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Abstract: We give a direct proof of the fact that the following three categories
are isomorphic: the category of separated local proximity spaces and equicon-
tinuous mappings, the category of LC-proximity spaces and SR-proximally con-
tinuous functions, and the category of separated L-supertopological spaces and
supertopological mappings. Many basic statements of the theory of Efremovich
proximity spaces are generalized for the class of local proximity spaces.

1. Introduction

In 1967, S. Leader ([9]) described the ordered set of all (up to
equivalence) locally compact Hausdorff extensions of Tychonoff spaces
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by means of the notion of separated local proximity in which the bound-
edness and proximity are both primitive terms. Some other descriptions
of the locally compact Hausdorff extensions were given by V. Zaharov
([11, 12]) (by means of some special vector lattices of functions), by
G. Dimov and D. Doitchinov ([3]) (on the basis of the notion of super-
topological space), by Dimov ([2]) (using the notion of LC-prozimity) and
recently by G. Dimov and D. Vakarelov ([4]) — a purely proximity-type
description by means of the so-called lc-prozimities. In all these theories,
a description (in the language of the regarded structure) of the functions
having a continuous extension over corresponding locally compact ex-
tensions was given. Therefore, some categories arise: their objects are
the corresponding structures, and their morphisms are the functions just
mentioned. It is clear that all these categories are isomorphic (indeed,
they are all isomorphic (as it follows immediately from the theories listed
above) to the category LCExt of equivalence classes of locally compact
Hausdorff extensions (i.e., the objects of the category LCExt are the
equivalence classes [(X,[)], where [ : X — L(x;) is a dense homeomor-
phic embedding of a Tychonoff space X into a locally compact Hausdorft
space L(x;)) with morphisms determined by the continuous functions
f X — Y having a continuous extension f : Lixyy — Ly, over the
corresponding locally compact Hausdorff extensions (i.e., fol=1o ).
Here we construct directly these isomorphisms, i.e. the locally compact
extensions are not used in our proof. This is done for the categories aris-
ing from the descriptions given by Leader ([9]), Dimov and Doitchinov
([3]) and Dimov ([2]). In this way we describe internally the connections
between these three structures, i.e. starting with one of them, we build
directly the other two. Surprisingly, the proof is not easy (at least that
one found by us). It contains some generalizations (for the class of local
proximity spaces) of the most of the basic statements of the theory of
Efremovich proximity spaces. We hope that the direct descriptions, ob-
tained here, of the transitions from each of these structures to any other
of them could be used further. Let us also mention that the direct proof
of the isomorphism between the categories arising from the theories of
Leader ([9]) and Dimov and Vakarelov ([4]) was given in [4] (in fact, in
[4], the existence of such an isomorphism was used for showing that lc-
proximities describe the locally compact Hausdorff extensions). We do
not discuss here the theory of Zaharov.

The paper is organized as follows. The second section contains all
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preliminary results and notions. In it we do not describe the theories of
locally compact extensions developed in the cited above papers because
we have no need of them. We only give the definitions of the struc-
tures defined in [9], [3] and [2], and list those statements about them
which are used later. In the third section we prove our main theorems —
Th. 3.8 and Th. 3.9, where the isomorphisms mentioned above between
the corresponding categories are established.

We now fix the notations.

If C denotes a category, we write X € |C| if X is an object of C, and
feC(X,Y)if fis a morphism of C with domain X and codomain Y.

If X is a set then by Exp(X) we denote the power set of X. The
set of all natural numbers is denoted by w. By a “neighborhood” of a
point in a topological space we mean a “neighborhood in the sense of
Bourbaki”, i.e. its interior contains the given point.

For all notions and notations not defined here see [1, 7, 10].

2. Preliminaries

Definition 2.1 (see [10]). A basic proximity (or, simply, prozimity) on
a set X is a symmetric binary relation ¢ on Exp(X) which satisfies the
following three conditions:

(P1) 05 A, for every A C X (where § is the negation of 6);

(P2) AJA, for every A # 0

(P3) A6(BUC) iff A6B or AdC.

A basic proximity is called separated if it satisfies the condition

(P4) xdy implies x = y.

When § is a (separated) basic proximity on a set X then the pair (X, )
is called a (separated) proximity space. We write A <5 B (or simply A <
< B)if A5(X \ B).

If Y C X then we will denote by dy the restriction of § to Y.

A function f : (X1,61) — (X3,02) between two basic proximity
spaces (X;,0;), 1 = 1,2, is called prozimally continuous if, for every
A, B C X;, A0y B implies f(A)df(B).

Let (X, ) be a proximity space. Then the operator cls on Exp(X),
defined by cls(A) = {x € X | 26A}, is a Cech closure operator. Hence
s ={X\A| A=cls(A)} is a topology on X.
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Definition 2.2. Let X be a set. A separated proximity § on X satisfying
the axiom
(R) Ifz € X and x < A then there exists a B C X such that
r<B<A
is called an R-prozimity and the pair (X, J) — an R-prozimity space ([8]);
if it satisfies the axiom
(EF) If A/B C X and A < B then there exists a C C X such that
A<<(C<«KB
then it is called an EF-prozimity (or Efremovich proximity) and the pair
(X,0) — an EF-proximity space ([6]); finally, if 0 satisfies the axiom
(LO) For every A, B C X, cls(A)dcls(B) implies AdB,
then it is called a Lodato prozimity (see [10]).
Note that if  is an R-proximity on a set X then cls is a Kuratowski
closure operator ([8]).
Definition 2.3 (see [10]). A non-empty family G of subsets of a set X
is called a grill in X if it satisfies the following three conditions:
(GL) 0 ¢ 6;
(G2) If AyU Ay € G, then A; € G or Ay € G;
(G3)If Aec G, BC X and AC B then B €g.
Lemma 2.4 (see [10]). Let G be a grill in X. If Ay € G then there exists
an ultrafilter U such that (a) Ag € U, and (b) U C G.
Definition 2.5. Let (X, ) be a proximity space and () # o C Exp(X).
The family o is called a cluster in (X, 0) if it satisfies the following three
conditions:
(CL1) If A, B € 0 then AdB;
(CL2) If A C X and AdB for every B € o then A € o;
(CL3) If AU B € o then either A€ o or B € 0.
Obviously, every cluster in a proximity space (X, d) is a grill in X.
Theorem 2.6 (see [10]). A family o of subsets of an EF-prozimity space
(X,9) is a cluster iff there exists an ultrafilter U in X such that

(1) o={AC X | AdB for every B € U}.

