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1. Introduction

By K[X] we denote the ring of all formal power series Y -, cx X"
with coefficients ¢ € K, where K € {R,C} is a field of real or complex
numbers. For a formal power series f(X) = Y 77, ¢ X", where ¢, # 0
for some k € NU {0} (N stands here for the set of all positive integers),
we define

ord f(X) :=min{i e NU{0}: ¢; #0}.
assuming additionally ord(ZfilOX ’) =o00. It is known that the set I' =
{f(X)eK[X]: ord f(X) = 1} with the substitution o as a binary oper-
ation is a group. Moreover, the set Iy ={f(X)=Y7", X" €l ¢; =1}
is a subgroup of I'. A very good reference for this topic is [1].

With every f(X) = >, X" € K[X], we may associate the s-
truncation of f(X) defined by

FEl(x Z X' e K[X], c K[X].
=0
In the set K[ X[ of all s-truncated formal power series f(X) =3 _, ;X"
(K[ X]s may be treated as a set of all polynomials of degree at most s)
we introduce, in a natural way, an addition of truncated formal power
series. It appears that a multiplication and a substitution must be defined
in a specific way that K[X], should be closed under them. Let for
f(X),9(X) € K[X]s,
(f9)(X) := (f9)*(X),
and, in the case when ord g(X) > 1,
(f 0 9)(X) := (f 0 9)"(X).

Then (K[XTJs,+,-) is a ring, the set I'* := {p(X) € [[ Is : ordp(X)

= 1} is a group under substitution and I'j = { f(X)=>,_aXre
el*: ¢ = 1} is a subgroup. To unify notation, from now on by I'*®
and I'{® we will mean I' and I';y.

Definition 1. Let s be a positive integer or s = co. By a one-parameter
group of formal power series we understand every homomorphism of a
group (G, +) into (I'*, 0), i.e. each function ©¢ : G — I'* which satisfies
the equation

(1) @G(tl + tz) = @G(tl) o) @G(t2> for tl,tg €d.

Let Fi(X) = F(t,X) = O¢(t)(X) € I'. In the case when O is
a one-parameter group of formal power series we will also say that the
family (F3(X))iec = (F(t, X))ieq forms a one-parameter group of formal
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power series. From (1) we then obtain, as an equivalent formulation, the
so called translation equation (in the case s = 00)

(2) F(t1+t2,X> :F(thF(tQ,X)) for tl,tg EG,
in a ring of formal power series, and (in the case s < 00),
(3) F<t1+t2,X) :F(tl,F(tQ,X)) mod Xs+1 for tl,tg € G,

in the ring of s-truncated formal power series. Then (2) and (3) may
jointly be written in the form
(4) E1+t2(X) = (El o FtQ)(‘X) for 11,1, € G.
We recall some basic facts about solutions of the translation equa-
tion in K[[X], which will be needed in what follows. For integers k < [,
by |k,l| we denote the set of all integers n with k& < n < [, whereas by
|k, 00| we will mean the set of all n > k. If k > [, then we assume that
|k, 1| = (. Moreover, >, ya0 =0 and [[,.5a; = 1.
Let s be a positive integer or s = oo and let F'(¢t, X) = >, _, e (t) X",
where ¢; : G — K\ {0}, ¢ : G — K for k € |2, s|. Then from (2) we get
o - o !

(5) D alti+0)X" =D alt) (Z cj<t2)xj> .ttty e Gl
k=1 =1 j=1

Analogously, from (3) we obtain

S S S !

(6) > cr(titta)XF=)" cl(t1)<z cj(tg)Xﬂ) mod X°**1, ¢, t,€G.
k=1 I=1

It is known (cf. [3]) that if either

j=1

k=1 =1 n=1
or
S S k S

> (Z le1> => d, X" mod X*,

k=1 =1 n=1
then
(7) dy = a By, [[v? for nell,s],

k=1 ﬂneUn,k Jj=1

where
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k!
- .
[T w!
j=1

As examples of (7) we quote

di = arby,
(8) d2 = a1b2 + agb%,

d3 = Cle3 + QCLlebQ + agb?.
Moreover, for every n > 2, we have (see [3, Cor. 2])

Bﬂn =

n—1 n—k+1
(9) dy=aib,+ Y ap Y By, [] ¥ +adbi.
k=2  un€U,y j=1

Then, from (5) and (6), on account of (8) and (9), by comparing coeffi-
cients we obtain the system of functional equations

