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Abstract: Let s > 2% and let s,(-) denote the sum-of-digits-function to an
integer base q. Under certain mild conditions, we prove that

N = x’f + -4+ xf
has a solution for almost all integers N where for all ¢ = 1,..., s, the variables

x; are assumed to be squarefree and fulfill the additive condition sg, (n) = h;
mod m; for given integers g;.

1. Introduction

Let ¢ > 2. A positive integer n admits the unique representation
Jj=20
in the g-adic numeration system, where 0 < a; < ¢ for all j € N. Let

Sq(n) == Z a;

Jj=0

E-mail address: jancevskis@tugraz.at
The author was supported by the Austrian Science Foundation (FWF), projects S9610
and S9611, and wants to thank J. Thuswaldner and R. Tichy for helpful discussions.



38 M. Jancevskis

be the sum-of-digits function. Its basic property — called g-additivity
— is that s,(ng" + m) = s,(n) + s,(m) holds for all n,m,h € N with
m < ¢". The sum-of-digits function has been extensively studied since
the publication of a paper of Gelfond [4] in 1967. Let u denote the Mobius
p-function, that is u(n) = 0 if n is not a squarefree integer, u(n) = 1 if
n is a squarefree positive integer with an even number of distinct prime
factors, and pu(n) = —1 elsewhere.

For instance, for integers h,m with m > 1, Gelfond [4, Th. 2]
showed that the condition that n is squarefree, i.e.

(1) pi(n) =1,
and the condition
(2) sq(n) =h mod m

are in a certain sense independent, i.e. the density of integers n such that
(1) and (2) holds is
16

m 2’
as one expects, since we recall that the density of squarefree numbers is
6/72. Recently, Mauduit and Rivat [7] proved that there are infinitely
many primes p such that (2) holds with p in place of n. In particular,
the number of primes smaller X that respect the additive condition (2)
equals asymptotically 1/m times the number of all primes smaller X, as
one might conjecture.

On a philosophical view, such results show that certain properties
among the integers are independent. In this paper, we want to generalize
this approach and study the independence of the conditions (1) and (2)
among the set of solutions (x1,...xs) € N* of

(3) N=ay+ - +af,

where s,k € N and N is a given positive integer. If one does not as-
sume any restrictions to the variables z; (j = 1,...,s) in (3), then the
solvability of this equation is known as Waring’s Problem.
Let Ry s(N) denote the number of solutions of (3) without restric-
tions on the variables. Let s > 2%, It is well known that one has
Ris(N) ~ Gy o(N)N*/F-1,
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where 0 < & 4(N) < 1 is an arithmetical function. We refer the reader
to [10] for a survey. Before stating our main theorem, we introduce results
on Waring’s Problem where the variables are assumed to fulfill on the

one hand (1) or on the other hand (2).

1.1. Waring’s Problem with squarefree variables and
generalizations

Among others, Waring’s Problem with squarefree variables has been
studied by Estermann [3] and by Baker and Briidern [1], [2].

In the case k = 2, s > 5, Estermann [3, Formula 48] proved that
the number of solutions of

(4) N=xl+...+2°

with p?(zy) = ... = p?(z,) = 1 equals asymptotically

Ga g2 (N)N/
where &, 2 is some arithmetical function. Thus &y, ,2(/N) > 0 implies
that (4) has a solution with x; squarefree (j = 1,...s) for sufficiently
large N. According to [3, Th. 1], Gy 2(N) > 1 is fulfilled if the follow-
ing Condition A holds.

A: Let (NN, s) be said to satisfy Condition A if

i+ ... +2 =N mod 32
has a solution with 4 { z; for j=1,...,s.
Condition A holds for all NV if s > 8.

In a previous paper [6], we proved an asymptotic formula for the
number Ry ¢ 2(N) of solutions of (3) where the variables z; (j = 1,...,s)
are assumed to be squarefree. For s > 2* we showed that there is some
p > 0 such that

(5) Ry s,p02 (N) = S 5,2 (N)Ns/k_l +0 (Ns/k—l—p)

holds. One has & ,2(N) > 0 if k£ > 3 or Condition A holds.

Now we want to generalize the notion of squarefree integers. Let V
be a set of pairwise coprime integers not containing 1. Throughout this
paper, we assume that there is some ¢ > 0 such that

(0 >

veVY
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converges. Introduce

1 if v{nforallv eV
xv(n) =

0 otherwise.