If o is a cluster in (X, 9) and Ay € o then there exists an ultrafilter
U in X containing Ay and satisfying equality (1).
Definition 2.7 (see [10]). We say that a family A of subsets of a prox-
imity space (X, d) is a 0-system if for every A € A there exists a B € A
such that B < A.
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Definition 2.8 (see [10]). A round filter F in a proximity space (X, )
is a filter which is a d-system. A round filter F is called an end in (X, )
(or 9-end) if it satisfies the following condition:

(E) A < B implies that either (X \ A) € F or B € F.

The set of all ends in (X, 0) will be denoted by ¥enq(X,d) or simply by
2end((s>‘

Proposition 2.9 (see [10]). Every §-system which has the finite inter-
section property is contained in a mazximal round filter.

Theorem 2.10 (see [10]). Let 6 be an EF-proximity on X. Then F is
a mazximal round filter in (X, 0) if and only if F is an end in (X, 0).
Proposition 2.11 (see [10]). Let ¢ be an EF-proximity on X and A, B C
C X. Then A < B if and only if every end in X contains either X \ A
or B.

Definition 2.12 ([2]). Let (X,0) be an R-proximity space and ¥ be a
set of round filters in (X, d) such that:

(SR1) All neighborhood filters of the points of (X, 75) are in ¥, and
(SR2) For A, B C X, AdB is equivalent to the existence of an element
F of ¥ which does not contain the sets X \ A and X \ B.

Then the pair a = (4, X)) is called an S R-proximity on the set X and the
pair (X, ) — an SR-prozimity space. If (X, 7) is a topological space and
a = (0,%) is an SR-proximity on the set X such that 7 = 75, then we
say that « is an SR-prozimity on the space X.

A function f: (X, a1) — (Y, a2), where oy = (05, %;), i = 1,2, are
SR-proximities, is called SR-prozimally continuous if for every F € ¥
there exists a G € Y5 such that G is contained in the filter in Y generated
by the filter-base f(F).

Proposition 2.13 ([2]). The condition (SR2) from Def. 2.12 is equiva-
lent to the following condition:
(SR2’) For A, BC X, AdB if and only if there exists an element F € X
such that for every F € F, ANF #0 and BN F # 0 hold.
Proposition 2.14 (2]). If f : (X,a1) — (Y, ), where a; = (6;, %),
it = 1,2 are SR-proximities, is an SR-prozimally continuous function,
then f:(X,61) — (Y, d2) is a prozimally continuous mapping.
Definition 2.15 ([2]). An SR-proximity a = (§,%) on a set X is called
an LC-proximity on the set X if for every F € X there exists a U € F
with the following two properties:
(LC1) the restriction oy of 6 to U is an EF-proximity;
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(LC2) if G € Xepa(d) and U € G then G € X.
The pair (X, «), where « is an LC-proximity on the set X, is called an
LC-proximity space.
Definition 2.16 ([9]). A non-empty collection B of subsets of a set X
is called a boundedness in X if it satisfies the following two conditions:
(B1) A€ B and B C A implies B € B, and
(B2) A, B € B implies AU B € B.

The elements of B are called bounded sets.
Definition 2.17 ([9]). A (separated) local prozimity space is a triple
(X, 3, B), where X is a set, (3 is a (separated) basic proximity on X, and
B is a boundedness in X, subject to the following axioms:
(LP1) If Ae B, C C X and A < C then there exists a B € B

such that A < B <« C
(LP2) If A, B C X and ASC, then there is a B € B such
that B C C' and ABB.

A function f : X; — X, between two local proximity spaces
(X1, 01, B1) and (Xs, B2, Bs) is said to be an equicontinuous mapping if
the following two conditions are fulfilled for any A, B C X:
(EQ1) A B implies f(A)B2f(B);
(EQ2) B € B, implies f(B) € Bs.

A filter (resp. cluster) F in a local proximity space (X, 3, B) is
called bounded if F N B # 0.
Proposition 2.18 ([9]). Let (X, 3, B) be a local prozimity space. Then:

(a) Every finite subset of (X, 3,B) is bounded;

(b) for every B € B there exists a D € B such that BG(X \ D);

(c) B is a Lodato prozimity.
Definition 2.19 ([5]). Let X be a set. Suppose that a set M is given
such that J(X) € M C Exp(X), where J(X) is the set of all one-point
subsets of X. Then ¥ = (M,V) is called a supertopology on X (and
the pair (X,X) — a supertopological space), if to every A € M there
corresponds a filter V(A) in X such that the following two conditions are
satisfied:

(ST1) A C U for every A € M and every U € V(A);
(ST2) if U € V(A), then there is such a V € V(A) that U € V(B)
provided that B € M and B C V.
Note that every supertopology ¥ = (M,V) on a set X induces a
topology on the set X whose neighborhood filters are precisely the filters
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{V({z}) | = € X}.
A supertopology ¥ = (M, V) on X is said to be symmetric if it
satisfies the following additional condition:
(STS) If A,B € M and UN B # () for every U € V(A),
then VN A # 0 for every V € V(B).
Definition 2.20 ([3]). We call a symmetric supertopology ¥ = (M, V)
on a set X L-supertopology (and the pair (X,Y) — an L-supertopological
space) if the following conditions are fulfilled:
(LST1) if A€ M and B C A, then B € M;
(LST2) if A, B € M, then AU B € M;
(LST3) if A € M, then there is a U € V(A) such that U € M.