(c1(t1 + to) =c1(t1)c(to)

ca(ty +to) =ci(ty)ca(ts) 4 calty)er (ts)?

cs(ty + to) =ci(tr)es(ta) + 2ca(tr)cr(ba)ca(ta) + cs(tr)er (t2)’
cn(ty + tg) = c1(t1)cn(t2)

+cht1 > UHHCJ t9)" +cn(ty)er (t2)™, neld, s|,

\ Un €Up,
for t1,t5 € G. Note that ¢; must be a generalized exponential function.
The main results of our paper are Theorems 3, 4 and 5. In Th. 4
we state for a solution F(t, X )ieq, F(t,X) =7, ¢;(t)X" of (4), where
s is a positive integer or s = 0o and (G, +) is an abelian group such that
the generalized exponential function ¢; takes infinitely many values that
there exists a unique S(X) € I'f for which
F(t,X)=(S"0oL,goS)(X) forall teG
holds, the so called standard form of the solution of the translation equa-
tion. Here L,(X) = pX. Th. 4 is based upon Th. 3, where we show the
same representation for solutions F(t, X)wex, F(t,X) = >0 ci(t) X"
of (2) with regular (C'* or entire) coefficient functions, under the as-
sumption ¢; # 1. Th. 5 deals with the situation where F(t, X);cq is
a finite one-parameter group of formal power series (then clearly im ¢
is also finite). We obtain here the standard form for F'(¢, X);cq, too.
Our method of proof uses certain semicanonical forms of formal power
series with respect to conjugation, when the multiplier of the series is
a (complex) root of 1.

(10)
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In the following we use the standard notation
oo

aFtX ch X1

and, in the case when G = K and the coefficient functions are differen-
tiable, AF (. X -
(aié) = (X"

For G = K the following thegrelm describes the general regular
solution of the translation equation (2) in the ring of formal power series,
which means that the coefficient functions are analytic when K = C, or
C*, when K = R.

Theorem 1 (cf. [10]). (i) If a family (F(t, X))iex is a reqular one-pa-
rameter group of formal power series, then there exists a formal power
series H(X) € K[ X] such that

OF(t, X)
(11) — = HWFEX)) fortek,

(ii) For each formal power series H(X) € K[X] with ord H > 1,
the family (F(t, X))iex defined by (11) is a reqular one-parameter group
of formal power series.

(iii) The series H is uniquely determined by (F(t,X))ex. It is
given by the formula H(X) := OF( tX \t 0. In particular, ord H > 1.
Remark 1. Condition (iii) estabhshes a 1 — 1-correspondence between
regular one-parameter groups and formal series H with ord H > 1.

The general solution of the system of equations (2) under some
assumptions on ¢; is described in the following

Theorem 2 (cf. [5, Th. 6]). Let s be a positive integer or s = oo.
Assume that (G,+) is an abelian group which admits a generalized ex-
ponential function from G into K\ {0} with infinite image. Then there
exists a sequence of polynomials (P,)n>2 defined by

PQ(X):O7 RQ(X;)\Q) :)\QX_)\Q

Pn(X,AQ, )\n—l)
> Bﬂn/ k2 Ri(t: Mg, ..., A\j))" dt.

= E — 1)\
k=2 Un €U,k

Ro(X: g, i) = (XM= 1) + Pn(X, A2y Ant),s

n— k+1

\
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such that for every solution (c,)nej1,s| of the system of functional equa-
tions (10) (that is for every solution F(t, X)sec, F(t, X) = > 1_; cx(t) X*
of the translation equation (4)) with a generalized exponential function ¢,
taking infinitely many values, there exists a unique sequence of constants
(An)nepa,s| such that

(12)

Cn(t) = A1) —e1(t) + c1(t) Pu(er(t); Mgy oo, A1), t € Gom € ]2, 5.
Conversely, for every exponential function c¢; and for each sequence
(An)neja,s), the sequence (cy)ne2s defined by (12) is a solution of the
system (10).

