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1. Introduction

Let G be a finite abelian group written multiplicatively with iden-
tity element e. Let Aq,..., A, be subsets of G. If the product A;--- A,
is direct and is equal to GG, then we say that G is factored into subsets
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Ay, ... A, We also express this fact saying that the equation G =
= A, --- A, is a factorization of G. Clearly, G = A; --- A,, is a factoriza-
tion of G if and only if each element g of GG is uniquely expressible in the
form
g=ay---a,, a €A,...,a, € A,.

The set of elements e, a,a?,...,a™ ! of G is called a cyclic subset of G.
In order to solve a long standing geometric conjecture of H. Minkowski
in 1941 G. Hajos proved that if G = A;--- A, is a factorization of G,
where each A; is a cyclic subset and each |A;| is a prime number, then at
least one of the factors Ay,..., A, is a subgroup of GG. His proof based
on a zero divisor investigation in the group ring of GG. L. Rédei was
looking for a purely group theoretical proof which does not rely on group
rings. Subsequently he developed a technique of substituting factors in
a factorization and in 1965 using this technique he proved the following
generalization of Hajos’ theorem. If G = A;--- A, is a factorization of
a finite abelian group G such that |A4;| is a prime and e € A; for all 1,
1 <i < n, then at least one of the factors Ay, ..., A, is a subgroup of G.
Rédei’s technique of substitutions uses characters of G. We will give a
character free proof for Rédei’s theorem. The basic strategy, as in Rédei’s
original argument, is based on substitutions. The main achievement is
the realization that the necessary substitution results can be established
without resorting on characters. We drew on many ideas scattered widely
in the literature. We will attribute the sources at appropriate places.

2. Replacement results

Let G = AB be a factorization of G. Then each g € G is uniquely
expressible in the form g = ab, a € A, b € B. We call a the A-component
of g and we denote it by gj4. Similarly, we call b the B-component of
g and we denote it by a;p. The components of g are meaningful only
relative to the factorization G = AB.

Lemma 1. Let G = AB be a factorization of G and let A = {ay, ..., a,}.
For each g € G the elements (gay)|a, - -, (9an)ja form a permutation of
A1y...,0n.
Proof. Clearly, (ga;)ja € A. So we will show that (ga;)ja = (ga;)a
implies a; = a;. From

gai = (9ai)|a(g9ai)is,  ga; = (9a;)ia(9a;) 5
we get
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9= (gai)ia(ga:)pa;’, g = (9a;)alga;)pa; .
Then (ga;)ipa; ' = (9a;)pa; " and a;(ga;) s = ai(ga;)p. Now as a;, a; €
€ A and (9a;) 8, (9a;) 3 € B it follows that a; = a;. ¢
Lemma 2. If G = AB is a factorization of G, then G = A™'B is a
factorization of G.
Proof. We will show that the product A~!B is direct. Choose a;, as € A,
b1, by € B and assume that al_lbl = a;lbg. From this we get asb; = a1by
which in turn implies a; = a9 and by = by. O
Lemma 3. Let G = AB be a factorization of G and let q be a prime
such that q J|A|. Then G = A1B is a factorization of G.
Proof. Choose a € A, g € GG and define T" to be the set of all ¢ tuples

