of (v). From (2.3), (1.4) and (1.7) we obtain

(2.14) (VwP)(X,Y,Z,U) =

B (. 0)9(v. 2) - g(X, 2)9(v. 0}

= AW)P(X,Y, Z,U)—

B(W
+ 20 o x 0( (2) — o O 2)]
+BW)[g(Y, Z)n(X)n(U) — g(X, Z)n(Y)n(U)].
Suppose that the manifold under consideration is projectively recurrent.
Then (2.14) yields

(2.15) S

= [9(X. U)g(Y. 2) = g(X. Z2)g(¥. V)] +
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[, D)V )n(Z) — oY, Un(X)n(2)] +
+g(Y, Z)n(X)n(U) = g(X, Z)n(Y)n(U)] = 0.
Taking contraction over Y and Z, we obtain
(2.16) eg(X,U) = nn(X)(Y).

Using (2.16) in (1.4) we get

VR=A®R+ B ®G,
where By = 2B is an 1-form. This proves (v).
Proof of (vi). From (2.3), (1.4) and (1.8) we obtain

(2.17) (VwC)(X,Y,Z,U) =

= AW)C(X,Y, Z,U)+
+ BI(W) [Q(Xv U)g(Y, Z) - g(Xv Z)g(YV, U)]7

where By = =22 B is an 1-form. This proves (vi).
Proof of (vii). If the manifold is GCK,,, then we have

VC=A®C+B®AdG,

which yields, by virtue of (1.8), that
1 1

By virtue of (2.2), (2.18) takes the form
VR=A®R+B®[G+gANH|

This proves (vii).

Proof of (viii). The conformal curvature tensor C' of type (0, 4) of a

semi-Riemannian manifold (M", g) (n > 3), is given by

1 r
(2.19) C:R_m(gAS)+(n—1)(n—2)G’

where 7 is the scalar curvature of the manifold and G is defined in (1.3).
From (2.3), (2.4), (1.4) and (2.19) we obtain (1.9), which proves
(viii).
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Proof of (ix). From (2.3), it follows that

(2.20)  (VyVxS)(Z, W)=

[<VYA>< )+ AX)AY)]S(Z, W)+
AX)BY)[(n =1+ e)g(Z W)+ (n = 2)n(Z)n(W)]+
< yB)(X)[(n— 1+ €)g(Z, W)+ (n — 2n(Z)n(W)]+
+(n = 2) BX) [(Vyn)(Z)n(W) + (Vyn)(W)n(Z)].

Interchanging X, Y and subtracting the result, we obtain

(221)  (VxVyS)(Z,W) = (VyVxS)(Z,W) =
= M(X,Y)S(Z,W)+ [A(Y)B(X) — A(X)B(Y)+
+ L(X,Y)][(n =14 €)g(Z,W) + (n = 2)n(Z)n(
+ (n = 2)[BY){(Vxn)(Z)n(W) + (Vxn)(W)n(
— BX){(Vym)(Z)n(W) + (Vyn)(W)n(Z)}].

If A(YY)B(X)—A(X)B(Y) = 0 and p is a parallel vector field, then (2.21)
takes the form

W)+
Z)}—

(2.22) (VxVyS)(Z, W) — (VyVxS)(Z, W) =
= M(X,Y)S(Z, W)+ (n— 1+ ) L(X,Y)g(Z, W)+
+ (n = 2)L(X, Y)n(Z)n(W).

In view of (2.22) and (2.3) we obtain

(2.23) (R(X,Y).S)(Z, W) = ~(X,Y)g(Z, W)+
(X, Y)S(Z, W) + o(X, Y )n(Z)n(W),

where

YX,)Y)=(n—1+4+¢) [XB(Y)-YB(X)—-2B([X,Y])],
IX,Y)=XAY)-YAX)-2A([X,Y]) and
o(X,Y)=(n—-2)[XB(Y)—-YB(X)—-2B([X,Y])].
The relation (2.23) implies that the manifold is a quasi-generalized
2-Ricci recurrent. This proves (ix).
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3. A proper example of QGK,

In this section the existence of QG K, is ensured by a proper exam-
ple.
Example 3.1. Let M be an open connected subset of R%. We consider
the semi-Riemannian manifold M equipped with the Gédel metric ([7])
given by

o 1 o
(3.1)  ds* = gida'da’ = a*|—(dz')* + 5629” (dz?)? — (dx®)*+
+ (dz*)* + QexldedxA‘] (1,7 =1,2,3,4),
where a is a positive number and 2!, ..., 2* are the standard coordinates
of R*.

The only non-vanishing components of the Christoffel symbols of

second kind, the curvature tensor and their covariant derivatives are
1,0 1

1 _ 4 _ 1l x 4 2 —z!
[y = 56 ;o T =T = 56 , I'p=1, Tj=—-e",
1 1 1 1 1
2 2 x 2 2x
Rya = —5@ s Ry2 = 5@ e, Ryoa0 = _Za e,
(3.2)
3 1 1 1 1
2 2x 2 2x 2 x
Rig12 = —Z@ e, R1221, 1=ae R4112, 1= §a €,

and the components which can be obtained from these by the symmetry
property of R. The scalar curvature of the manifold is a% which is non-
vanishing and constant. We shall now show that M is a QGKy, i.e., it
satisfies the defining condition (1.4). In terms of local coordinates, we
consider the components of the associated 1-forms as follows:

(

Ai(8) = A; = , for =1,
o ’ 0 otherwise,
L f =1
(3.3) Bi(0;) = B; = 5 or 1 —
0  otherwise,
@) = n = @a for =1,
L IO otherwise,

where 0; = % at any point x € M.
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In terms of local coordinates, the defining equation (1.4) of QG K,
can be written as

(3.4) Ruiji,i = AiRniji+ B[ 9nigi; — GnjGik+ 9nknin; + Gig it —
_ghjnink_giknhnj]a 'éaja hakal:172>"'>n'

By virtue of (3.2) and (3.3), it follows that (3.4) holds for all 4, j, h, k, | =
=1,2,3,4. Therefore, M is a QGK,4. Thus we can state the following:
Theorem 3.1. Let (M*,g) be a semi-Riemannian manifold equipped
with the metric given by (3.1). Then (M*,g) is a QGK, with non-
vanishing scalar curvature which is neither Ky nor GKy.
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