Let (Mx, Vx) be a supertopology on X and (My, Vy) be a super-
topology on Y. A mapping f : X — Y is called supertopological if it
satisfies the following conditions:

(STC1) f(Mx) € My;

(STC2) (W (f(A))) C Vx(A) for every A € M.

Definition 2.21. An L-supertopology ¥ = (M, V) on a set X is called
separated if for every two different points x and y of X there exists a

V € V({z}) such that y ¢ V.

3. The results

For proving our main theorems (Th. 3.8 and Th. 3.9), we need some
statements about local proximity spaces generalizing some well-known
results of the theory of Efremovich proximity spaces.

Notation 3.1 (see [10]). Let F be a family of subsets of a set X. We
put
Fr={ACX | X\A¢gF}

Note that F** = F, and if F is a filter then F C F*.

The next proposition generalizes [10, Th. 6.11].

Proposition 3.2. If F is a bounded cluster in a local prorimity space
(X,6,B) then F* is a bounded end in (X, J,B).

Proof. Following the proof of [10, Th. 6.11], we get that F* is a filter
satisfying condition (E) (see Def. 2.8).

Let us prove that F* is a bounded filter. We have that there exists
an B € FNB. As it follows from Prop. 2.18, there exists an £’ € B such
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that E' < E'. Hence either X \ F € F* or E' € F*. Since E € F, we
get that X \ E ¢ F*. Thus E' € F* and therefore F* is bounded.

We will now show that F* is a d-system. Let B € F* and £ &« B
for every £ € F. Then E§(X \ B) for every E € F. Hence X \ B € F.
This contradiction shows that for every B € F* there exists an £ C X
such that £ < B and X \ E ¢ F*. Further, we know that there exists
an B € F*NB. Let Ae F*. Weset A= ANE'. Then A’ € F*NB.
Hence there exists a C' C X such that C < A’ and X \ C ¢ F*. By
(LP1) (see Def. 2.17), there exists a D € B such that C < D <« A'.
Since F* satisfies condition (E) and X \ C' & F*, we get that D € F*.
From D <« A" C A it follows that D <« A. Therefore F* is a J-system.
Hence, F* is an end. ¢

The following lemma is a generalization of [10, Lemma 6.8].
Lemma 3.3. Let F be a bounded round filter in a local prozimity space
(X,0,B), ABC X and A B. If ANF # for every F € F, then F
1s a subset of some bounded round filter which contains B.
Proof. Let G = {ANF | F € F}and G°={E C X | 3C € G such that
C < E}. We will prove that G° has the required properties. Following
the proof of [10, Lemma 6.8], we get that G° is a filter finer than F and
B € G°. Hence G is a bounded filter. So, we need only to show that G°
is a d-system. Let P € G° and FN A < P for some I € F. Since F is
bounded, there exists a C' € F N B such that C C F. Then ANC <« P.
By condition (LP1) (see Def. 2.17), there exists an R € B such that
ANC < R< P. Thus R € G° and R < P. Hence G° is a d-system. ¢

The next proposition generalizes Th. 2.10 (= [10, Th. 6.9]).
Proposition 3.4. Let F be a bounded filter in a local proximity space
(X,0,B). Then F is a mazimal round filter in the proximity space (X, 0)
iff F is an end in (X,9).
Proof. Let F be a maximal round filter in the proximity space (X, 0).
Let A< B and B ¢ F. By Lemma 3.3, there exists an £ € F such that
ENA=(. Then E C (X \ A). Hence X \ A € F. Thus F is an end.
The proof in the converse direction is the same as that of [10, Th. 6.7]. {

With the next proposition we generalize [10, Cor. 5.18].
Proposition 3.5. If E is a bounded subset of a local proximity space
(X, 9, B) then every cluster o' in the prozimity space (E,dg) is contained
in a unique cluster o in (X,0), and

oc={AC X :AdB, for every B € ¢'}.
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Proof. For every G C X such that £ C G, set
o ={C C G| CHD for every D € o'};
then, obviously, ¢/ C og and thus ¢/ C 0. We will prove that o is a
cluster in (X,6). Indeed, let C1,Cy € 0. By Prop. 2.18, there exists
an By € B such that £ <« F;. Let D € ¢/. Then D C E and thus
D < Ey,ie. D6(X \ E;). Hence D6(C; \ Ey), i = 1,2. Since Cy,C, € o,
and D € o', we have that C;0D, i = 1,2. Then, by (P3), Dé(C; N Ey),
i=1,2. Set C! = C;NEy, i =12 Then C! € op,, i = 1,2. Since
E, € B, §p, is an EF-proximity. Thus, by [10, Cor. 5.18], o, is a cluster
in (Ey,0g,). Therefore C16C% and hence C16Cy. Let FF C X and F§C
for every C' € 0. Since o/ C o we get that F'6C for every C € ¢’ and
thus F € 0. Let F1UF, € 0. Then, for every C € o', CO((FyUF,) \ E}).
Since, for every C € o', Co(Fy U Fy), we get that C6((Fy U Fp) N Ey) for
every C' € ¢'. Hence (Fy U Fy;) N E, € og,. Then, by [10, Cor. 5.18],
FiNEy €op, or FsNE;) € o,. Therefore Fy € 0 or F, € 0. So, 0 is a
cluster. Finally, if oy is a cluster in (X, §) containing ¢’ then, obviously,
o1 C o and thus o1 = 0. ¢
With the next proposition we generalize [10, Th. 5.14].
Proposition 3.6. Let (X, 0, B) be a local proximity space, E € B, A, B C
C E and A6B. Then there exists a cluster o in (X, ) such that A, B € o.
Proof. We have that the restriction dg of § to E is an EF-proximity.
Then, by [10, Th. 5.14], there exists a cluster og of (E,dg) such that
A, B € og. From Prop. 3.5 it follows that there exists a cluster o of X
such that o Co. Then A,B € 0. {
Notation 3.7. Let C; be the category of LC-proximity spaces and SR-
proximally continuous mappings between them, Cy be the category of
separated local proximity spaces and equicontinuous mappings between
them, and C3 be the category of separated L-supertopological spaces and
supertopological mappings between them.
Theorem 3.8. The categories C; and Cy are isomorphic.
Proof. We will construct two covariant functors
FZCl—>Cg andG:Cg—>C1
such that G o F =1ide, and F o G = idg,.
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Step 1. Construction of the functor F' : C; — Cy on the objects of
the category Cy.
Let (X,a) € |Cy] and o = (6, %). Set
B ={BCX|3FeXand3U,V,W € F such that
(2) B CW <V <« U and U satisfies conditions

