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1. Notation

A = set of real valued additive arithmetical functions

M = set of complex valued multiplicative arithmetical functions
My ={feM| |f(n)] <1 (neN)}

A, = set of g-additive functions

M, = set of q-multiplicative functions

e(x) = e*m®
L* = set of uniformly summable functions (introduced by K.-H.
Indlekofer):

f N — C belongs to L* if
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2. The theorem of Daboussi

H. Daboussi proved that for every irrational a(€ R), uniformly in

feM

(2.1) %Z F(n)e(na) — 0,

n<x

The proof is given in his paper [4] written jointly with H. Delange.
Later Delange extended this result for f € £2, i.e. for those f € M for
which

1
=Y 1) =0().
x
n<x
Indlekofer proved (2.1) for a wider class, namely for f € L£*.
Daboussi deduced his theorem by using the “large sieve inequality”.
The speed of the convergence was treated by H. L. Montgomery and
R.C. Voughan [18]. They proved that the left-hand side of (2.1) is less

than a constant times of
x xlog R

log x + VR

where 2 <r <z, la—Z[ < &£, R<A <4, (r,s) = 1. An immediate
consequence of Daboussi’s theorem is the following:

If v is an irrational number and F' € A, then the sequence

& =&(F) = F(n)+an
is uniformly distributed mod 1, and even the discrepancy
Dn(&(F), ..., & (F))

tends to 0 uniformly as F' runs over the class of additive functions.

Let 7 be the set of those ¢t : N — R for which

sSup |DN(771(F)a7nN(F)| _)07
FeA

where n,(F) = F(n) + t(n).

3. Generalization of Daboussi’s theorem

I observed that (2.1) can be proved by using the Turdn—Kubilius
inequality instead of the large sieve inequality, and this method allows
us to prove wide generalization of (2.1) ([13]).

Theorem 1. Lett : N — R. Let us assume that for every positive K
there exists a finite set Py of primes p1 < ... < pr Such that
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1
(3.1) Ap, =Y —>K,

and for the sequences
ni,j(m) = t(pim) — t(p;m)
the relation

]
e(ni;(m)) =0 (z — o)

m=1

(3.2) B

holds, whenever i # j, i,j € {1,...,R}. Then there exists a sequence
pz (> 0) tending to zero such that

L3 fmettn)

(3.3) sup
femMy

< P

Theorem 2. Lett: N — R, and Pk be as in Th. 1. Assume that n; ;(m)
are uniformly distributed modulo 1 for every i # j, i,7 € {1,..., R}.
Thent € T.

We give a proof of Th. 1. Let ¢, ¢y, co,... be absolute positive
constants, B, By, Bs, . .. be numbers, or functions which can be majorized
by absolute constants. After fixing a K we put Px = P, and

wp(n) = Z L.

pln
pPEP

From the Turan—Kubilius inequality, we get immediately

(3.5) > lwp(n) — Ap| < crz/Ap.

n<x

Let

(3.6) S(x) = S(x, f) =) f(n)e(t(n))

n<x

(3.7) H(z) = H(z,f) =) f(n)e(t(n))wp(n).

n<x

From (3.5) we obtain that
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(3.8) |H(z) — ApS(x)| < cyzy/Ap,
furthermore
(3.9) H(z)=> Y flpm)e(t(pm)).

For (p,m) = 1 we can write f(pm) = f(p)f(m). The contribution of the
pairs p|m on the right-hand side of (3.9) can be majorized by z Y 2,
consequently L

(3.10)
= > fm) Y fp)e(t(pim)) + Biz = Y f(m)Sn + B

p‘*m

Since (a + b)? < 2(a® + b?) for real a,b, by using the Cauchy-inequality,
we get
(3.11)

H@)? <24 | D 1fm)P | | Y 1Sl | p+2Bia® = 20V +2B72°

m<Z m< -z
—P1 —P1

We have U < x. Furthermore,

(3.12) V=" Z Fwi) F(py)e(t(pim) — t(pm)).

mSH Di pj

The contribution of the terms p; = p; on the right-hand side of (3.12) is
R

T

Di

< zAp.