(x1,%2,...,&y), T1,Ta,...,0, €A

for which (gz12s- - 24)ja = a. First note that |T| = |A|?"!. For choose
Ty, T2, ..., Tg—1 in A arbitrarily, then by Lemma 1, [(gz122 - - - 24—1)%g)ja =0
has a unique solution for z,. Next note that if (z1,xs,...,2,) € T, then
(2,...,24,21) € T. We define a graph I'. The vertices of I' are the
elements of 7" and we draw an arrow from the node (zq,x9,...,2,) to
the node (za,..., x4 x1). The graph I' is a union of disjoint cycles. The
cycles are of length 1 or of length ¢. When x; = 23 = --- = 24, then the
node (z1,2,...,2,) is on a cycle of length 1. When z;,z,,...,2, are
not all equal, then the node (x1, 9, ..., x,) is on a cycle of length ¢. As
q [IA| there must be a cycle of length 1 in I'. In other words there is an
x1 € A such that (gz{)j4 = a. In addition z; is uniquely determined by
a and ¢g. As the last step of the proof we claim that the product A?B is
direct. Suppose that alb, = albs, a1,ay € A, by, by € B. Then alb;' =
= agb;'. There are a € A, b € B such that a{b,' = a%b;* = ab. From
the equation b~'a] = ab, we get that (b~'aj)|4 = a. From the equation
b~'ad = aby we get (b~'al)|4 = a. From (b~'af)ja = (b"ad)ja = a we get
a1 = as which in turn implies b; = by. O
Lemma 4. Let G = AB be a factorization of G and let k be an integer
relatively prime to |A|. Then G = A¥B is a factorization of G.
Proof. The k = —1,0, 1 cases do not require any proof so we assume that
k< —2or k> 2. If k is positive, then k is a product of positive primes
and we can apply Lemma 3 several times starting with the factorization
G = AB. If k is negative, then —k is positive and we can use a similar
procedure starting with the factorization G = A='B. ¢
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Lemma 5. Let G = AB be a factorization such that e € A, |A| =
= pis a prime. Then G = A'B is a factorization of G, where A’ =
={e,a,a? ...;aP7'}, a € A\ {e}.
Proof. By Lemma 4, G = A'B is a factorization of G whenever p X t.
Let A ={e,ai,az,...,a,1}. The fact that G = A'B is a factorization
is equivalent to that the sets

eB,aiB,d;B, ... a, B
form a partition of G. Similarly, the fact that G = A’B is a factorization
is equivalent to that the sets

eB,a.B,alB,...,d’ 'B
form a partition of G. Here A’ = {e,ay, a2, ... ,ai_l}. Since G is finite
it is enough to show that ai B ﬂa{;B =(foreachi j,0<i<j<p-—1.
Assume the contrary that alB N alB # (). Multiplying by a,’ we get
eBﬂai_iB # 0. Set t = j—i. Clearly, 1 <t < p-—1andsotis
prime to p. Now eB NalB # () contradicts the fact that G = A'B is a
factorization of G. ¢
Lemma 6. Let G = AB be a factorization of G such that |A| = p is
a prime, e € A. Further assume that A contains only (p, q)-elements.
A= {e,albl,agb2, .. .,ap_lbp_l}, |a2| =P, |bz| =1 or |b2| =q fOT’ each i,
1<i<p-1,|bil =q Then G = A'B is a factorization of G, where
A = {e ay,a,...,d"? ¥ 'by}. (A differs from the subgroup (ay) in
one element.)
Proof. By Lemma 4, G = AYB is a factorization of G. Clearly, af € A‘.
There is an integer s such that (af)® = a; as the congruence ¢s = 1
(mod p) is solvable for s. As s is prime to p by Lemma 4, G = A%®B is a
factorization of GG. From the factorization G = A% B we get by Lemma
5 that G = A B is a factorization of G, where A; = {e,ay,d?,. .., aﬁ’_l}.
The factorization G = A; B means that the sets

eB,a,B,a’B,...,d 'B
form a partition of G. The factorization G = A’B means that the sets

eB,a1B,alB, ... ,a@f_zB, a@f—lblB

form a partition of G. Since G is finite it is enough to show that the
sets above are pair-wise disjoint. Namely, a}B N a{B = () for each 1, 7,
0<i<j<p—2,aBna 'bB=0foreachi, 0 <i<p—2. The first
set of equation holds. Suppose on the contrary that aiB N a2 'b; B # 0
for some . Multiplying by a;’ we get eB N a?""'0yB # (). There is a t
such that (a?~""")b; = albl as the system of congruences
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p—i—1 t (mod p)
1 t (mod q)
is solvable for t. We get now a contradiction considering the factorization
G=AB. ¢
The result in Lemma 4 first was proved by L. Rédei in [5] using
characters. The proof we presented is from A. D. Sands [6]. Lemma 5 is
from L. Fuchs [1] and Lemma 6 is from S. Szabé [8].

3. Hajo6s’ theorem for finite abelian p-groups

Lemma 7. Let A be a subset of a finite abelian p-group G such that
[(A)| = pl and |(B)| > p!®l holds for each B C A. Then for each a € A
there is an s(a) such that s(a) is a power of p and

4y = [[{e, @, @, .., s}
acA

is a factorization of (A) and at least one of the factors is a subgroup
of (A).