We are interested in the set {n € N : xy(n) = 1}. One of the most
prominet examples is the set of squarefree numbers. In this case V =
= {p? : pprime } and we have xy = p®. Now, for any ¢ > 0 and
0 = 1/2 — ¢ our assumption (6) holds. We refer the reader to [5] for
details to these sieve sequences.

Let s,k € N. We denote by Ry sv(N) the number of solutions of
(3) with xy(z1) = ... = xv(zs) = 1.

In [6] we showed that there is some p > 0 such that

(7) Rk,s,V(N) = Gk,s,V(N) Ns/k_l +0 (Ns/k—l—p) ’

for some arithmetic function & y(N) < 1. Unfortunately, we could
not determine whether &y ;1,(/N) > 0 for an arbitrary set V of pairwise
coprime integers. Indeed, Gy,(N) < 1 can not hold in general. For
instance, if 2 € V, then all variables x; are odd. And N has to be even
(odd) if s is even (odd). Recall that if ¥V = {p? : p prime }, we have
Grsv(N) = Gy 5,2(N) > 0if k> 3 or Condition A holds. However,
if we restrict V to be a set of prime powers, we are able to determinate
whether that G, (/N) > 0. In this case we write

(8) W =:{p”|pc P},

instead of V, where P is a subset of the prime numbers and (e,) is a
sequence of positive integers. Recall that we assume that there is some
0 > 0 such that

1
(9) ZW@Q

peEP

Without loss of generality, we can restrict ourselves to the case that
e, € {1,2} for all p®» € W, since a solution with the variables not
divisible by p? implies a solution with the variables not divisible by p"
with r > 2.

Next, we define a condition that is necessary for &y, s (NN) > 0 to
hold. We define 7 by p7||k and let 0 :== 7+ 1if p # 2 and 0 := 7+ 2 if
p = 2. For an integer N, we say that (W, N) satisfies Condition C if the
following two conditions hold:
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e For each prime p such that p € W (i.e. e, = 1) with p < (k—1)*+8k
there is a solution of
. 42" =N modp”
with p{zy -+ - xs.

o If k =2 and 4 € W, there is a solution of
ri+as i+ =N—1 mod 8
such that 4 1 z; for i = 1,2, 3, 4.

In [6], we showed that for any set of prime powers W that is defined
by (8) such that there is some 6 > 0 such that (9) and Condition C hold,
we have

6]675,1/\;(]\[) > 0.

One consequence of this results is formula (5) above. For another
example, let k = 2. In this case, we have to verify Condition C for p < 17
by an easy computation We get the following result:

Let P be a set of prime numbers and assume that there is some
some ¢ > 0 such that )

>4

peEP
converges. Let N € N and assume N =5 mod 8 if 2 € P and N = 2
mod 3 if 3 € P. If N is sufficiently large, it can be represented as a sum
of five squares of integers not being divisible by any prime of P.

1.2. Waring’s Problem with digital restrictions

Thuswaldner and Tichy [9] investigated Waring’s Problem where
the digit sums of the variables z; (j = 1,...,s) are assumed to be in a
certain residue class. Denote by Ry s pn.m(N) the number of solutions of
(3) where for all j =1,...,s, the variables z; are assumed to fulfill
Sq(z;) =h mod m
for given integers h,m,q with m,q > 2 and (¢ — 1, m) = 1.
For s > 2% Thuswaldner and Tichy proved that

1
(10) Ri s nm(N) ~ %Rk,s(]\f)

holds. Therefore, the condition that an s-tuple of integers is a solution
of (3) is asymptotically in a first-order approximation independent from
the condition that its elements fulfill (2). This result has been extended
by Pfeiffer and Thuswaldner [8].
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1.3. Main result

In the present paper we want to show that one can combine the
results presented in Subsec. 1.1 and 1.2. We prove that among the so-
lutions of (3), the conditions xy(n) = 1 and (2) are independent. We
further show that (3), for sufficient large N and under mild conditions,
has a solution where the variables meet yy(n) =1 and (2).

Theorem 1. Let s,k € N with s > 2% h;,m;,q; € N satisfying
(g —1,mj) =1, forall j = 1,...,s. Let V be a set of pairwise co-
prime integers not containing 1 and assume that there is some § > 0
such that (6) is finite. Let Ry shmv(IN) be the number of solutions of (3)
with

viz; YveV
and
8¢;(7;) = h; mod m;

forall j=1,...,s. Then the asymptotic formula

1y R (V) = 1 S (N)Ns/k—l L0 Ns/k—1
k,s,h,m,V T mg-om BV (loglog N)4

holds for all non negative A € R.