2. The standard form of the general regular solution
of the translation equation with ¢; # 1

Now we will give, using simultaneous conjugation, another form
of the solution (F'(t,z));ex of the translation equation in a ring of for-
mal power series, which is familiar for representations of solutions of the
translation equation satisfying some regularity conditions (cf. [7] and [8]).
Theorem 3. Let (F(t, X))ex, F(t, X)=> 1o () X", c1 : K—K\{0},
cx : K — K fork > 2, be a reqular solution of the translation equation (2)
with an exponential function ¢; # 1. Then there exists a unique formal
power series S(X) = X + Y 77, v, X € Ty such that

Ft,X)=8S"(c.(t)S(X)) fortcK.
Conversely, for every generalized exponential function c¢;: K—K\{0}
and for an arbitrary S(X) = X+>_ o, vp X" €1, the function F(t, X) =
= S (c1(t)S(X)) is a solution of the translation equation (2).
Proof. Let F(t,X) = >;2, cx(t)X" be a regular solution of the trans-
lation equation (2) with an exponential function ¢; # 1. Then, in virtue
of Th. 1, there exists a formal power series H(X) € I" such that

OF(t, X
% — H(F(t,X)) for teK,
and H is given by the formula H(X) = aFggX) li=o. Let A; # 0 and put

H(X) = Al (X + 220:2(1{: - ]')/\k;Xk) Then Cl(t) = 6)‘1t for t c K
First, suppose that there is a formal power series S(X) = X +
+ ZZOZQ Uka € I'y such that

(13) S(F(t, X)) =eMS(X) for teK.
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Differentiating (13) with respect to t we get

ds 0
— - —F(t, X) = \eMS(X).
X |y O
Put t = 0. Then, since F'(0,X) =X and H(X) = ath’X) |lt=0, we obtain

ds
14 .
(14) e
from which we get
(1 +) k:kak‘1> A (X +Y (k- 1))\ka> =\ (X +) Uka> ,
k=2 k=2 k=2
or, which is the same,

(15) (1 +) (k+ 1)vk+1Xk> (1 +) k:/\kHXk) =14 v X,
k=1

H(X) = M\S(X)

k=1 k=1
Equality (15) is equivalent to the system of equations
)\2 + 2’02 = V9,
2A3 + 2099 + 3vg = v3,
n—1
(n—1)\, + Z k(n — k)vgApi1—k + no, = v,, n >4,
k=2
from which one can derive
Vo = _)\27
V3 = —)\3 — U2>\2 = —>\3 + )\2,
16) Uk k)
n = —Ap — Ant1— ’ > 4.
(% Z n—1 VpAn+1—k, N =2

This means that a power series S(X) satisfying (13), if it exists, is de-
termined uniquely.

Now, let us take a power series S(X) = X + >, vy X" satisfying
condition (16). Hence also (14) is satisfied. Replace in (14) X by F(t, X).
Then we obtain

as
e . ~H(F(t,X)) = MS(F(t,X))
and, since H(F(t, X)) = 2(t, X), so we get
ds 0
(F'(t, X))o F(t, X) = MS(F(t, X))

ax ot
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or, equivalently, 2S5(F(t,X))=AS(F(t, X)). Put R(t, X)=S(F(t,X)).
Then 5

(17) aR(t,X) = MR(t,X)

with the initial condition R(0, X)=S(X). Since e!S(X) is also a so-
lution of (17) satisfying the same initial condition, from the uniqueness
theorem for systems of the form (17), we obtain S(F' (¢, X))=eM!S(X) for
every t € K. Conversely, let F(t, X)=S5"1(e*!S(X)). This is the standard
form of a solution of the translation equation, and hence satisfies (2). ¢

3. The standard form of the general solution of the
translation equation with infinite im ¢,

Now we are going to generalize the result from the previous section
to the general case (F'(t, X));cq with infinite im¢;. We will show that,
in fact, also the same formulas hold as for the general regular solution.
This will be done jointly for finite and infinite s. By E,, we denote the
set of all roots of 1 of order m in the field K.

We begin with a crucial property of the sequence of polynomials
(P,)n>2 from Th. 2. This property we deduce using regular solutions of
the translation equation (2). To do this, we need
Lemma 1. Let s > 2 be an integer or s = co. For every S(X) = X +
+ > v X® € T5 there exist polynomials oy (va, ..., vx) € Qua, ..., vyl
such that 5 2 S™HX) = X + > 1, ox(v2, ..., vp) X",

Proof. Since I'{ is a group, let S7'(X) = X + Y7 _,04X*. Then
(S710 8)(X) = X, which is equivalent (cf. (8) and (9)) to the system of
equalities

Vg + 09 = O,
V3 + 21)20'2 + o3 = 0,
n—1 n—k+1
ws
vn—i-g o E By, H v;’ +0, =0, n€l4s]
k=2 Un €Uy 1 j=2
from which we get
02 = —Vy =1 02(1)2)7
2 __.
03 — —U3 — 27)20'2 = —v3+ 27}2 =. 0'3(’027’U3),