Consequently

(3.13) V<adpt Y 2 clmitm)).
piv;zjep m<m1n<l’z %)

Collecting our inequalities we get
(3.14)

IS@FAR 4y Z S e((tpim) — tpm)|.

1’2
Pi pJEP < 5 o
i#j m<min i'p;
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Let B(z) = sup |S(z, f)]|.
femMy

Since the right-hand side of (3.14) does not depend on f, therefore
(3.14) holds for B(zx) instead of S(x, f). Consequently
x)

(3.15) limsup( ; ) gA—P.

Since P = Pk can be chosen for an arbitrary K, and Ap > K,
therefore (3.15) equals to zero. The theorem is proved. ¢
Remarks. 1. Let t(n) = ayn® + -+ + ayn be a polynomial of n such
that at least one of the coefficients ag, ..., q; is irrational. Then the
conditions of Ths. 1 and 2 hold.

2. If t € 7, then t(n) is uniformly distributed modulo one. The
opposite assertion is not true. Let w(n) be the number of prime divisors
of n. It can be proved in several ways that aw(n) is uniformly distributed
modulo 1 for every irrational a. Then aw(n) = u(n) can not be in 7,
since for F'(n) = —aw(n) € A, P(n) + u(n) = 0 identically.

Th. 1 can be extended to functions of f € L*. See [10].

4. Generalization to g-multiplicative functions

It is clear that e(an) is a g-multiplicative function of module 1.

In a paper written jointly with Indlekofer [11] we proved the fol-
lowing assertion:
Theorem 3. Let f € L*, and g € M, |g(n)| =1 (n € N). Assume that

Zf

n<x

(4.1) lim sup

Then g(n) can be written as g(n) = e(5)h(n) with a suitable ra-
tional number & and with a function h € /\/lq, |h(n)| =1 (n € N) such
that

—_

q—

(4.2) Z Re(1 — h(eq’)) < oc.

j=0 ¢

Il
o

If the Bohr—Fourier spectrum of f is empty, then

=3 Fmgln) — 0

n<x
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for each g € Mg, |g(n)|=1 (n € N).

It is known from a theorem of Kim, that ¢ € A, is uniformly
distributed modulo 1, if and only if either for every k € N there exists
such a j for which

—_

q—

e(kp(cq’)) = 0,

Il
=)

&
or
oo q—1

D> lleled))]? = oo
7=0 c=0
Hence one can deduce that for f € A, the sequence ¢(ng) (n € Ny) is

uniformly distributed modulo 1 for every R, if and only if
oo g—1

> lleled))|]? = oo

j=0 =0
From Th. 3 one gets easily:
Theorem 4. Let p € A, and p(ng®) (n € Ny) be uniformly distributed
modulo 1 for every R € No. Then for each additive functions F(n), the
sequence F(n) + ¢(ng®) (n € Ny) is uniformly distributed modulo 1 for
very R € Ny.

5. The analogue of Daboussi’s theorem for some spe-
cial subsets of integers

Let N}, be the set of the integers the number of the prime powers
of which is k. Let Nj(z) be the size of n < x, n € N. In our paper [11]
we proved
Theorem 5. Let 0 < 6(< 1) be an arbitrary constant, and o be an
wrrational number. Then

lim sup sup f(m = 0.
TS ok <o feM Nk Z

Toglog @ 1 m<zx

meNy,
The proof is similar to the proof of Th. 1. It depends on an impor-
tant assertion due to Dupain, Hall, Tenenbaum [6], namely that

1
SUp s e(ma)| — 0 as z — oo.
<(2-96) Ni(z) ;

lo lo x
08 meN
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6. Some other questions

Let
S(x, o, X,) = Z X, Xp,e(apip2)

pP1,P2<ZT
p1<p2

where pq, p Tun over the set of primes,

mo(z) = Z 1.

p1p2<T
Pr1<p2

Conjecture 1. If « is an irrational number, then

(6.1) max 15z, 0, Xp)| —0 (z— o0).
jepl<1 ()

In [14] I proved a weaker version of Conj. 1, namely
Conditions. Let a be an irrational number for which for all x > x
there exists a rational number %, (a,q) =1, 2310 < q < z'7°, and for
/GZO‘_%; |ﬁ| Sqiz

Here ¢ is an arbitrary small positive number.
Theorem 6. Let 0 > 0, and assume that Cond.s holds for oc. Then (6.1)
holds true.