(LC1), (LC2) of Def. 2.15}.
Now let
F(X,a)=(X,9,B),
where B is the family of all finite unions of the elements of B’. We will
prove that (X, d,B) is a local proximity space. It is obvious that B is
a boundedness. Further, by Def. 2.12, 0 is a separated proximity. We
shall show that condition (LP1) of Def. 2.17 is fulfilled. Let B € B and
B <« D. We can assume w.l.o.g. that B € B’. Then there exist F € X
and U, V,W € F such that B C W <V < U and U satisfies conditions
(LC1), (LC2). It follows that B < V. Thus B < (V N D), i.e. B§(X \
\(VND)). Now the equality X\ (VND) = (X\U)U(U\(VND)) implies
that BO(U \ (V N D)), i.e. B<s,(V N D). Since &y is an EF-proximity,
we get that there exists a C' C U such that B <, C' <, (V N D). So,
Bo(X \U) and BS(U \ C). Then BS((X \U)U(U\C)), i.e. BS(X \ C).
Thus B < C. Analogously, C < (VN D) C D. Hence B« C < D. It
remains to show that C' € B'. By (LC1), there exists a W; C U such that
C <5, Wi <5, V. This implies that C' < W; < V because C < V <«
< U. Set W =W, UW. Then W e€ Fand C CW' <V <« U. Thus
C € B' C B. So, condition (LP1) from Def. 2.17 is fulfilled. For checking
condition (LP2) from the same definition, let AdB. By Prop. 2.13, there
exists an F € ¥ such that for every F' € F, ANF # () and BN F # 0.
Since « is an LC-proximity and F is a round filter, we get that there
exists a C' € BNF. Then CNF € F for every F' € F and thus BNCN
NF # () for every F € F. Hence BNC € B and, by (SR2’), A6(BNC).
Therefore, (X, 4, B) is a local proximity space.
Step 2. Construction of the functor G : Co — C;.
Let (X, 9,B) € |Cy|. Set
5 G(X,0,B) = (X, a), where a = (4,3) and
3) Y ={F €Zema | BNF #0}.
We will prove that « is an LC-proximity. Let x € X and * < A. By
Prop. 2.18(a), {z} € B. Then (LP1) implies that there exists a B €
€ B such that {z} < B < A. Thus 0 is an R-proximity. We will
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prove that « is an SR-proximity. Using Prop. 2.18(c), one can easily
show that condition (SR1) (see Def. 2.12) is fulfilled. We will prove that
condition (SR2’) (see Prop. 2.13) is satisfied; this will imply, according to
Prop. 2.13, that condition (SR2) from Def. 2.12 is fulfilled. Let A, B C X
and there exists an F € ¥ such that FN A # () and F' N B # () for every
F € F. Suppose that A6B, i.e. A < (X \ B). Since the filter F is an
end, we get that either X \ A € F or X \ B € F, a contradiction. So,
AdB. Conversely, let A6B. We will prove that there exists an F € X
such that for every FF € F, FN A # () and F N B # (. By condition
(LP2) (see Def. 2.17), there exist C, D € B such that (AN C)é(B N D).
Set E=CUD, A =ANEFE and B = BN E. Then E € B and thus,
by Prop. 2.18(b), there exists some E; € B such that £ < E;. Now,
condition (LP1) (see Def. 2.17) implies that there exists a P € B such
that F < P < FEj. Since the restriction dg, of 6 to F; is an Efremovich
proximity, Prop. 2.11 yields that there exists an end Fg, in (E4, dg, ) such
that AN F # () and B'NF # () for every F € Fg,. Obviously, A’ <5 P
implies that A’ Lo, P and hence either Fy \ A" € Fg, or P € Fg,. Since
An(EB\A) = (7) we get that P € Fg,. Set Fp = {PNF | F €
€ Fg,}. Obviously, Fp is a filter-base of Fg,. We will prove that Fp
is a filter-base of a round filter in (X,9). Let F' € Fp C Fg,. There
exists a G € Fp, such that G <, I, ie. Gé(E;, \ F). We have that
G C F C P<; E;. Therefore Go(X \ E;). Thus G6((X \ E1)U(E;\ F)),
i.e. G < F. Hence Fp is a filter-base of a round filter F in (X, ) and
Fg, € F. We will prove that F is an end. Let A;, B; C X and 4; < By,
i.e. A10(X \ By). Then (4; N E;)6((X \ B1) N E;). The next three cases
are possible:

1. AyNE; =0. Then E; C (X \ A;). Hence (X \ 4;) € F.

2. (X\Bl)ﬂEl :® Then El gBl SO Bl e F.

3. AlﬂEl 7&@ and (X\Bl)ﬂEl 7é® ObViOUSly, (Al N El)S(El \Bl)
is equivalent to (A; N E1) <5, (B1N E1). Then By \ Ay € Fg, or (B1N
NFEy) € Fg,. Hence (X \ A;) € For B; € F.

In all cases we have that X \ A; € F or B € . Thus F is an
end in (X,d). From E, € F N B, it follows that F € 3. Since Fp is a
filter-base for F and Fp C Fg,, we get that, for every F € F, ANF # ()
and B'NF # (), and hence ANF # () and BN F # (). So, condition
(SR2’) is fulfilled. Therefore, (X, «) is an SR-proximity space.