(18)

n—k+1

n—1
Op = —Un—ZO'k Z B, H vy =1 0 (Vs, ..., Un), NE4, 5.
k=2
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Conversely, define for S(X) = X + Y7 _, v X" the polynomials
0n(va, ..., v,) by (18). Then, for S(X) = X + Y7, 0x(va, ..., v5) XF,
we get (8" 0.5)(X) = X. Since I'j is a group, so also (S o 5")(X) = X.
This means that S’ = S~1. ¢

Lemma 2. Let X and Y be independent indeterminates over K. For
every (Ak)r>2 there exists a unique sequence (vy)g>2 such that

(19) YX + Y (M(Y* =Y) + Y P(Y3 Ao, o Miemt) XE=SH(YVS(X)),
k=2

where S(X) = X + > 22, v X*, and conversely, for each (v)k>2 there

exists a unique sequence (A)g>2 satisfying (19).

Proof. Assume that s = oo, (G,+) = (K, +) and let us consider a regu-
lar solution F(t, X) = €' X + > .7, cx(t) X" of (2). From Th. 2 we know
that for every n > 2 we have ¢, (t) = A\, (e™ —e') +e' P, (e Aay o, A1),
and the sequence (A,),>2 determines F(¢, X)) uniquely. On the other
hand, by Th. 3, there exists a unique formal power series S(X) =
= X + > 2, uX* € TP such that F(¢,X) = S™(e'S(X)). Then,
on account of Lemma 1, we obtain

tX+Z (M (e —et) et Py(el; Mgy ooy A1) )X F = F (2, X) = ST (e S(X))

<X+kaXk> —1—201 Vay .o\ 0 ( <X+kaxk>>l

k=2
- etX + Z Qk(et; V2, ... 7Uk)Xk7

for every t € K, where (Qk(X;va,...,vt))k>2 is a sequence of polynomi-
als. This implies
Me(€F — et e Py(el; Ny, oo Moe1) = Qr(els vg, ..., vp,) for k> 2 and teK.
Since €' runs through infinitely many values, we obtain the polynomial
identities

MY =YY+ YP(Y5 ha o de1) = Qr(Yswvg, .. yvp)  for k> 2
with an indeterminant Y. By the meaning of W}, and Q) we get (19).

Conversely, it is known that F(t, X) = S™1(e'S(X)) is a regular

solution of (2) for every S(X) = X+ 77, v, X* € I's°. Then, by Th. 2,
there exists a unique sequence (vy)g>2 satisfying
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STHe!S(X))=F(t,z) = etX—i—Z()\k(ekt—et) + €' Pyle’s Aay oy A1) X,
k=2
and similarly as above we obtain (19). ¢

Corollary 1. Let s > 2 be an integer. For every sequence (Ag)icj2,s|
there exists a unique (Vg)kej2,s| such that

YXAY MY =Y) + Y P(Ys h, o, 1)) X5 = (ST o Ly 0 S) (X)
k=2
and conversely (here Ly (X) =Y X).

Proposition 1. Let s > 2 be an integer or s = oo. Assume that (G, +)
is an abelian group and let ¢y : G — K\ {0} be a generalized exponential
function.

(i) For every sequence (A)keja,s|»

(20)
F(t,X) = a)X+ > e () —en() +ea () Paler(8); As oy Ar)] X

k=1
is a solution of the translation equation (4).
(i) Every solution (20) of the translation equation (4) has a repre-
sentation

(21) F(t,X)=(S"0oL,woS)(X) forteQg,
with some S(X) = X + > ;_, v X" € T5.

(iii) Conwversely, each F(t, X) given by (21) is a solution of (4) and
has a representation (20) with some sequence (Ag)kej2,s|-

(iv) If ¢1 takes infinitely many values, then (20) and (21) yield the
general solution of (4) (with unique sequences (Ap)rej2,s| and (Vi)kej2,s))-
Proof. (i) is just a part of Th. 2. Let F(t,X) = c;(£) X + > 1o cx(t) X*
be a solution of the translation equation (4). Then, by Lemma 2 if s = oo,
and from Cor. 1 for s < oo, replacing Y by ¢(t), we get