The constants implied by the use of the symbols O and < in this
paper may depend on k, s, A, theset V, 0 andon g;, m; forallj =1,...,s.
Recall that in Subsec. 1.1 we discussed the positivity of &y ;1 (V).

Our method of proof does not permit the derivation of a better
error term (see Rem. 2 at the end of Sec. 2). Although the condition
s > 2% can be weakened as in the classical Waring’s Problem if one only

assumes that the variables meet (2), the assumption s > 2* is essential
in the proof of Th. 1 (see Rem. 1 after Lemma 1).

2. Preliminaries and the circle method

First, we need some results concerning the notion of our set ). For
details, we refer to [5]. We define

V) = {n = H v : V' is a finite subset ofV}
veV’
and
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(—1)#V" ifn el (V) with n =[], v,
0 otherwise,
a variant of the well known Mobius p-function. Notice that 1 € T (V),

since we define the empty product as 1. Similarly to p?(n) = > a2jn H(1),
the convolution formula

(12) xv(n) = Z fov(m)

mell(V)
mln

pv(n) ==

holds and is easy to verify. Besides, as (6) is finite, one has

1
1 - -,
(13) >, <Y
d>Y
deIl(V)

Now, we apply the circle method. We fix A € R arbitrarily large.
Thus

(14) Rk,s,h,m,V(N> = /1 (ﬁ uz(Pv 9)) € (—N@) dev

where we define

wi(P,0):= > xu(n)e (nfo)

n; <P
Sqi (nz)Ehl (mz)

and P := | NV* | As usual, e(#) stands for €>™. In order to remove the
congruence condition s, (n;) = h; mod m; in u,;(P,0), we write

m;—1

1 (n) —h;

w0 = =30 S wloe (12021 ¢ o)
© =0 n<P i

by following Gelfond [4]. We insert this into (14) and split the obtained

expression into a part where all ; =0 (i = 1, ... s) and a remaining part.

This yields

(15)
Ry snmy(N) =

1 1
= my---msg /On;)XV(TM) . .n;PXV(ns)e(e (n]f - N))d9+

1 mi1—1 ms—1 1 s
o2 Siai(P,0) | e (—~NO) do
ml...msg lz::o/o (E 1 ))e( )
M_/

l1+"'+ls7é0
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with

S (P0) =3 e (en b fal) =l

n; <P v

) Xv (1)

Note that the first integral in (15) equals Ry, 5 (V) and we can utilize (7).
+ls # 0, and we define

L= /0 1 (H Si(P, 9)) e (—NB) do.

Th. 1 follows if we prove that L; = O(N*/*~1/(loglog N)#). Let I; be an
entry of 1 that is not equal to 0. Then

1
(16) L] < sup { S5, (P,0)|} max {/ |S,-711.(P,9)|S_1d9}.
0

0c ie{l,...,

Since s > 2*, we have

1
/ 1S, (P,0)* do <
0

1 _
< ps—1-2 / S (PO VS, (P02 0 dh <
0

< Ps—l—Qk# {nh g < P n]f + e+ n§k71 = n§k71_1 + -+ n2k} <
< P

where we utilized Vaughan [11, Th. 2], a strong version of Hua’s Lemma.
We deduce from (16) that
} Ps— k— 1)

L1:O<sup { }S]l (P,6)
6c[o,1

Lemma 1. Let [,m,k,q be positive integers with m > 2,q > 2 and
m1{l(q—1). Then

SV = X e (00 4 sy ) wot) < o

n<N
holds uniformly in 6 € [0,1).
Remark 1. Above, we made use of Vaughan [11, Th. 2] where the
condition s > 2F is necessary. If s > 2¥ does not hold, relevant version’s
of Hua’s Lemma imply an additional factor P¢ for an upper bound which

Hence, the following lemma yields Th. 1.
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is too big since we can not improve the bound S(N) < N/(loglog N)4
in Lemma 1.
Applying the convolution formula (12), we have

A7) SN = > () > e(zké’nkjt%sq(nd)).
d>1 n<N/d
deIl(V)

Let T := A/6 We split up the sum into two parts with d > (loglog N)7
and d < (loglog N)T. Therefore

N [
SN < D o+ Y w(d) Ze(dkénkjtasq(nd)) <
d>(loglog N)T d<(loglog N)T n<N/d
dell(V) deIl(V)
< N +
(loglog N)4

+ (loglog N)T  max {
d<(loglog N)T
deIl(V)

[
koo k L
d e (d on* + msq(nd))i},
n<N/d
by using (6).
Theorem 2. Let B,D > 0 and let q,d € N. Then one has
[ N
k

Z e (971 + asq(nd)) < (log N)
n<N/d
uniformly for € R and d < (loglog N)P.

