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Abstract: Two-sided and one-sided shifts have a main role to extract several
examples in some branches, like ergodic theory. In this note our main aim is
to generalize them (two-sided and one-sided shifts) and compare the results; in
this way we find that if ¢ : I' — I" is one to one, then the the set of all periodic
points of the generalized shift o4 : [[ X — [[ X is dense in [ X.

r r r

E-mail addresses: fatemah@khayam.ut.ac.ir, n.karamikabir@iauh.ac.ir,
fatemeh_33heydari@yahoo.com



188 F. Ayatollah Zadeh Shirazi, N. Karami Kabir and F. Heydari Ardi

Preliminaries

We recall the following definitions from [2]:

The function 7' : (X,B,m) — (X',B,m’) of measure spaces is
called measurable if for each D € B/, T7'(D) € B.The measurable
function 7' : (X,B,m) — (X',B,m’) of probability spaces is called
measure preserving if for each D € B, m(T~'(D)) = m/(D). When
T : (X,B,m) — (X',B,m') is bijective, measure preserving and T—! :
(X', B',m') — (X, B,m) is measure preserving, then T : (X, B,m) —
— (X', B',m’) is called invertible measure preserving. The measure pre-
serving function 7' : (X, B,m) — (X,B,m), with § as a semi-algebra
which generates B, is called

e ergodic if for each A, B € S,

n—1
1 .
lim — T (A)N B) = m(A)m(B
Jim & > m(T ()0 B) = m(Aym (5)
(or equivalently for each D € B, with D = T~*(D) we have m(D) =0V

vm(D) =1);
e weak-mixing if VA, B € S,
n—1
lim =S |m(T~(4) N B) — m(A)ym(B)| = 0;
=0

n—oo M

e strong-mixing if for each A, B € S,
lim m(T7"(A) N B) = m(A)m(B).

In a compact metrisable space X with continuous map 7' : X — X,

for any finite collection {ayq,...,a,} of open covers of X,
\/ Oéiiz{ﬂ UZVZE{]_,,TL}UZEOQ}
1<i<n 1<i<n

If a is an open cover of X, then the entropy of T relative to « is given

by
\/ T (a)
0<i<n-—1

and h(T) := sup h(T, «) is the topological entropy of T. If T : X — X

1
h(T,a) :== lim —111(

n—oo M,

is homeomorphism, a finite open cover a of X is a generator for 7' if

for every bisequence {4, }ncz of members of o, (| T%(A;) contains at
i€Z

most one point of X, in case of existence of a generator for 7', T" is called
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expansive. If T': X — X is expansive and « is a generator for 7', then
MT) = h(T, ).

For definition and properties of product of arbitrary o—algebras
and measure spaces, we refer the interested reader to [1].
Convention. In the following text let I' be a nonempty index set,
¢ :I' — I" be a map, X be a topological space and Bx be the c—algebra
on X generated by open subsets, suppose Y = [[X and 04 : ¥ — YV

r

be such that o4 ((zy)yer) = (Tg(y))yer (‘v’(xy)vep € ];[X) Forn eI let

T ];[X — X be the projection map on 7’s coordinate.

Note: It is evident that for card(X) > 1, o, is onto if and only if ¢
is one to one; o4 is one to one if and only if ¢ is onto; and oy is bijective
if and only if ¢ is bijective.

Lemma 1. Letk € N—{1}, X = {1,..., k} with discrete topology (Bx =
= P(X)), foreachy € I, (X, Bx, m,) be a probability measure space such

that m+(i) = p] >0 (i € {1,...,k}) and (Y,B',m') = [[(X, Bx,m,),
r
then:

(i) o, is measure preserving if and only if ¢ is one to one and
=p (Vyel,VieX).

(i) o4 is invertible measure preserving if and only if ¢ is bijective
and p° = p? (vy €T, Vi € X).

Proof. (i). If ¢ is not one to one and k > 2, then there exist distinct
Y0,71 € I with 1 := ¢(70) = ¢(71). We have

o ({eer € [ X e =20 = 1)) =

vyel’

_ 0;1({(1'7)7@ c llx L, = 1}) —{@er e [[ X 12y =1},

vel’

p;ﬁ(v)

Since

m({(%)VeF e[ X : v =y = 1}) _

verl’

= piyopiyl < pYO = m({(x'y)’yel“ € HX Ty = 1})>
vyer
thus o4 is not measure preserving.
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Now if ¢ is one to one use the fact that for each distinct vy, ..., €
€ I' we have:

m<{(x7)7€p € HX Viedl,...  k}x, = zj}> :p711-~-p;’:
vyer
and

(e T o 1]

~yel’
= m({(xy)vep € HX Vi el .k} wg,) = z]}) =
vel
_ p?l(’n) . 'p?k(%)'