F(t, X) =C1 (t>X+Z [/\k(Cl (t)k—cl (t))+01 (t)Pk(Cl (t), )\2, ceey )\k—l)] Xk
k=2
— (Sil e} Lcl(t) e} S) (X)
Further, (21) is a solution of (4), and the representation (20) may be
proved as above in (iii). Finally, (iv) is a consequence of Th. 2, condi-
tions (ii) and (iii), and uniqueness in Th. 2, Lemma 2 and Cor. 1. ¢
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Remark 2. The formal power series S(X) = X + > 7 _, v X* € I'{ such
that F(t,X) = (S o L,y © S) (X), which exists on account of Prop. 1,
need not be unique, because we do not assume that a sequence (A, )nejz,s|
uniquely determines

F(t, X) = Cl(t)X—I—Z [)\k(cl(t)k — Cl<t>> + Cl(t)Pk(Cl(t), /\2, ceey )\k_l)}Xk
k=1
If it is the case, then S(X) is unique (cf. Lemma 2 and Cor. 1).

From Th. 2 and Prop. 1 we obtain the main result of the section.
Theorem 4. Let s > 2 be an integer or s = oo. Let (G,+) be an
abelian group which admits a generalized exponential function from G
into K\ {0} having infinitely many values. Assume that (F(t,X))icc,
Fit,X)=>_1a®)X" c1:G—>K\{0}, e : G—K fork €12,s|, is
a solution of the translation equation (4) with a generalized exponential
function ¢y taking infinitely many values. Then there exists a unique
formal power series S(X) = X + > ;_, vp X" € I'{ such that

F(t,X) = (S_loLcl(t)OS) (X) for t € G.
Conversely, for each generalized exponential function ¢; : G — K\ {0}
and for every S(X) = X + Y;_,uX* € T3, the family F(t,X) =
= (87 o Leyy 0 S) (X) is a solution of the translation equation (4).

From Th. 4 we obtain nice formulas for coefficients functions of the
solution of the translation equation (4) in the considered case.
Corollary 2. Let s > 2 be an integer or s = co. The general solution
(F(t,X))ea, F(t, X) =1 at)X*, ¢; : G — K\ {0}, ¢x : G — K for
k € |2,s|, of the translation equation (4) with a generalized exponential
function c; taking infinitely many values is given by

n—1 n—k+1
(22) cn(t) = vales(O)"—c1(t) =Y _ext) Y B, [[v}® for teG,
k=2 Un €Up i j=2

forn €12, s|, where (vi)kepa,s| are arbitrary constants.
Proof. Since for every S(X) = X + 377, v;X7 € T} also S7(X) € T,
we derive from Th. 4 that the general solution F(¢, X) = > ;_, cx(t)X*
of the translation equation (4) with a generalized exponential function ¢,
taking infinitely many values, may be given by the formula

F(t,X) = (SoLewoS™) (X),
where S(X) = X + 3, _, v, X* € T'§ is an arbitrary formal power series.
Thus, substituting S(X) for X, we obtain (F; o S)(X) = S (¢1(¢)X) for
every t € (G, which is equivalent to the equality
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S S k S
> et (X +) lel> = ()X + Y va ()X mod X+
k=1 =2 =2

Thus, using the formulas (9), for every n € |2, s| we obtain (put v; = 1)
n—k+1

n—1
c1(t)vn + Z ci(t) Z By, v+ e (t) = sper(t)”
k=2 Un €Uy =2

from which we get (22). ¢

4. The standard form of the solution of the transla-
tion equation for finite set {F(t, X) : t € G}

We are going to study one-parameter groups of formal power series
F(t,X)eq, Fit,X) =>i_ ax(®) X" ¢ : G - K\ {0}, ¢, : G — K for
k € |2, s|, where s is a positive integer or s = 0o, under the assumption
that the set {F(t,X) : t € G} is finite. Note that then also im¢; must
be finite. We will need some properties of (7). In [3] we considered
a natural isomorphism between the groups (I'°,0) and (Zu, ) = L,
namely ¥ : 7, — '™,

> X
(21, 29,...)(X) = Zk—’TXk-
k=1

Furthermore, in [2] are proved some properties of the group operation
in L!, which are also valid for the group L' . Using the isomorphism W
and these properties one can derive the following lemma.

Lemma 3 (cf. [2, Lemma 2]). Let p, q be integers such that 1 < p < q.
If aj =0 for all j € |2,q| and b; = 0 for all j € |2,p|, then d, given
by (7) are of the form

1) d1 :albl,
2) dn:O fO?” n e |27p|;
3) d, = aib, for me€lp+1,4|,

4) dp = a1b, + a,by for nelg+1,p+q|.