Th. 1 is proved by applying Th. 2 with D = T. Notice that
N(loglog N)**/(log N)® < N/(loglog N)*. The proof of Th. 2 is the
objective of the remaining paper.

Remark 2. The bound of Th. 2 is stronger than necessary. However,
we can not achieve a better error term in Th. 1 since the condition
d < (loglog N)? in Th. 2 is necessary and forces us to bound the sum-
mands in (17) with d > (loglog N)T trivially by N/d. Therefore, we are
not able to improve the error term O(N*/*~1/(loglog N)4) in (11).

3. Weyl!’s inequality

Let k € N, p: N — C and n, hy, hy,... € N. We define the higher
difference operators Ay, recursively by
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Ai(p(n); hi) == p(n+h1) — p(n)
and
Aj+1 = Al(AJ(p(n), hl, e h])7 hj+1)
for j € N. Notice that Ag(n*; hy, ..., hy) is independent on n.

We define I C N to be an interval of integers if I :={n e N : a <

< n < b} for certain a,b € N. The aim of this section is to show that the
following proposition implies Th. 2.
Proposition 1. Let B, D > 0 and let d,k, m,h,q, N be positive integers
such that m > 2, ¢ > 2 and m 1 h(q — 1). Let further Uy,...Uy, J
be intervals of integers with N /d < |Uj| for all i = 1,... k. Assume
|J| < N. We further define

Y(Ul,...,Uk,J) = Z Z

hi1€U; thUk

2

D e (%Ak (s4(dn); by, ... .hk))

neJ

Then
1

Y L . 2__ ~-
(U17 7Uk7']> < ‘U1| |Uk||J‘ (10gN)B
holds uniformly for all d < (loglog N)P.
We can argue literally as in Sec. 8 of [9] to prove that Th. 2 can
be deduced from Prop. 1. Therefore, we only give a short sketch of this
statement.

Proof of (Prop. 1 = Th. 2). For abbreviation, let M := | N/d]. Using
the classical version of Weyl’s Lemma (see e.g. [10, Lemma 2.3]), we get

> e (an + %sq(dn)) k

n<M

< (2M)2k_k—1 Z Z e (%Ak (sq(dn); hl, ceey hk)) s
~hi)

|hl,... |he| <M |n€Hy(h1,.

<

where Hy(hq,...hg) is an interval of integers depending linearly on
hi,...,hy. We remove this dependence by splitting up the sums into
parts of reasonable size. Besides, we make use of the Chauchy—Schwarz
inequality in order to get a square of the modulus of the innermost sum.
Now, we can apply Prop. 1.

Remark 3. Prop. 1 follows from Th. 3.4 of [9] in the case of d = 1.
Thus it suffices to prove Prop. 1 for 2 < d < (loglog N)P.
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4. Auto-correlation functions

Let d always denote an integer with 2 < d < (loglog N)?. Let
Q:={0,1,2,...,q — 1},
M :={1,2,... k},
M =1{0,1,2,...,k+d},
and
Fo=A{f:P(M)— M},
where P(M) denotes the set of all subsets of M. Forr = (ry,r9,...,71%) €
€ QF i€ Qand S C M we define

tes q
with |z], := [z/q]. Notice that feF implies =, ,(f) € F. Let Fy, F1 € F
be defined by
F(](S) =0
for all S C M and
Fl(M) = ]_, Fl(S) =0
for all S C M. Further, we define iterates of =, ; by

= [——— o o =
“{I‘Mz}gsz T=rLr —ri,21)

where the composition is defined by
(Er2,i2 © El‘l,il) (f)(S) = Er27i2 (El‘hil (f)) (S)
for f€F,SCM. For the sake of a simple notation, let =, 4,3, , (f)=1,
where () denotes the empty set.
Let LEN, /<L and r,€ QF iy, i€ Q. Let further fi, fi, g1, g2 €F.
We define

(resieriea)1<e<r
(f1, fa) ————— (91, 92)
to be an equivalent expression for

E{Pe,ia}lgsz(fl) =01 A E{r57i52}1§e5L(f2) = 92-

log(d(k+d))
log g

Lemma 2. There is a sequence (T, i, 00m)1<i<r with L' < +

+k + 2 such that for any (fi, f2) € F? one has

(.fl>.f2 FlaFO)'

We denote such a sequence a (Fy, Fy)-sequence with length L'.
Proof. The (F1, Fy)-sequence can be thus constructed by a composition
of three sequences that are defined below.