Proof. First consider the case when |A| = 1. Now A = {a} and the
order of a is p. So (A) = {e,a,a?,...,aP~'}. This shows that we can
choose s(1) to be 1. Let h(A) =[], 4 |a| be the height of the subset A.
Clearly h(A) > pl4 and equation holds only when |a| = p for each a € A.
In this case (A) is a direct product of |A| copies of cyclic groups of order
p and the consequence of the lemma holds. We start an induction on
n = |A] and for a given value of n we start an induction on the height
h(A). If for each subset B of A with B # 0, B # A, |(B)| > p!®! holds,
then replace one element of A by its p-th power to get the set A’. The
conditions of the lemma hold for A" and h(A’) < h(A). Note that (A") =
= (A). By induction on h(A) we get that the lemma holds for (A). If
there is a subset B of A with B # (), B # A such that [(B)| = pl”!,
then B satisfies the conditions of the lemma and |B| < |A|. Now by the
inductive assumption on |A|, (B) has a factorization

(B) = H{Q b 2 b(p—l)S(b)}7
beB
where s(b) is a power of p and at least one of the factors is a subgroup
of (B). Consider the factor group G’ = (A)/(B) and the subset A" =
= {a(B) : a € A\ B} of G'. We can verify that [(4)| = pl*'l and
[(B')| = pPl hold for all B" C A’. By induction on |A| there is a
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factorization of (A’) described in the lemma. Using the factorization of
(B) and the factorization of G’ = (A)/(B) we can construct the desired
factorization of (A). ¢
Lemma 8. Let G = Ay --- A, be a factorization of a finite abelian p-
group G, where A; = {e,a;,a2, . .., af_l}. Then at least one of the factors
Ay, ..., A, is a subgroup of G.
Proof. Suppose that
1) G=A - A,
is a factorization of the finite abelian p-group G and A; = {e,a;,a?, ..., af_l}
are cyclic subsets of G. Set A = {ay,...,a,}. Note that Lemma 7 is
applicable to A. So for each i, 1 < i < n there is a power of p, say (i)
and a subset

A = fe,a?D g0 qo-1si)y
such that G = A} --- A} is a factorization of G and at least one of the
factors A},..., Al is a subgroup of G. If s(1) = --- = s(n), then A; =
= Al,..., A, = A, and so one of the factors A;,..., A, is a subgroup
of G. So for the rest of the proof we may assume that s(i) # 1 for some
i, 1 <i < n. In addition we may assume that s(1) # 1,...,s(m) # 1,
s(m+1) =--- = s(n) = 1 and m > 1 since this is only a matter of
rearranging the factors. Since s(m + 1) =--- = s(n) = 1 we have that

G=A A Ay A,

is a factorization of G. Consequently, the element ay - --a,, of G can be
represented in the form

y -y = @M L gslmtem) gl )
where 0 < t(i) <p—1. So
(2) e — ai(l)t(l)—l N _aigm)t(m)—la:r(g?—li-l) N 'ai(")-

As s(i) is a power of p, it follows that s(i)t(i) — 1 is relatively prime to p.
By Lemma 4 the factor A; can be replaced by the factor
A = {e, a1 @001 G-Db@)-1y

in the factorization (1) to get the factorization
G=A A Ay Ay
Equation (2) violates this factorization unless m = 0. This completes
the proof. ¢
Lemma 7 is from L. Rédei [5]. He used it to simplify the proof of
Hajés” theorem.
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4. Rédei’s theorem for groups of type (p, p)

Let X be a subset of the affine plane [GF(p)]*>. We say that X
determines a direction if there are two points in X that span a line in
this direction.

Lemma 9. Let X be a subset of the affine plane [GF(p)]* such that
| X| = p is a prime and X is not a straight line. Then X determines at
least (p + 3)/2 directions on the plane.
Proof. If X determines all p + 1 directions on the plane, then p +1 >
> (p+ 3)/2 holds. So we may assume that X does not determine all
directions. Consequently we may introduce a coordinate system in such
a way that the direction of the second coordinate axis is not determined
by X. Hence X can be represented in the form

X = {(k,by) : k € GF(p)},
where by, ...,b,_1 € GF(p). (GF(p) is isomorphic to the field of integers
modulo p. We identify GF(p) with this field using 0,1,...,p — 1 as ele-
ments of the field.) Let U be the collection of directions determined by X.
It is convenient to record any direction with the slope of a representative
straight line.

bk - bm

k—m
In order to prove that |U| > (p + 3)/2 we assume the contrary that
|U| < (p+ 3)/2 and derive a contradiction. Consider the polynomials

Fy= > (bp—kz)