(ii). Use (i).
Corollary 2. Let k € N — {1}, X = {1,...,k} with discrete topol-

ogy (Bx = P(X)), (X,Bx,m) be a probability measure space such that

m(i) =p; >0 (i e{l,...,k}) and (Y,B',m') = [[(X, Bx,m), then:
r
i) oy is measure preserving if and only if ¢ is one to one.
¢

(i) o4 is invertible measure preserving if and only if ¢ is bijective.
Proof. Use Lemma 1.
Theorem 3. In Lemma 1, let ¢ be one to one such that pfm =p] and
o"(y) # v for each i € {1,...,k},v € I''n € N, then o, is ergodic,
strong-mizing, and weak-mixing.
Proof. Ergodicity: Proof is similar to [2, Th. 1.12] in the following
way. Suppose D € B’ and O';l(D) = D. Let € > 0 there exists A in
algebra generated by

{HV’YQHXEP}/M77n€rvfyer_{fyl”fyn}VW:X}

yer T
(thus I' — {y € I'| m,(A) = X} is finite) such that m(DAA) < e. On the
other hand:
|m(D) —m(A)| <m(D—A)+m(A—-D) <e.
Choose n € N so large that {y € I'| 7, (A) # X} N{y € I'| m,(0,"(A)) #
# X} = 0. We have m(Ano;"(A)) = m(A)ym(o,"(A)) = m(A)*> On the
other hand m(DAc;"(A)) = m(o,"(D)Ac,"(A)) = m(o;"(DAA) =
= m(DAA) < e. By DA(ANoy,"(A)) € (DAA) U (DA "(A)), we
have:
m(D — (AN, (A)) <m(DAAN o "(A))) < 2,
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and |m(D) — m(D)?| < |m(D) — m(AN oy (A))] + Im(AN U¢”(A))
—m(D)?| < 2e+|m(A)>*~m(D)? < 4e. Therefore m(D) = 0orm(D) =
and o4 is ergodic.

Strong-mixing: Proof is similar to [2, Th. 1.30].

Weak-mixing: With the above argument o, X o4 is ergodic; by
(2, Th. 1.24], 0,4 is weak-mixing.
Note 4. Let k € N— {1}, X ={1,...,k} and I" be infinite. For n € N

and ay,...,a, € X let p,(ai,....,a,) > 0 be such that:
Z pi(ar) =1,
a1€X
L pn(ah SRR CLn) = Z pn+1(a17 ceey Oy, an—l—l)-
an+1€X
Let

(v,8) = [[(x,P(X))
r
and (Y, B’,m) be such that for different v,...,7, € T,

m<{(xﬁ,)7€p € HX\ Ty, = A1, ... Ty, = an}) = pnlay, ..., a,)
r

(for ay,...,a, € X), then using a similar method described for Lemma 1
we have:

(i) o, is measure preserving if and only if ¢ is one to one.

(ii) o4 is invertible measure preserving if and only if ¢ is bijective.
Theorem 5. In Note 4 let P = [p,]]1<”<k be a stochastic matrizx, i.e.,

for each i,5 € {1,...,k} we have p;; > 0, szt =1, Zptptj =p; >0,
-1 =1

and pp(a, ..., an) = PayParas * * * Pay_1an - If(b is one to one such that for
eachn € N and v € T' we have ¢"(vy) # 7, then the following statements
are equivalent:

® 04 is ergodic,

® 04 is weak-mizing;

® 04 is strong-mixing;

o foreachi,j € {l,... k}, pij = pj.
Proof. If o4 is ergodic, then

pip; = m({(x“/)wéFel;[X : xeZ’})W({(%)werel;[X : :c,\:j}) -
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N-1

= N]_i}yfw% nz:% m((aqﬁ)_"{(:ﬁy)vep € I;IX txy = i}ﬂ
N {(%)wer € HX Y Zj}) =

N-1

= Nl—ig-loo% . m({(:&»wel“ S ];[X P Tgn(n) = i}ﬂ
N {(%)wer € HX Y 2]}) =
T

. 1 o
= Nl—lg-loo N(éijpj + (N - 1)]92(17])) = DiDij,

thus p;; = p;.

For other parts use a similar method, [2, Th. 1.17], and Cor. 2
(since for each 4,5 € {1,...,k}, p;; = pj, then we have the same measure
space).