Huixue Lao [17] strengthened this theorem, proving that (6.1) holds
true if the irrationality measure p(«) of « is finite.

Let R(«) be the set of those positive real numbers p for which

¢" gl > 1

for every ¢ larger than a constant xo = xo(p). It is clear that R(«) is a
halfline. Then the irrationality measure of « is defined as

a)= 1inf u.
p(a) anf

(If R(«) is empty, then pu(a) is defined to be pu(a) = 00.) In our paper
[12] written with K.-H. Indlekofer we proved the following assertion.

Let M, = {m; < my < ... < my} be a set of integers depending
on the parameter x, and let

t

1
v(My) = —
(M,) ;mj

We shall assume that m; < 2°%, where dz — 0 (z — o0). Let P be the
whole set of primes,
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t
X

By) = #(85) = (2 ) = w(v8) = (14 0u(1) 22

mm;
uniformly in j = 1,...,t. Then

H(z) .= #(Ha) = ZBJ'(SE) = (1+0,(1))y(M,

S~—

A
5

\'_/

Let
t

Sala) =37 37 Vi, Xyelmypa),
Jj=1 m;peB;
where |V, | <1 (j=1,...,1), [Xp[ <1 (peP).
Theorem 7. Assume that 6 > 0, Cond.s holds for o.. Assume further-
more that v(M,) — oo (x — 00). Then
o 18Ga)

Ym, Xp H(ZL’)
[Ym; [<1,]1Xp|<1

Theorem 8. Assume that Cond.s holds for . Let p, | 0, 2 < k <
< pgloglogz. Let Py = {n|w(n) =k}, P(n) be the largest prime factor
of n, me(x) = #{n < x|n € Pr}. Let us write every n € Py in the form
n=mp, P(n) =p. Assume thatY,,, X, are defined for allm e N, p € P
which occur in the representation of n = mp, and let |Y,,| <1, |X,| < 1.

= A(x,a) =0 as z — oo.

Let
Sk(z|a) = Z Y Xpe(mpa).
ok
p=P(mp)
Then g
lim max su M:O.

r—002<k<ps(loglog ) v, X, Tk (l’)
Lao noted that Ths. 7 and 8 remain true under the weaker condition
that « is of finite irrationality measure.

7. On the distribution of modulo 1 of the values of
F(n) + ac(n)

In our paper [16] written jointly with J. M. De Koninck we proved
the following assertion.
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Theorem 9. Let o be a positive irrational number such that for each
real number k > 1 there exists a positive constant ¢ = c(k, ) for which
the inequality

C
lladll > =

holds for every positive integer q.
Let h be an integer valued multiplicative function such that h(p) =
= Q(p) for every prime p, and h(p®) = O(p™) for some fized number d
for every prime p and every integer a > 2, where
Q(z) = apx® 4+ ap_ 12" 4+ -+ ag
k>1, a >0, a; € Z.
Then the function t(n) = ah(n) belongs to T .

Remark. The above assertion is true for t(n) = o*(n), t(n) = ¢*(n),
(k=1,2,...).

8. On an analogue of Daboussi’s theorem related to
the set of Gaussian integers

Let Z[i] be the ring of Gaussian integers, Z*[i] = Z[i] \ {0} be the
multiplicative group of nonzero Gaussian integers.

Let x be such an additive character on Z[i], for which (1) =
= e(A), x(i) = e(B), and at least one of A and B is an irrational
number.

Let W be the union of finitely many convex bounded domains in C.
In our paper [1] written jointly with N. L. Bassily and J. M. De Koninck
we proved
Theorem 10. Let Ky be the set g of multiplicative functions on Z*|i]
satisfying |g(a)] <1 (a € Z*[i]). Then

1
lim sup
=00 geiy [TW]

pexW
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