U:

:k,mEGF(p),k%m}.

keGF(p)
in GF(p)[z] for 0 < j < p— 2. From
(3) > KW=0 if and only if j=0 or (p—1)fj

keGF(p)
it follows that degF; < j —1 for j # 0. If x ¢ U, then the elements b, —
— kx are all distinct as k varies over GF(p). So x ¢ U implies Fj(z) = 0.
Since degF; < j — 1 it follows that if j —1 < p — |U|, then Fj is the zero
polynomial. In particular F} is the zero polynomial when j < (p —1)/2.
Using the fact that every function from GF(p) to GF(p) is a polynomial
of degree less than or equal to p — 1 we can represent b, in the form
b = Cpnk™ + - - - + cok® 4+ c1k + o,

where ¢,, # 0. If m < 1, then X is a straight line. So we may assume
that 2 < m < p — 1. (As a consequence we have assumed that p > 3.)
Divide p — 1 by m with remainder.
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p—1l=ma+0b a>1, 0<b<m-—1.
Note that a +b < (p — 1)/2 as m > 2. So F,yp is the zero polynomial.
On the other hand we will show that F,,, is not the zero polynomial.
Let us compute the coefficient of (—x)” in F,,.

—2
0=%" (a Z b) bkt = (a Z b) S (e ket 4 pz d,k)

K k i=b
with some d; € GF(p). Using (3) we get that this coefficient is

(e (e
This completes the proof. ¢
Lemma 10. If G = AB is a factorization of the group G of type (p,p)
such that e € AN B, |A| = |B| = p, then A or B is a subgroup of G.
Proof. Let u,v be basis elements of G. The correspondence u‘v’/ —
— (i,7) assigns points of the affine plane [GF(p)]? to the elements of G.
Subgroups of order p correspond to straight lines of the plane passing
through the point (0,0). The p+ 1 subgroups of order p of G correspond
to the p+ 1 directions available on the plane. Suppose that the elements
ai,as € G correspond to the points py, pa € [GF(p)]?. Then the direction
determined by the points py, p, corresponds to the subgroup (aia; ') of G.
Briefly, we will talk about the direction determined by aq, as. Next we will
show that if G = AB is a factorization, then the directions determined
by the elements of A are distinct from the directions determined by the
elements of B. Assume that there are aj,as € A, b1,y € B a; # as,
by # by and (aja;") = (biby'). Multiplying the factorization G = AB
by a;'by' we get the factorization G = (Aa;')(Bby'). From this by
Lemma 5 we get the factorization G = (aja;')(b;b;'). But this is a
contradiction as (aja;') = (b;by'). Since A and B determine distinct
directions it follows that either A or B determines at most (p + 1)/2
directions. By the previous result A or B is a subgroup of G. ¢

The result in Lemma 9 first was proved by L. Rédei in [4] as an
application of his results on lacunary polynomials. The presented proof
of Lemma 9 is from L. Lovasz and A. Schrijver [3].
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5. Rédei’s theorem for finite abelian p-groups

Lemma 11. Rédei’s theorem holds for any finite abelian p-group.