We will now prove that a is an LC-proximity. Let F € ¥. Then
there exists a U € F N B. Obviously, the restriction dy of § to U is an
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Efremovich proximity. From this and from the definition of > it follows
that o = (9, X)) is an LC-proximity.
Let
(le ﬂla Bl)? (X27 627 B2) S ‘62‘7 and f S C2((X17 617 Bl)? (X27 627 B2))
We will prove that f € Ci(G(Xq, 1, B1), G(Xa, b2, Bs)). For simplicity,
we shall write “<;” instead of “<3,”, 7 =1, 2.
Let F; be a bounded end in (X3, 81, B). Set

) Fr={AC X, |3V € B, such that V<, 4
and VF € Fy, VN f(F) #0}.

We will prove that F, € ¥, and F3 is contained in the filter with the
filter-base f(F1). Indeed, there exists a C' € F; N By; then f(C) € By
and f(C)N f(F) # 0 for every F' € F. Since f(C') <2 Xy, it follows that
X, € Fy. So, Fy # 0. It is obvious that () € F, and that F, is closed
under supersets. Let Ay, Ay € Fy. Then, by (4), there exist V,V, €
€ By such that V; <5 A; and V; N f(F) # () for every F € Fy, i = 1,2.
Now, condition (LP1) (see Def. 2.17) implies that there exist Wi, W €
c Bg such that V; <Ko WZ <9 AZ’, 1= 1, 2. Then W1 N W2 <2 Al N A2 and
Wi N f(F) # 0 for every F' € Fy, i = 1,2. Suppose that there exists an
F(] c fl such that (Wl ﬂWg) ﬂf(F(]) = (Z) Then f(F(]) Q XQ\(Wl ﬁWQ).
Hence (X, \ (W1 NWL)) N f(F) # 0 for every F € Fy, ie. ((Xo\ Wi)U
U (X2 \ Wh)) N f(F) # 0 for every F € F;. From this we get that either
(Xo \ W1) N f(F) # 0 for every F € Fy, or (Xo \ Wo) N f(F) # O for
every F' € Fi. Indeed, suppose that there exist Fi, F5 € F; such that
(Xg\Wl) ﬁf(Fl) = (Z) and (XQ\WQ) ﬁf(Fg) = @; then ' = F1 ﬁFQ c fl
and (X2 \ W)U (Xo\Wa))N f(F) =0, a contradiction. We can assume
w.lo.g. that (Xo \ Wi) N f(F) # 0 for every F € Fy, ie. f(F)\ W, #0
for every F' € F;. We have that V] <, W;. Hence, by (EQ1) (see Def.
2.17), f71 (V1) <4 f~H(Wy). Since Fi is an end, it follows that either X \
\f_l(‘/l) € Fior f_l(Wl) e Fi. It F| = f_l(Wl) € F; then f(Fl) Cc W,
and f(Fl) \ Wl = @, SO f_l(Wl) ¢ ¢ fl. Hence F2 = Xl \ f_l(‘/l) €
€ F1. Then f(Fy) = f(X1)\ V4 € X5\ V5 and thus f(F3) NV =0, a
contradiction. Therefore, Wi N Wy N f(F) # 0 for every F € F;. Hence
A1 N Ay € Fy. Thus F; is a filter.

We will now prove that F3 is a bounded round filter. Let U € F5.
Then there exists a V' € By such that V<, U and V N f(F) # ( for
every I’ € Fy. By condition (LP1) from Def. 2.17, there exists a W € B,
such that V<o W <o U. Then W € FoN By and W <5 U. Thus F; is a
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bounded round filter.

We will prove that F; is contained in the filter with the filter-base
f(F1). Let U € F,. Then there exists a V' € By such that V <, U and
VN f(F) # 0 for every F € Fy. Hence f~1(V) < f~*(U). This implies
that either X; \ f~'(V) € Fy or f~Y(U) € F;. Supposing that that I} =
= X, \ f7YV) € Fi, we obtain that f(F;) NV = (. This contradiction
shows that f~1(U) € F,. Then f(f~1(U)) € f(F1) and f(f~Y(U)) C U.
Thus F is contained in the filter, generated by the filter-base f(F).

Now we will prove that F3 is an end. Let A, B C X, and A <5 B.
There are two possible cases:

1. A € By. Then there exists a C € By such that A <, C <5 B.
Suppose that B ¢ F5. Then there exists an Fy € F; such that C'N
N f(Fy) = 0. Hence f(Fy) € Xo \ C. We can assume w.l.o.g. that
f(Fy) € By Since Xy \ C <2 Xy \ A, we get that f(Fp) <o Xo \ A.
Obviously, f(Fy) N f(F) # 0 for every F € F;. Hence X, \ A € F,. So,
we proved that either B € F, or X, \ A € Fo.

2. A & By. There exists a C € F, N By. Obviously, C N A<y B
and C'N A € By. Then, by the previous case, we get that either B € Fy
or (Xo\ (CNA)) e F,. Let (Xo\ (CNA)) € F, Then (Xy\ (CNA))N
NC =C\AeF,. Since C\ AC X,\ A, it follows that X, \ A € Fo.
So, we proved that either B € F5 or X5\ A € Fo.

Hence F, is a bounded end in (X, B, By) contained in the filter
generated by the filter-base f(F7). So f is an SR-proximally continuous
mapping. Set G(f) = f.

Step 3. Proof of the equality G o F' = ide, on the objects of the
category Cy.

Let (X, a)€|Cy|, where a=(9,%). Then G(F(X,a))=G(X,0,B)=
= (X, ay), where oy = (6,%).

We will prove that ¥ = ¥;. Let F € X. Since « is an LC-proximity,
there exists a U € F such that the restriction dy of § to U is an Efre-
movich proximity and, moreover, if G € ¥¢,q(d) and U € G then G € X.
Since F is a round filter, there exist V., W € F such that W < V < U.
Then, obviously, W € BN JF. Hence F € ¥;. So, > C >;. Conversely,
let G € ¥;. Then G is an end and there exists a B € G N B. We have
that B=|J{B;e B' | i=1,...,n} for some n € w,n > 1 (see (2) for
B'). For every i = 1,...,n, there exist F; € ¥ and W, V;,U; € F; such
that B; C W; < V; <« U; and U; satisfies conditions (LC1) and (LC2)
from Def. 2.15. If there exists an ig € {1,...,n} such that B;, € G, then



232 G. Dimov and E. Tvanova

Ui, € G and hence G € 3. Let now B; ¢ G for every ¢ = 1,...,n. Then
there exists an jo € {1,...,n} such that X \ B;, € G. (Indeed, suppose
that X \ B; € G for every i € {1,...,n}. Then " (X\B;)=X\(U B;) =
i=1 i=1

=X\B € G. Since B € G, we get a contradiction.) The filter G is an
end and B;, < Uj,. Hence either X\ B;, € G or U;, € G. Thus U,, € G
and therefore GeX. So, X1 CX. We have proved that ¥ = ¥.