) (Besienie2)1<o<rr
— (
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First, it is easy to see that

(0,0,0)1<¢<1,q

(18) (f1, f2) ———— (Fo, Fo)

holds for L; = [log(k + d)/logq| + 1.

Given a sequence (v, ip1, i2)1<e<r, we define Gy, Hy, Gy, Hy, ... € F
such that
(FO,FO) (r1,211,812) (G17H1> (r2,i21,322) (G27H2) (r3,i31,i32) (G37H3> .
holds.

For 1 <3 <q—1,let 3* € F be defined by

B(S) = p

for all S € M. We show that there is an integer 1 < f < ¢—1 and a
sequence (T, i1, ip2)1<e<r, With

) (resiensiea)1<e<rqy (

(19) (Fo, Fo B, Fy)
and Ly <logd/logq+ 1.

Recall that we can assume d > 2 by Rem. 3. If 2 < d < ¢, we set
7;11 =q — 1,i12 =0 and ry = (0,,0) Thus

1<Gi(S)=ldlg—1)]s<q—-1
since 2 < d < ¢ —1 and G(9) is independent on S. Clearly, we have
HI(S> = FO(S)

for all S C M. We take Ly := 1 and  := G1(S) and the sequence in
(19) is constructed.

Now, we assume that d > ¢q. We take 111 = 1, 715 = 0 and r; =
=(0,...,0). Hence

G1(5) = [d]q = au,
where a; € N is defined via d = qay + (7 with §; € Q. Again, we have
H, = Fy Notice that a; > 0 by our assumption d > ¢. If a1 € QO we take
Ly =1 and H; = * with § = ay. Besides, let J € N. Forall2 <j <J
we take ij; ;=i :=0andr; = (0,...,0). Sincer; = (0,...,0) the value
of G;(S) and H;(S) is independent on S. Now, we have H;(S) = Fy
and 0 < G;(S) < G;_1(5) for all 2 < j < J. We take Ly € {2,3,4...}
minimal such that G,(S) € Q for the first time. Notice that we have
G.,(S) > 0. For if
0=Gr,J(5) = |GL-1(9)]q
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we have G,_; € Q and this contradicts the minimality of L,. We define
B:=Gpr,(S) = pB*(S). Notice that Ly <logd/logq + 1.

Given a sequence (ry, i, ism)i<o<r let Gi, Hy, Gy, Hy,... € F be
defined via

(B, Fp) 2 Gy gy 2 G gy B Gy s

Finally, we construct a sequence (ry, i, is2)1<o<x With

(20) (6*7F0) (reyie1sie2)1<e<k (F17F0)'

For 1 < /¢ < k we take i1y := iy := 0 and let
r;:= (¢ —5,0,0,...,0).
Recall that 1 < 3 < ¢ — 1. Hence

él(S)z{ZrﬁﬂJ :{1 if 1€ 8,

e 0 otherwise

and

H,(S) = {Z”J = Fy(S)

tesS

Let ro :=(0,¢ — 1,0,0,...,0). Thus
N - 1 if1,2€8,
Ga(S) = {ZrﬁGl(S)J :{ '
q

e 0 otherwise

and F[Q = Fy. In this manner, let

r3 = (0,0,¢q—1,0,...,0)

ry, := (0,0,0,¢g—1,...,0)
re1 = (0,0,0,0,...,0,q¢—1,0)

re == (0,0,0,0,...,0,q— 1).

Hence

) {ZnJr@z_l(S)J _ {1 if1,2,....0€8,

pyaye 0 otherwise

and ﬁlg = [y for all 1 < /¢ < k. Thus we have GNYk = I} and f[k = Fy.
The lemma follows from (18), (19), and (20). ¢
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Let

(21) =(¢—k,1,1,1,...,1) € Q~.

