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g1

Let P be the set of all prime numbers, By, be the set of k-full num-
bers, and M. be the set of k-free numbers. As we know, n = pi* ...p%"
belongs to My, if maxa; < k — 1, and it belongs to By, if mina; > k.
Theorem A (Filaseta). Given an integer k > 2, let g(x) be a function
satisfying 1 < g(x) <logz for x sufficiently large, and set

h(l’) _ xl/(2k+1)g(x)3.

Then the number of k-free numbers belonging to the interval (x,z + h(z)]

is
h h(x)1 h
), o (Moo o (M),
¢(k) 9(x) 9(x)
where  stands for the Riemann zeta function.
Th. A is a result due to Professor Michael Filaseta, who kindly com-
municated it to Professor J. M. De Koninck. A complete proof (provided

by Filaseta) is given in [2]. See also [4].
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Let 7(¢(n) be the number of exponential divisors of n. 7()(n) is
a multiplicative function, for prime powers p®, 7 (p®) = 7(a), 7(n) =
= number of divisors of n.

By using Th. A in [1] we proved:

Let h(z) = 2'/°(logz)?u(z), where u(z) — 0o as v — oo, and
h(xz) < x. Then, for each fixed real number av > 0, there exists a constant
¢ = c¢(a) > 0 such that

s Y e
n€z,x+h(z)]
As we noted, the method we used can be applied to show
Theorem B. Let f be a non-negative multiplicative function such that
f(p) = 1 for each prime p, f(n) = O(n°) for every ¢ > 0. Let also
h(z) = 2'/°(log 2)3/?u(z), where u(z) — oo as x — oo, with h(x) < x.

Then
1

o) Y. ) =c+o(l),

n€z,x+h(z)]

where ¢ = ¢(f) is a positive constant given by

o(f) = Z@H(Hl)_l.

keBa plk p
Let M(z) = > |u(n)], and M(x|r) = > |u(n)|. According to
n<x n<x

(n,r)=1

(8) in [1] we have

0 () )

6 h(zx) 1 h(z) 2
= — O JR——
w2k ggljtl/pjL k\/logxeXp %k:\/]_)
if k <loguz.

For some integer n, let E(n) be the square-full, and F'(n) be the
square-free part of n. Then n = E(n)F(n), (E(n),F(n)) =1, E(n) is
the largest divisor of n which belongs to Bs. Let Ry be the set of those
integers n for which F(n) = b.

Let )

v(b) := lim —#{n <z, E(n) = b}.

r—00 I
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It is clear that

1
(2) v(b) = lim —M(z | b) = bH1+1/p

The following theorem is an immediate consequence of (1).
Theorem 1. Let h(z) = 2'/5(logz)3?u(z), u(z) — oo as r — oo,
h(z) < xz. Then

1 1 2
m#{ne [z, 2 + h(z)], E(n)=b}=v(b)+ O(W exp{;%})

uniformly as b < logx, b€ Bs.
Remark. This is an improvement of our Th. 3 in [4], according to:

1
ﬁ#{n €lr,a+H]|neR}=vb)+O(H " Z0te. Qw(b)) +

(o)

uniformly as 0 < H < z. Here § = 00,2204 and ¢ is an arbitrary positive
constant. The implied constants in the error terms may depend on €.
We deduced this from a theorem of P. Varbanets [6]: Let ¢(d) be a
multiplicative function, such that ¢(d) = O(d®) for € > 0. Let
=Y _0(d)
d2|n

Then
Z hZ—JrO (hY/22%) + O(29+%),

z<n<z+h
uniformly in h, (0 <)h < z, O < ¢ is an arbitrary constant, 8 = 0, 2204.

§ 2

Let & > 2 be a fixed integer. For some integer n > 0 let Ej(n) be
the k-full part and Fy(n) be the k-free part of n. Thus n = Ey(n)Fy(n),
(Ex(n), Fr(n)) = 1. Let S, be the set of those integers n, for which

Let

(3) o(b) = lim 24{n < 2, Ep(n) = b}

T—00 I
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Let
(4) Qr(z) = #{n <z, n e My},
(5) Qr(x|r) =#{n <z, n € My, (n,r)=1}.

A. Walfisz [7] proved that

Rk(I) = Qk(x)—ﬁ = O(xl/k eXp(—A-k_8/5(10gx)3/5-(log 10g x>—1/5)).
D. Suryanarayana [8] proved that

rflo(r)z (@(7“) - 240)
6 x|r)=———-~+0 7xl/k).
Here Jy(r) is Jordan’s totient. Observe that TI;:EOT()T) =1] ll:i.
o #F
1
Let 1 be a strongly multiplicative function, n(p) = 11_ 4 for p € P.
pk
Then
n(b)x
b) = b :
o(b) o (h) (b e My)
By using Th. A we can estimate
(7) Up(x) := #{n € [x,x + h(x)], Ei(n) =10}

if h(zx) = x%lﬁg(x)?’(log x)2_ﬁ, g(x) tends to infinity monotonically,
g(x) <logz, uniformly as b < logz, b € By.
It is clear that

Ub<x>=@k(%wwb)—c2k(%|b).

Since

1 1 1
Fb(s): Z %:H<1+E+...+W)

meMy, b
(m,b)=1 M

11— s
:Fl(s)Hl_%, Fi(s) = CC((]{;S)),

plb P
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we can obtain that

® - se{e (T a5

vEDy

where D, is the multiplicative semigroup generated by the prime divisors
of b, i.e.