Proof. Let G be an abelian group of order p" and let G = A;--- A, be
a factorization of G, where |A;|=---=|A,|=pand e € A;y,... , e€A,.
We want to show that at least one of the factors A;,..., A, is a sub-
group of G. The n = 1 case is trivial. We may assume that n > 2.
By Lemma 5 every factor A; can be replaced by a cyclic subset. If A;
contains an element of order at least p?, then A; can be replaced by a
non-subgroup cyclic subset. If each factor has an element of order at
least p?, then we can construct a factorization of G consisting of non-
subgroup cyclic subsets. By Lemma 8 it is not possible. So there is
a factor, say A;, whose nonidentity elements all have order p. Using
this observation we can settle the n = 2 case. Indeed, Lemma 10 takes
care of the case when G is of type (p,p). When G is of type (p?), then
the p — 1 elements of G' of order p together with e form a subgroup
of G and A; is equal to this subgroup. We assume that n > 3 and
start an induction on n. By Lemma 5 the factor A; can be replaced
by a subgroup H in the factorization G = A;As--- A, to get the fac-
torization G = HA,--- A,. Considering the factor group G/H we have
the factorization G/H = (AsH)/H ---(A,H)/H. By the inductive as-
sumption there is a permutation By, ..., B, of the factors H, As, ..., A,
such that By, B1Bs,...,B1By--- B, is a ascending chain of subgroups
of G and B; = H. For notational convenience we assume that By =
= Ay,..., B, = A, since this is only a matter of reindexing the factors
As, ..., A, in the factorization G = A1 A, --- A,. Consider the subgroup
K=HA,---A,_,. Clearly, each of the factors H, As, ..., A,_1 is a sub-
set of K. If Ay C K, then K = AjAy---A,_;1 is a factorization of K.
By the inductive assumption at least one of the factors A;,..., A, 1 isa
subgroup of K and so is a subgroup of G. For the remaining part of the
proof we may assume that A; ¢ K. Then replace the factor A; in the
factorization G = A; A, - - - A, by a subgroup L generated by an element
of A; \ K. Since L ¢ K, we have K N L = {e}. Considering the factor
group G/L from the factorization G = LAy --- A, by the inductive as-
sumption it follows that there is a permutation C', ..., C,, of the factors
L, A,, ..., A, such that Cy,C1Cs,...,C1Csy---C, is an ascending chain
of subgroups of G and C; = L. There is an index j such that Cy; = A,
and so LA, is a subgroup of G. If j # n, then KNLA; = A; is a subgroup
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of G. Therefore for the remaining part of the proof we may assume that
LA, is a subgroup of G. Consider K N LA,. If KN LA, = {e}, then
G contains the direct product of the subgroups K and LA,,. This would
imply |G| > p™™! but we know that |G| = p". Thus |[K N LA,|is p® or p.
If |[KNLA,| =p? then LA, C K. This gives L C K which is not the
case. Hence |K N LA,| = p. We distinguish two cases depending on the
type of LA,. Suppose that LA, is of type (p?), that is, LA, is cyclic.
Then KN LA, is the unique subgroup of order p of LA,,, namely L. Since
L ¢ K this case is ruled out. Since LA, is not cyclic, the nonidentity
elements of A, have order p. Consequently A, can be replaced by a
subgroup M in the factorization G = A; --- A,, to get the factorization
G =A;---A,_1M. Similarly A, can be replaced by M in the factor-
ization G = HAy--- A, to get the factorization G = HAy---A,_1M.
Note that G = KM is also a factorization of G' which implies that K N
N M = {e}. Considering the factor group G/M from the factorization
G = A, ---A,_1M it follows that there is a permutation D1, ..., D, of
the factors Ay,...,A,_1, M such that Dy, D1D,,...,D1Dy---D, is an
ascending chain of subgroups of G and M = D;. There is an index j,
1 <j <n—1such that Dy = A;. Hence M A; is a subgroup of G. If
j#1,then A; C K. As KN M = {e}, we have that K N MA; = A,
is a subgroup of G. If j = 1, the we have that N = M A; is a subgroup
of G. We distinguish two cases depending on A, C N or A, ¢ N. If
A, C N, then A;A,, C N. Therefore A;A, forms a factorization of N.
By Lemma 10, A; or A, is a subgroup of N and hence A; or A, is a
subgroup of G. If A, ¢ N, then the factor A, can be replaced by a
subgroup T'in G = A --- A,, to get the factorization G = A, --- A,, 1T,
where T'N N = {e}. Considering the factorization of the factor group
G/T we get that there is a subgroup of G of the form T'A;, with some
J, 1 <7 <mn-—1 Letuswatch KNTA; = HAy---A,_1 NTA;. We
can argue as before. If K NTA; = {e}, then G contains a subgroup
of order p"**. If K NTA; = TA;, then we get the contradiction that
T C K. Thus [K NTA;j| =p. If j # 1, then K NTA; = A; which
proves the lemma. If j = 1, then both T A; and N = M A; are subgroups
of G. Recalling that TN N = {e} we conclude that TA; NN = A; is a
subgroup of G. This completes the proof. ¢
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6. Periodic subsets

A subset A of a finite abelian group G is defined to be periodic
if there exists an element g of G\ {e} with gA = A. We refer to such
elements g as periods of A. All the periods of A together with the identity
element e form a subgroup of G. Consequently each periodic subset has
a period of prime order.