Step 4. Proof of the equality F' o G = ide, on the objects of the
category Cy.

Let (X,0,B) € |Cy]. Then G(X,6,B) = (X, ), where o = (4, %),
and F(X,a) = (X,0,B;). We have to prove that B = B;. Let B € B
and B # (. By Prop. 2.18(b), there exists a B; € B such that B <
< By. Using (LP1) (see Def. 2.17), we construct by induction a family
{A, | n € w,n > 1} of subsets of X such that B < ... < 4, <
K A1 <€ ... < A <€ By. Obviously, {A,} is a d-system and has the
finite intersection property. Then Prop. 2.9 implies that there exists a
maximal round filter F in (X,0) such that {4, | n € w,n > 1} C F.
Thus By € F,i.e. F is a bounded maximal round filter in (X, ). Hence,
by Prop. 3.4, F is a bounded end in (X,d). Therefore F € ¥. Since
A; C By, we get that A; € B and hence the restriction d4, of § to A; is
an Efremovich proximity. Thus A; satisfies conditions (LC1) and (LC2)
from Def. 2.15. Finally, from B C A3 < Ay < A; we get that B € B;.
Hence B C By. Let now C' € B;. We can assume w.l.o.g. that C' has
the following property: there exist an F € ¥ and Vi, U; € F such that
C <V, < U, C e F and U satisfies conditions (LC1), (LC2) from
Def. 2.15. By (LP1), there exist V, U € B such that C < V < U <« V.
Since C' € F, we get that V.U € F. From U C U, it follows that U
satisfies conditions (LC1), (LC2) from Def. 2.15. Suppose that C' ¢ B.
Then C € Bi\B. Set G ={B CU |Be B \B}and g = {A C
C U | there exists a B € G such that B C A}. We will prove that G’
is a grill in U. Tt is obvious that C € G', ¢ NB =0 and ) ¢ G'. Let
A= A UAy € G. Then there exists a B € G such that B C A; U
UAy. Put B, = A;NB,i=1,2. Then B; € By, i = 1,2. Suppose that
B; ¢ G for i = 1,2. Then By, By € B, so that B; U B, = B € B. This
contradiction shows that either B; € G or By, € G. Then either A; € G’
or Ay € G'. Hence G’ is a grill in U. Then from Lemma 2.4 it follows
that there exists an ultrafilter £ in U such that C € £ and £ C G'. Set
o ={ACU | A0B for every B € L}. Then, by Th. 2.6, 0 is a cluster
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in (U,dy), LCoand C € 0. Set o/ ={A C X | Ad0B for every B € o}.
Then Prop. 3.5 implies that ¢’ is a cluster in (X, §). Since C € o' N By,
we get that ¢’ is a bounded cluster in (X,d,8;). Then, by Prop. 3.2,
F=(@)={FECX|X\E¢0d'}isabounded end in (X,d,8;). Let
(X,0q) = G(X,0,By). Then (X,q) = G(F(X,«)). Hence, by Step 3,
a = aj. S0, a; = (6,%). Therefore, an end in (X,¢) is bounded with
respect to By if and only if it is bounded with respect to B. Thus F’ is
a bounded end in (X, 6, B). Since F' C (F')* = o', we get that ¢’ is a
bounded cluster in (X, d, B), i.e. there exists a By € o' N B. Let’s show
that £ N G is a filter-base of £. Indeed, if L € £, then LNC € BiNL
and LNC ¢ B. Hence LNC € G. From LN C C L it follows that
L NG is a filter-base of L. We have that By \ B # () for every B; € G
and for every B C U such that B € B, i.e. BN (X \ B) # 0 for every
B € By, where By ={B € B| BC U}. Then (U\ B) N L # () for every
B € By and for every L € LN G. Since L NG is a filter-base of L, we
get that U \ B € L for every B € By. Now, from C € L it follows that
(U\B)NC € L for every B € By. Since By € o’'NBand L C o C o', we
get that Byd((U \ B) N O), for every B € Byy. We have that C6(X \ V).
Thus (BoNV)o((U\ B)NC), for every B € By. Then (BoNV)§(U \ B),
for every B € By, i.e.
(5) ByNV /<, B for every B € By.
From (BpNV) CV « U and ByNV € B it follows that there exists an
M € By such that (ByNV) < M < U, and then By NV <, M. This
contradicts (5). Hence C' € B. Thus B; C B. Therefore B = B;.

Step 5. Definition of the functor F' on the morphisms of the cate-
gory Cy.

Let (X;, ;) €|Ch], i =(04,%;),i=1,2, and f€Ci((X1, 1), (X2, az)).

We will prove that f € Co(F (X1, 1), F(X2,a0)). Let F(X;, ;) =
= (X;,0;,B;), i = 1,2. From Prop. 2.14 we have that f : (X;,d8;) —
— (X3, d7) is a proximally continuous mapping.

It remains to show that if B € B; then f(B) € By. Let W € B;.
Suppose that f(W) & Bs.

As it follows from the proof of Step 3, for ¢ = 1,2, ¥; coincides with
the set of all bounded ends in the local proximity space (X;, d;, B;).

From Prop. 2.18(b) it follows that there exists a V' € By such that
W<, V. Set
(6) Q= {E € B, | (HF c 21)(33 € BQ)((B <9 E)/\

ANV H e F)(HNV #0)A(BNf(H)#0))))}-
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Note that:

1)if E € Qand E' € By then EU E’ € Q; and

2) if E € Q) then there exists an £’ € Q) such that F <y E'.