={pi'...pe;=0,1,..., jg=1,....r} if b=pi"...pi,
furthermore f is a multiplicative function,
-1, if a=1 (mod k),
fe*)=< 1, if a=0 (modk),
0 otherwise.
From Th. A we have W) o)
x) log x x
0= 3 1o+ (noatee) +O (i) 1+

veEDy,

ol 3 2] o)

vEDy,
vb<h(zx)
v>v(x)
where
(9) Si= £ (v)].
vEDy,
z=vbm<z+h(z)
vb>h(x)
Thus

Uy(z) = h(z)o(b) + O (h( () l)ogx) +0 (bhEJZJ i

h(x)
+O< \/7%; f>+o S,).

Let v(z) = logx Ifo=p...p¢ (<logx) and v € D, is counted in
r Vi log 2z
(9), v=pi"...p}, then p)’ <z + h(x)(< 2z), and s0 7; < (B2,
Thus

log 2x "
Sy < H ( T + 1) < (2log 22)~®.
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Since w(b) < logb, therefore S, = O((2log 2x)°81°8%) = O(2°), for every
fixed € > 0.
Furthermore,

1 2
_Se [
ST\

We proved
Theorem 2. Let k > 2 be fixed. Then for b € By, b <logx

o) = h(a)o() + 0 (MBI ex, >
plb

where h(z) = xﬁﬂg(x)?’-(logx)%, Viegz < g(z) <logz, g(xr) — oo
as T — 00.

§ 3

Theorem 3. Let k > 2, f be multiplicative, f(p) = ... = f(p* 1) =1
for every prime p, f(n) = O(n) for every e > 0.
Let
D(f):=>_ o(b)f(b)
beBy
Assume that h(x) is the same as in Th. 2.
Then
1 log 1
— =D @ .
. X =0 (G o)

z<n<z+h(z)

This assertion is a simple consequence of Th. 2.

A positive integer n is called unitary k-free, if p* || n, a > 0, implies
that o #£ 0 (mod k). Let Ug(x) = #{n < x| n is unitary k-free}.

D. Suryanarayana and R. S. R. C. Rao [9] proved that

(10) Ur(z) = ap - v + O(xl/k exp(—A(log :c)3/5 - (log log :c)‘l/5)),

ay > 0, constant.
Let f be multiplicative, f(p®)=1, if a0 (mod k), and f(p*')=0
(l=1,2,...). Then
1, if n is unitary k-free,
o]

0, if nis not unitary k-free.
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Consequently we have a short interval version of (10). The conditions of
Th. 3 are satisfied.

§ 4
Let A be the additive function, A(p®) = o — 1. Thus A(n) =
= Q(n) —w(n). An easy consequence of Th. 1 is the following assertion:
Let k£ > 0 be an integer,

dy, = Z v(b).

A(b)=k
beBy

Then

(11) LS =t

h($) n€lz,z+h(z)]
A(n)=k
h(x) is the same as in Th. 1. This is a refinement of a theorem of J. M.
De Koninck and A. Ivi¢ [10].

§ 5

In our paper written with Subbarao [11] we have given the local
distribution of 7(7(n)) when we have taken the summation only over a
short interval of type [z, z + 27/12+2].

We can consider the local distribution of Tz(e)(n) = 7 (7 (n))
when we sum on intervals of type [z, z+h(x)], h(x) as in Th. 1. Observe
that 7(9(n) = 1 if and only if n is square-free.

We can write every n as u-v?-m, where u, v, m are mutually coprime
integers, u, v are square-free, and m is cubefull.

Let v,m be fixed, &, = {n | n = u-v*-m}. Let 7(9(m)
=20.Q0...Q, (2<)Q1 < ... < Q be primes, 3; > 1 (j_l )
Bo >0 (By = 0 can occur. Then for n = u - v?-m we have 7(9(n)
= 2207 (m) = 7[w(W) + Bo]T(B1) - .. 7(B))-

From (1) we have

(12)  #{ne&m|nelz,z+h(x)}=

BUEIGY SIS (ORI P

w2 vPm ket 1+1/p v2my/log x

5

plvm
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if v2m < log .

Let 7 be the set of those k for which there exists n € N such that
7'2(6) (n) = k. It is clear that 7 = N. Indeed, if py,...,p; are distinct
primes, then 7)(p?...p?) = 2!, and if 7(I) = k, ie. [ = 2871 then

nl .. p) =k

Let 6 ) )
= T Z v2m1|_[1+1/p’

Tz(e)(vzm):k pjvm

From Th. 1 we obtain
Theorem 4. Let h(z) be as in Th. 1. Then for every k € N:
1 e
lim pesitin € e +h@)] | 7 () = k) =

Let TI(y | b) be the number of those primes p < y, which can be
written as p = —1 +mb, (m,b) =1, m square-free.

In [2] (Lemma 4) we proved the following
Lemma 1. Let € > 0 be a small number. Let v and r be fixed positive

integers and let y7/'? < H <y. Then, asy — 00,

H(y+H|b)—H(y|b):li(y+};)_li(y)n<1_

qfb

H 1
O (? (log y)““)
uniformly for b < (logy)”.

Arguing as in the proof of Th. 4, we obtain
Theorem 5. Let

R ()

72(6) (vZm)=k gfom

q(ql—l))Jr

Here v,m run over those integers for which v,m are coprimes, m is
cubefull, v is square-free.

Let € > 0 be an arbitrary small number, H = H(x) € [y
Then

7/12+€’ yl.

> 1= (1+0,(1)&(li(z + H) — lix)

7'2(6) (p+1)=k
pElz,x+H]

for every k=0,1,2,....
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By using the argument applied in [5] (see the proof of Th. 6,7) we

can prove that by Y = Y (z) = 22/3%¢_ ¢ > 0 the limits

1
y
w0 li(z + Y) — li(2)

#pelrr+Y] | @ +1) =k} =t

o0

exist, Z hk = 1, Z tr = 1.
k

k=0 0
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