Notice that the sum of the entries of r* equals ¢ — 1. Thus, the equations

E0)(Fo) = Fo,
(p* F - F 5
(22) S0t = h
E(0,0)(F1) = Fo,
E0.0)(Fo) = Fo
are easily proved. Let
(23) L:=L+2,

where I/ is as in Lemma 2.

We define two sequences
Vi = (v, 00, ie)1<i<p and Vo = (Ty, 41, U2)1<i<L
that play an important role in the proof of Th. 1: for 1 < < L' let

(ry, i1, Ui2) = (flagllagm) and
(F1, 00, i12) = (F1, 011, 112,

where (¥, %1, Elg) are the entries of the (Fy, Fp)-sequence with length L’
defined in Lemma 2. Let further

r;:=(0,0,...,0), T,:=r" for =
r;=1,:=(0,0,...,0) for =1L

(251 :ilg :ill :’ilg =0 for [=

(24)

L—1orl=1L
Thus we conclude by (22) and Lemma 2 that

(F1,Fp)-sequence (000) ( 0,0)
(25) (f17f2) LIb) e (FlvFO) (F07F0) (F07F0)
w
and

(F1,Fo)—sequence, (r*,0,0) (000)
(26) (flva)%(FlvFo) (FlvFO) (F(]vFO)

\2//
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holds for all (f1, f2) € F2.
Later, the following lemma will be of use. Its proof is straightfor-
ward.

Lemma 3. Let G be a finite set and A := (a;;), ;. be a matriz with non
negative real entries. For y € N, let (al(g))ije(; = AY. Let X > 0 with
Y ke @ie < X, for alli € G. One has

>oay <XV

keG
foralli e G.

5. Iterations

Recall that our aim is to show Prop. 1. Let B, D >0 and 2 <d <
< (loglog N)P.

Let I be an interval of integers, i.e. I :={n € N : a <n < b} for
certain integers a < b. For ¢ € N we define ¢I := {n € N : ca < n < cb}.
For fi, fo € F and I, ..., I}, J intervals of integers let

O (hy,....h; J, f1): Ze( Z 1)k=181g (dn+th+f1 ))

neJ SCM tes
We further define
\II([la" Ik 1,Ika<]f1af2 Zq) hla"'>h'k;Jvfl)(b(hl7"'ahk;<]7f2)

hi€l)

and

X([la" [ka‘].flan . Z Z hl)"'ahk—l;Ikajvfl?fQ)‘

hiely hp—1€lp_1
Since
Ak (Sq(dn)7 hlv RS hk) = Z (_1)k_|s‘sq (dn + Z dht) )
SCM tes
we have
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Y(Ul,...,Uk,J) -
2
:ZZ Ze<%z 1)k=1Slg <dn+zdht)> <
hel:  hyeUy [ned ScM tes
2
Z Z Ze<%z )k ISl (dn%—ZM)) =
hi€dUy  hyedUy |neJ SCM tes

:X(Il,...,]k;J7F07FO)7

where I; := dU;. Thus VN < |7;|. Note that we substitute in the inner
sum dh; by h; since we extend the intervals U; to I; = dU;. This is the
essential trick of this paper. Our aim is now to show

1

27 X (Iy,...,.Ii; J L] ||| T s
( ) ( 1, s Lk 7f1af2) <<| 1| | k|| | (10gN)2B

for arbitrary fi, fo € F,
(28) VN < |I;| and |J] < N.

Recall that d < (loglog N)P. Provided that we can show (27), we take
fl, f2 = FO and obtain
Y(Ula--'aUka‘]) < X(Il>"'>Ik;J>FO>FO) <
1

Ll L) —s
<<| 1| | k|| | (logN)2B <
1
2 kD
< |Un| -+ |[Ui][J]"(log log N) (log N )28 <
1
DY 27
< |U1\ |UkHJ| (logN)B

Thus, to prove Prop. 1 and consequently to prove Th. 1, it suffices to
show (27), which is the matter of the remaining paper. To do so, we need
the following technical lemma which is similar to [9, Prop. 5.1].
Lemma 4. For fi, fo € F,L € N we have

(29) X(qLIb--'aqLIk;qLJ7fl>f2) =

=22

ri,..,rp€9QF iy,..i€Q?