From f(W) & B, it follows that f(1V) is not a subset of any element
of Q. Hence, for every E € Q, f(W)\ E # (). Thus

(7) WX\ fH(E)) #0, for every E € (.

Set D' ={X;\ f7YE)| E €Q}. Then

1. D # 0, for every D € D’;

2. if D1, Dy € D' then D;N D, € D/;

3. D' is a d;-system (indeed, let D € D’; then there exists an
E € Q such that D = X; \ f~}(E); there exists an E' € 2 such that
E <3 F'; then f~YE)<; f~'(F'); hence X, \ f7YE) < X1\ f7H(F)
and D' =X, \ fY(F') € D).

From W € B; and W <, V' it follows that for every n € w, n > 1,
there exists a W, € By such that W<, ... <4 W, <1 W, 1<1... <4
< Wi V. Set D" ={W, |n=12,...} and D={D'NnD" | D €
e D'U{X,}, D" € D"U{X,}}. Then, obviously, D’UD” C D, D is a
01-system, its elements are non-empty sets and it is closed under finite
intersections. Hence D is a filter-base. Let F’ be the filter generated by
the filter-base D. Then F’ is a bounded round filter in (X7, d1, By). There
exists a maximal bounded round filter F containing F’. Then Prop. 3.4
implies that F is a bounded end in (X7, d;, By). Hence F € 3;. We have
that D” C F and therefore Wy € F; hence V€ F. Thus VN H # 0,
for every H € F. Since f is an SR-proximally continuous function, there
exists a G € ¥y contained in the filter generated by the filter-base f(F).
The filter G is a bounded end in (X3, ds, B2). Thus there exists an E €
€ GN By and a B € G such that B <5 E. There exists an Hy € F such
that f(Hy) C B; therefore BN f(H) # 0, for every H € F. Hence E € )
and Hy C f~Y(B) C f~Y(F). Thus f7Y(FE) € F. From D' C F' C F it
follows that X\ f~!(E) € F. This contradiction shows that (1) € B,.

Thus f is an equicontinuous mapping. Put F(f) = f.

Step 6. Proof of the equalities F o G = ide, and G o F' = ide, on
the morphisms of the categories C; and Cs.

This follows trivially from the definitions of F' and G on the mor-
phisms.

Hence the categories C; and C, are isomorphic. ¢

Theorem 3.9. The categories Co and C3 are isomorphic.



On some categories arising in the theory of locally compact extensions — 235

Proof. Step 1. Construction of the functor F' : C3 — Cs.

Let (X,X) € |C3] and X = (M, V). Put

F(X,%) = (X, M),

where ¢ is a proximity of X defined as follows: if A, B C X then
(8) A0B iff 3A', B' € M such that A’ C A,
B ' CBand ANV #£0,VVeVB).
Note that if B € M then
©) AdB iff A’ € M such that A’ C A
and VN A #0, for every V € V(B).

Indeed, it is obvious that the right side of (9) implies the left one. Con-
versely, if A0B and V' € V(B) then there exists such a W € V(B) that
V € V(C) provided that C' € M and C' C W. There exist A’ C A, B’ C
C B such that A, B € M and V' N A" # (), for every V' € V(B'). Since
B' € M and B' C B C W, we get that V € V(B’). Hence VN A’ # (.
So, (9) is proved.

We will now show that (X, d, M) is a local proximity space. Obvi-
ously, conditions (LST1) and (LST2) (see Def. 2.20) imply that M is a
boundedness. Let’s prove that d is a basic proximity. As it follows from
condition (STS) (see Def. 2.19), ¢ is a symmetric relation. It is obvious
that (9 A for every A C X, and ASA for every non-empty A C X (indeed,
if A # (0 then set A’ = {z}, where x is some point of A). Let A, B,C C
C X and A6(BUC). Then there exist A, D € M such that A" C A,
D C (BUC)and VN D # 0, for every V€ V(A'). Let D; = DN B
and D, = DN C. Obviously, Dy, Dy € M. Suppose that A5B and AJC.
Then there exist Vi, Va € V(A') such that Vi N Dy = and V5, N Dy = .
Thus we have V =V, NV, € V(A') and V N D = (). This contradiction
shows that either A0B or AdC. Conversely, let A, B,C' C X and either
A0B or ASC. Let, e.g., A0B. Then there exist A’, B’ € M such that
A'CA B CBand BNV #0 for every V € V(A’). Since B C BUC,
we get that A0(B U C'). Hence, A6(B U C) iff either AdB or AéC. So, §
is a basic proximity.

Let’s prove a fact that will be used later:

(10) if B€ M then V € V(B) iff B< V.

Indeed, let V' € V(B). Suppose that B6(X \ V). Then, by (9), there
exists a U C X \ V such that U € M and UNV' # () for every V' €
€ V(B). Then, in particular, UNV # (), a contradiction. Hence B < V.
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Conversely, let B € M and B < V. If V.= X then, clearly, V € V(B).
So, let V2 X. Then X \ V # (). There exists a V' € M such that V' C
C X\ V. Now, B6(X \ V) and (9) imply that there exists a U’ € V(B)
such that U'NV’ = (). As it follows from (LST1) and (LST3) (see Def.
2.20), we can suppose w.l.o.g. that U" € M. The next two cases are
possible:

1. U'N(X\V) =0. Then U" C V. Since V(B) is a filter, it follows
that V € V(B).

2.0U'N(X\V)#0. Set D=U"N(X\V). We have that D € M
and D C (X \ V). Since B < V, there exists a U” € V(B) such that
DNU"=0 (by (9)). Then U =U'"NU" € V(B) and UN (X \V) = 0.
Thus U C V and hence V' € V(B).

So, (10) is established.