Lemma 12. A periodic subset of prime cardinality that contains the
wdentity element 1s a subgroup.
Proof. Let A be a periodic subset where e € A and |A| = p is a prime.
Let g be a period of A of prime order r. Consider the permutation of
the elements of A defined by x — xg, v € A. This permutation can be
decomposed into disjoint cycles of lengths r. Thus r|p and hence p = r.
So the permutation consists of only one cycle. Let a € A be the image
of the identity element e, that is, let ge = a. Now the order of a is p and
A={e,a,ad® ...;a"7'}. O
Lemma 13. If A is a nonempty subset of a finite abelian group, e € A
and

H=()a"A#{e},

acA

then A is periodic.
Proof. Let A = {ay,...,as} and suppose that ¢ € H \ {e}. We will
show that g is a period of A. There are elements by, ..., b, € A such that
g=bait,...,g=bsa ' Since b,...,b, are distinct elements they are
all the elements of A. Consequently,

gA ={gay,...,gas} =

= {bia;tay, ..., ba; a} =
= {bla---abs} =
= A. O

7. Proof of Rédei’s theorem

Theorem 1. Let G = A;--- A, be a factorization of the finite abelian
group G such that e € A; and |A;| is a prime for each i, 1 < i <n. Then
at least one of the factors Ay, ..., Ay, is a subgroup of G.

Proof. The theorem holds for n = 1. We start an induction on n and
assume that n > 2. If |G| is a power of 2, then by Lemma 8 at least one
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of the factors is a subgroup of G. So we may assume that |G| has a prime
factor p with p > 3 and suppose that A, ..., A; are all the factors among
Ay, ..., A, with cardinality p. By Lemma 4 there is a factorization G =
= A} AjA1 - A, of G such that A] contains only p-elements for
each i, 1 <i <t. Now A} --- A} is a factorization of the p-component
of G. By Lemma 11 at least one of the factors Aj,..., A} is a subgroup
of the p-component of G and hence of G. Let A} be this factor. If A; is
a subgroup of GG, then there is nothing to prove. So we may assume that
Aj contains not only p-elements. Again using Lemma 4, if necessary, we
may assume that A; satisfies the conditions of Lemma 6. So there is a
factorization G = A; - - - A,, such that A; is of the form
Ay ={e,x, 2%, ... aP72 2Pyl

Let H; = (x). By Lemma 4 there is a factorization G = HjAs--- A,
of G. From this we have the factorization

G/Hy = (AyHy)/Hy--- (A, Hy)/Hy
of the factor group G/H;. By the inductive assumption on n we get that
some factor (A;H;)/H; is a subgroup of G/H;. We may assume that
1 = 2 since this is only a matter of indexing the factors. We consider a
factor group again to get a new factorization. Continuing in this way we
conclude that there is a subgroup M of G such that

M:HlAg"'An_l, G:MAn
are factorizations of M and G respectively. Let a € A,. From the
factorizations

G=AAy A,
G=HAy A,
G=MA,

1 we have the factorizations

G=A14AApi(a Ay,
G = H1A2 e An_l(a_lAn),

multiplying by a~

G = M(a;'A,).
If Ay € M, then M = AjAy--- A, is a factorization of M. By the in-
ductive assumption at least one of the factors Ay, ..., A,_1 is a subgroup

of M and so of G. If A; ¢ M, then by the factorization G = M(a™'A,,),
a~'A, is a complete set of representatives modulo M. Hence there exists
an element ¢, of a™'A,, such that the coset c¢,M contains the element
(xP~1y)~1 that is, for which 2P~ lyc, € M. Let
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B, = {a?"'ye,} U (Hy \ {2"7'y}) =

= {2 Yy, b U (A1 \ {:L’p_ly}).
Note that M = B, A, --- A,,_; is a factorization of M and each factor con-
tains the identity element e. Indeed, products coming from B, Ag - -+ A,,_4
occur among the product coming from A; Ay -+ A,_1(a"'A,) and these
are distinct since G = A1 Ay - -+ A,_1(a"tA,) is a factorization of G. From
the factorization M = B,As--- A,,_1 by the inductive assumption it fol-
lows that one of the factors By, As, ..., A,_1 is a subgroup of M and so
of G. If it is not B, we are done. Thus we may assume that B, is a sub-
group of G. As p > 3 it follows that B, = H;. Therefore 2?7~ 1yc, = 2P~ 1,
that is, ¢, =y~ and so y ! € a='A,,. Thus the fixed element y~* which
is not equal to e belongs to
ﬂ alA,.

CLEAn
By Lemma 13, A, is periodic. Then by Lemma 12, A, is a subgroup
of G. This completes the proof. ¢
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