I
o

Theorem 6. In Note j let P = [p;;li<ij<k be a stochastic matriz, i.e.,
k k
for each i,5 € {1,...,k} we have p;; >0, > piw =1, > iy =p; >0,
=1 t=1

and pp(a, ..., an) = PayParas " * * Pay_1ar - Lf ¢ i one to one with out any
fix point and q > 1 then:

o If 0, is ergodic, then there exists A € 7, with ¢ = min{n € N :
: 9" () =7} if and only if for each X\ € v, ¢ = min{n € N : ¢"(y) = ~}.

o If 0, is strong-mixing, then for each v € I', ¢9(7) # .

o [f oy is weak-mixing, then there exists A€~y with ¢ = min{n €N :
0" () =~} if and only if for each X\ € v, ¢ = min{n € N : ¢"(y) = v}.
Proof. If o, is ergodic, and A €+ is such that ¢ = min{ne N : ¢"(y) =
=~}, then:

Pipj = m({(%)werel;[X LTy = i})m<{(%)verel;[X STy :j}) =

- Nl_i?fooqi]\] z_% m<(0¢)_n{(xv)ver € 1;[X STy = i}ﬂ
N {(l"y)'yef‘ € HX DTy :]}) =
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= NET@QLN z% m({(ft'y)-yel“ € 1;[X P Tgn(n) = Z}ﬂ
N {(%)wer € HX Y Zj}) =
r

= lim —(N(Sij + (q - 1)Np2(7’7])) =

N—+oo gN
_ 52'ij + (q - 1)p2<i7.j> _ 5ijpj + (q - 1)172(37 Z) _
q q
_ pi(0s5 + (¢ — 1)pjs)
q
thus:
qg—1
Dij = qpj — 1 . )
q—1

which leads to the desired result (use Th. 5 too).

Lemma 7. Let X has been occupied with discrete topology and ¢ is one

to one, then the set of all periodic points under o4 are dense in [[ X
r

(x € ];[ X is periodic under o, if there exists n € N such that (o4)"(z) =

= (2)).

Proof. Suppose k > 1, let U be an open neighborhood of (a)er in [ X,
r

there exist distinct 71, ...,7y, € I'such that [[ U, C U, where U, = {a,}
el
for v = v1,...,7 and U, = X otherwise. Without lost of generality we

can suppose [ < n be such that {¢"(v;) : n € Z}s are disjoint sets for
i=1,...,Land {v1,..., 7%} C{d"(1) : 1 <i <1,0 <n <p}. Define:

ve{¢"(m):1<i<1,0<n<p}

or
a
! GteNg(N=7Ave |J {8"(n):nez}
i=1,...,l
by = (’y:qﬁs(’yi),z' =1,..,1,s #0,....,p,s = m(modp+1),0§m§p) ,
ad)m(,\{i) and

(Vt € N ¢'(7) #7)
c ’Y%U {¢" (i) :n € Z}

i=1,...,1
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where ¢ € X is a fix point, then (b,),er is a periodic point under o4 in U.
Theorem 8. Let ¢ be one to one, then the set of all periodic points

under o4 is dense in [[ X.
r
Proof. Use Lemma 7.

Theorem 9. For finite X = {1,...,k} and countable I' we have:
1. Suppose ¢ : I' — T be bijective and for each n € N, v € T,
¢"(7y) # v, moreover there exist vy, ...,v, € I' such that
D={¢'(v):j=1,....ni€Z},
then o4 : [[ X — [[ X is expansive.
r r

2. With the same assumptions as in item 1, if for j = 1,...,n,
{¢"(v;) = i € Z}s are pairwise disjoint, then o4 : [[X — [[X has
r r

topological entropy nlnk.

3. Suppose ¢ : I' — ' be bijective and there exist v1,...,7, € I’
such thatT = {¢'(v;):j=1,...,n,i €Z} and forj =1,...,n, {¢'(7;) :
11 € Z}s are pairwise disjoint, then o4 @ [[ X — [[X has topological

r r

entropy mInk, where
m=|{je{l,....,n}:{d'(v;) : i € Z} is infinite}|.
Proof. 1. o4 : [[ X — [] X is a homeomorphism of compact metrizable
r r

spaces. Without less of generality suppose {¢'(v;) : i € Z} for j =
=1,...,n are pairwise disjoint.

{{(xﬁ,)ﬁ,ep € I_IX::(L,1 =01y, Ty, :in} Sl .., dy € {1,...,/€}}
T

is a generator. Now use [2, Th. 5.22].

2. Use [2, Th. 7.11] and consider the generator introduced in item 1.
Note 10. Let X = {1,...,k}. f ' = N and ¢(n) = n+1 (Vn € N),
then o, is called one-sided shift; in addition if I' = Z and ¢(n) = n + 1
(Vn € Z), then o, is called two-sided shift.

For n,¢ : I' = T, 040, = 0,04 if and only if |X| < 1 or ¢n =
= n¢. Therefore if ' = N or ' = Z and ¢(n) = n+ 1, | X| > 1, then
040, = 0,0, if and only if there exists n € I'U {0} such that n = ¢™.
Questions. With the same assumptions as in Cor. 2 or Note 4, for one
to one ¢:

What is the centralizer of 047

When o, is coalescence?
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