Since X is a separated L-supertopology, we get that J is a separated
proximity. It remains to show that (X, dJ, M) satisfies conditions (LP1)
and (LP2) of Def. 2.17. The conditions (LP2) is obviously fulfilled. We
will prove that condition (LP1) takes place. Let B < D and B € B.
Then, by (10), D € V(B). Hence, setting

Vp(B) ={VNnD|VeV(B)},

we get that Vp(B) C V(B). By (LST3), there exists a Uy € Vp(B) N M.
From (ST2) (see Def. 2.19) it follows that there exists a V' € V(B) such
that Uy € V(A) provided that A C V and A € M. By (LST3), we can
suppose that V' € M. Then Uy € V(V). Since V € V(B), (10) implies
that B < V. Suppose that V§(X \ D). Then, by (9), there exists a
D' C (X \ D) such that D" € M and D' NUy # 0. Since Uy € Vp(B), it
follows that Uy = AN D for some A € V(B). Thus D'N(AND) # 0, i.e.
D'N D # (. This contradiction shows that V < D. Thus B < V < D.
Hence, (X, 9, M) is a local proximity space.

Let f : (X1,(M1,V1)) — (Xa,(Ma,Vs)) be a supertopological
mapping. We will prove that f : F(Xy, (M, V) — F(Xs3, (Ma,Vs))
is an equicontinuous mapping. Let F(X;, (M;, V) = (X;, Bi, M,), i =
= 1,2. Obviously, the condition (EQ2) from Def. 2.17 follows from the
condition (STC1) (see Def. 2.19). Let A, B C X; and A B. Then there
exist C, D € M such that (AN C)B1(B N D); thus, by (9),

(11) UN(BND)#0forevery U e Vi(ANC).

Suppose that f(A)B.f(B). Then f(ANC)Bf(B N D). Hence, by (9),
there exists a V € Vo(f(ANC)) such that VN f(BN D) = (). There-
fore f~Y(V)N (B N D) = (. Since f is supertopological, we get that
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f~YV) € Vi(AN ). This contradicts (11). Hence f(A)B2f(B). So
[ F(X1,(My,V)) — F(Xy, (Ms,)Vs)) is an equicontinuous mapping.
We put F(f) = f.
Step 2. Construction of the functor G : Co — Cs.
Let (X,0,B) € |Ca|. Set
G(X,0,B) = (X,(M,V)),

where
(12) M=Band V={V(A)={BCX | A< B} | Ae M}.

We will prove that G(X,d,B) € |C3]. Obviously, condition (ST1) from
Def. 2.19 is satisfied. We will show that condition (ST2) takes place. Let
Ae Mand U € V(A), i.e. A < U. Then condition (LP1) (see Def.
2.17) implies that there exists a C' € B such that A < C < U. Thus
C € V(A). Let BC C. Then B € M and B < U. Hence U € V(B),
for every B C C. So, ¥ = (M, V) is a supertopology. Now we will prove
that ¥ = (M,V) is a symmetric supertopology. Let A, B € M and
UNA=#0, for every U € V(B). Suppose that there exists a V € V(A)
such that VN B = (). Then A5(X \ V) and B C (X \ V). Thus AdB,
ie. (X \ A) € V(B). This contradiction shows that BNV # (), for every
V € V(A). So, ¥ = (M,V) is a symmetric supertopology. Further,
conditions (LST1) and (LST2) (see Def. 2.20) are obviously satisfied.
We will prove that condition (LST3) is also fulfilled. Let A € M and
V e V(A), i.e. A < V. Then condition (LP1) (see Def. 2.17) implies
that there exists a C' € M such that A < C < V. Thus C' € V(A)NM.
Hence, ¥ = (B,V) is an L-supertopology. Obviously, it is separated.
Let f € CQ((Xl, /61, Bl)> (Xg, /62, 82)) We will prove that
[ € C(G(Xu, 1, B1), G(X2, B2, Ba)).

Let B € My = By. Then f(B) € By = M, Hence f(M;) C
C M, Let A € My and V € f'(Va(f(A))). Then there exists a
U € Vg(f(A)) such that V = f~}U). Since f(A)<U, it follows
that f~1(f(A)) <1 f7H(U). Then A<V, ie. V € V;(A). Therefore
FY(Va(f(A))) € Vi(A). Hence, f is a supertopological mapping. We
put G(f) = f.

Step 3. Proof of the equality G o ' = idg,.

Let (X,X) € |C3], where ¥ = (M,V). Then G(F(X,X)) =
= G(X, 5, M) = (X,%), where 31 = (M, V). We have to prove that
V=V,. Let A€ Mand V € V(A). Then, by (10), A < V and thus
V e Vi(A). Conversely, let V€ Vi(A). Then A < V. Thus, by (10),
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V € V(A). Hence V(A) = V,(A), for every A € M. So, G(F(X,)) =
= (X, X).

Step 4. Proof of the equality F' o G = idg,.

Let (X,d,B) € |C3]. Then F(G(X,0,B)) = F(X,%) = (X, 1, B),
where 3 = (B,V). We have to prove that § = §;. Let A< B, i.e.
AS(X \ B). Then C6(X \ B), for every C C A. Hence B € V(C),
for every C' € M such that C' C A. Suppose that Ad;(X \ B). Then
there exist a C; C A and a By C (X \ B) such that B;,C; € M and
C' N By # 0 for every C' € V(C;). We have that B € V(C). Hence
BN By # (). This contradiction shows that A <, B. Conversely, let
A <, B. Then, by (10), B € V(A). This means, however, that A <; B.
Hence (X, 9, B) = (X, 01, B).

Therefore, the categories Co and Cs are isomorphic. ¢

Corollary 3.10 For every (separated) L-supertopology ¥ = (M, V) on a
set X, the induced topology T on X is a (Hausdorff) completely reqular
topology.
Proof. By Th. 3.9, there exists (X,d,B) € |Ca| such that (X,X) =
= G(X,9,B). Hence, by (12), for every z € X, V(z) ={C C X | {z} <
< C}. Obviously, for every A C X, int(x-,)(A) = {z € X | {z} < A}
Therefore, 75 = 7. Now, all follows from [9, 2.1]. ¢
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