L
H @ (Eeyiphesees (1) Eyipheyees (f2) T i i)

X (L, Iy, T ={r1,in h<e<n :{1‘1,iz2}1gsz(f1>) )
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where

o (fh fg, r,’il,’ig) =€ <% Z (_1)k—\S| (b(fl, S, r,il) — b(fQ, S, r, 7,2))) s

SCM

and b(f, S,r,i) € Q is defined via

di+ Y 1+ f(S) = 2q + b(f, S,x,i)

tes
with z € N.
Remark 4. Note that z = Z,;(f)(S) = [di + >,cq 7t + f(5)] 4
Proof. Note that for an interval of integers I, we have
gl ={qgh+r : helreQ}.

We first prove the case L = 1. Therefore, we consider
D (qghy + 11, qh + 1159, f1) =

=" Y (% 3~k s, (q (dn +y° ht) +di+y rt+f1(5))> ,

i€Q neJ SCM tes tes
Since
di+ Y i+ fi(S) = ¢Zei(A)(S) + b(f1, 8, 1,1),
tes
we get due to the g-additivity of the sum-of-digits function

5q (q(dn—l—th) +dit > +f1(5)> —

tesS tesS

= s, (dn + ho+ Ervi(fl)(5)> +b(f1,S,1,4).

tes
By the definition of X (Iy,...,Iy;J, f1, f2), the lemma is proved in the
case L = 1. Repeating the procedure L — 1 times yields the result. ¢

Lemma 5. One has
O5(F10a FOa 0,0,0) = ]->

a(Fy, Fy,0,0,0) = e <%) and

CY(Fl,Fo,I'*,0,0):€<(1—Q)h>,

m
where v* is defined in (21).
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Proof. Let
Yea(£)(S) = di+ > 1+ f(S).
tes

The remainder occurring at the division of Y, ;(f)(S) by ¢ is b(f, S, r, 7).
Since Yo,0(Fp)(S)=0 for all S C M, the first statement of the lemma is
valid. We have further Yo o(#1)(S)=0for all SC M and Yo o(F1)(M) =1,
thus a (F1, Fy,0,0,0) = e (h/m).

It remains to prove the last statement of the lemma. For all S C M
we have Yy« o(F1)(S) = Yo o(Fp)(S) and consequently b(Fy, S, r*,0) =
= b(Fp, S,r*,0). Hence

h
Oé(Fl, F(],I'*,0,0) =€ (E (b(Fl, M, I'*,O) — b(F(), M, I'*,O))) .

We have Yy« o(F1)(M) = q and Yy« o(Fp)(M) = ¢ — 1. Hence
b(Fy, M,r*,0) — b(Fy, M,r*,0) =1 — g,
and the lemma follows. ¢
Recall that we need to show (27) in order to proof Th. 1.
Lemma 6. Let L := L' + 2, where L' as in Lemma 2. Let further
m1th(q—1), and fi1, fo € F. Then the inequality

| X ("1, . ¢ Ik, ¢ T f, f2)] <

9 t
: <1_(4m2§T‘2>L)) (a"150) -+ (aI1l) (a*11)°

holds for all t € N.

Proof. We extract two summands V; and V5 from (29) that correspond
to the sequences V; and V, respectively defined in (24). Thus Lemma 4
yields

(30)

X (qL]h .- '7qL]k;qL']7 f17f2) =

L
= ‘/1 + ‘/2 + Z H (07 (E{I'j,ijl}lsjse,1 (.fl)? E{I‘j,’ijz}lgjgé—l (f2)7 rl? z.fla ZZQ)

I (=1
X (]1’ oo iy E{rl,ia}lgzgm E{rlinQ}lglgL(fl)) )

where I' denotes the set off all (ry,...,rp,i1,...1i1) € (QF)L'x(Q?)F apart
from the two elements corresponding to V; or V,. Thus |I'| = ¢+2L — 2.
We use the abbreviation
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L-2

A(fb f2) = H « (E{Pjﬂ'jlhgjgefl (f1)> E{rj,ijg}lgjggq (.f2)7 Ty, i1, Z162) .
(=1

We obtain by (25) and (26) that

Vi = A(f1, f2)a(F1, Fy,0,0,0)a(Fy, Fy,0,0,0)X (14, ..., Iy, J; Fy, Fy)
and

Vo = A(f1, fo)a(Fy, Fo,v™,0,0)a(Fy, Fo,0,0,0)X (14, ..., Iy, J; Fy, Fp) .
By Lemma 5, we thus get

Vi+Va=A(f1, fo)e (%) <1 +e <(1 —q) )) X (L, ..., Iy, J, Fy, Fp) .

For given functions fi, f2, 91,92 € F, let Ey, 4, g,.4» denote the set
of all (ry,...,rp,i1,...ip) € I satisfying
X (]17 LRI ]kv J7 E{r1,ie1}1§g§[,7 E{r1,ie2}1§£§L(f1)) =X (Ilu CI) Ikv J7 g1, 92) .
We define

h

m

d(f1, f2, 91, 92) = Z a(fr, fa, 1,1, 102)

Ef1,f2,91,92

Recall that |T'| = ¢*+2% — 2. The absolute value of the function « is at
most 1. Hence, for all fi, fo € F one has

Z a'(f1, f2, 91, 92)| < g* L _ 9.
(91,92)EF2

We rearrange the sum (30) and get
X (qL]h SR qL]ku qL']7 f17 f2) =

= > a'(fi, for 91, 92) X (I, -+, Ik, T g1, G2) +
(Fo,Fo)#(91,92)€F

; ((F Fo) + A(f1, fa)e (%) (1 e <(1 ) ‘”%)))

X (I,... Iy, J, Fy, Fy).
Let
a(f1, fo, 91, g2) == d'(f1, f2, 91, 92)
if (g1,92) # (Fp, Fo) and let

a(fi, f2. Fo, Fo):= a'(fi1, f2. Fo, Fo) + A(f1, fa)e (%) <1+e ((1—(]) h ))

m
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We have

e(%) (1+e((1—q)%)) 1+e(%) §2—<%)2,

by our assumption m t h(q — 1). We therefore obtain
(31)

S ol fo g )] < 0 () = g (1T
e o 2m (4m2q*+2L) |-

(91,92)€F?

<

Now, we define an |F?| x |F?| matrix Z by
Z = (la(fr, f2vglv92)|)(f1,f2)e]-'2,(g1,g2)e.7-'2 :
We get the inequality

(32) (|X(qL[17 s 7qL[k7 qLa f17 f2)|)(f17f2)€]:2 <
< Z(|X(qly,.. ~,qlk><]§91,92)|)(gl,g2)efz

which is meant componentwise.
Let t € N. Due to (31), we are able to apply Lemma 3 and we
obtain by the t-fold iterations of the inequality (32) together with the

trivial bound
\X(L, .o L, Js o, o) <\l [l

the inequality
‘X(thlla ey th]k7 th']; f17 f2)‘ S

2 t
: (“MTT))) (a"I50) -+ (¢"11) (@*1)°- 0

6. Conclusion
Let D, B > 0. We assume N > k. We take
L log N
" | 8Dlogloglog N |

Since d < (loglog N)”, we have
< log(d(k + d)) Y4+ k<2D <

< loglog log N N 1)

log q log ¢

for D sufficiently large and
th < Nl/4+logq/(4logloglogN)
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for all N € N with (loglog N)” > k. Thus there is an integer Ny and
some ¢ > 0, depending only on ¢, k and D such that for all N > Ny we
have

N
(33) ZTT < N~

For any 0 < o0 < 1 one has (1 —0)" < e™*. Thus we get

)

2 t
(1 N (4m2;k+2)L)> < ¢—clog N/ (logloglog N(loglog N) 2P+ 1) (++2)

where ¢ = 72/(36 Dm?). Hence

(34)
T 2 ¢ (2D41)(k+2)+1
(1 (4m2q(k+2)L)) < (log N )_ClogN/(logloglogN(loglogN) ) <

< (log N)™28.

Now, we are able to show (27) which yields Prop. 1 and concludes

the proof of Th. 1. We need to estimate
X(Ilu"'vlk;J7f17f2)
where the intervals satisfy (28). For 1 < j < k + 1, the integers a; and
b; are defined by I; = [a;,b;] and J = [aj+1, bk41]. Besides the integers
wj,v;, 15, 8; with 0 < r;,s; < g™ are uniquely defined by
aj = q""uj+rj, by =q"v;+ s,

for all 1 < j < k+ 1. Notice that u; # v; by (28) and (33). We finally
define

fj = [uj,vj], j = [uk+1,vk+1]

for 1 < 7 < k. It is a straightforward exercise to verify
X([l,...,lk,J;fl,fg) =
i L VN
= X(¢"11,...,q" Iy, ¢" J; f1, f2) + O <|11| e |[k||J|2F :

By Lemma 6, we finally get

U " VN
X(Il,...,[k,J;fl,f2)<< ((1— )L)) + th |[1||[k||J|2

(4m2qt+2

Prop. 1 is proved by applying (33) and (34).
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