From now on, if it will not be another stated, s > 2 is an integer
or s = co. We begin with

Lemma 4. IfU(X) = X + Y ;_,uX* € I'{ and w; # 0 for some | €
€ |2,s|, then for every n € N, n > 2 we have U™(X) # X. Moreover,
for every m,n € N, m # n we have U™(X) # U™(X).
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Proof. The proof is by induction on n. Let n = 2. Put [ := min{k €
€ 2,s] tup # 0}, Then U(X) = X +w X'+ >, ueX*. Using
Lemma 3 (p = ¢ = | — 1) we obtain that U*(X) = (Uo U)(X) = X +
+ 2u X!+ Y w X* with some uj,,,...,u}, and, since u; # 0, so
U*(X) #X.

Assume now that for some n € |3, s| we have U"1(X) # X, and if

UM X) =X+ Xk,
k=2
then for m := min{k € |2, s| : vy # 0} we have m = [ and v, = (n — 1)y,
(cf. the case n = 2). On account of Lemma 3 we get

U(X) = (U o U)X) = X +nu X'+ > o X*
k=141
with some vy, ,,...,v,. Finally, for m,n € N, m # n, we have

U™X) =X +mu X'+ > wpXF £ X +nu X'+ > wp XF=U"(X),
k=l+1 k=l+1
which finishes the proof. ¢
Lemma 5. Let F(t, X)ieq, F(t,X) => i, a(®) X", ¢1 : G — K\ {0},
ek : G — K fork € |2,s], be a solution of the translation equation (4) (i.e.
0L : G — I, 0L(t)(X) = F(t,X) is a homomorphism) such that the
set {F(t,X):t e G} =0OL(G) is a finite group. Then ker ¢; = ker ©F,.
Proof. Clearly, ker O C kerc;. For the proof by a contradiction let
us suppose that for some ty € kercy, tg # 0, we have Og(t)(X) =
=S e(to)X? = X + >, di X", where d; # 0 for some [ € |2, s|.
Then O (nto)(X) = ((©5(t0))")(X) for every n € N, which jointly with
Lemma 4 means that the image im ©f, is infinite. This contradiction
proves kerc; = ker 0. ¢
Lemma 6. Let F(X) =d; X + Y., _, dp X" € T, where dy € E,, \ {1} is
a primitive root of the order m. Then there exists a formal power series
Ux) = X + > 5 owX" € T5 and a sequence of constante (Opmi1)ie v
such that

(UoFoU ™ )(X)=di X+ 0man X" = N,y(X) €T?,
=1
where r s the greatest positive integer such that rm +1 < s if s < 00
and r = oo otherwise (N, (X) is called semicanonical form of F(X),

cf. 9, 11)).
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Proof. Let F(X) = &1 X + Y ;_,di X" € I'*, where d; € E,, \ {1} is
a primitive root of unit of order m. We find U(z) = X + > ;_, ux X" €
c F‘i and Nm(X) = le + Z;ﬂzl 5lm+1le+1 = le + 22:2 5ka, where
r is the greatest positive integer such that rm 4+ 1 < s if s < oo and
r = oo otherwise, 6 = 0 for k € |2,s| with £ 2 1 mod m, such that
(Uo F)(X) = (N, oU)(X), i.e. the system
( dQ + Uzd% = d1u2,
n—1 n—k+1
d, + Zuk Z By, H d}” + updy = dyu, for n € |3,m|,
k=2

U €U j=1
m—k+2

Ao+ Y we Y By [ 47 + wmgad?™!
k=2

ﬂmw‘»leUm-&-l,k J=1
= diUmi1 + Omy1 if m+1<0s,
n—1 n—k+1
s
Ao+ up > Ba, [[ df +undy =
k=2 Tn€Un j=1
n—k+1

n—1
dlun—i—Z(Sk Z Ba, H u}”%—dn for n € |m+ 2, s
k=2

=2 WU,y j=2

is satisfied with 9, = 0 for k > 2 with £ 2 1 mod m. This is equivalent to
the system of equalities

(23)

( Ug(d% — dl) = —dg,

n—1 n—k+1
up(df —dy) = —d, — Zuk Z Ba, H d?j for n € (3, m|,
k=2 ﬂneUn,k’ .]:1
m m—k+2
Omg1 = Ay + ZUk Z B, 1 H dy if m+1<s,
k=2 U 4+1€Um 41,k Jj=1
n—1
un(df = dy) = 0 = —=dp + > >
k=2 ﬂneUn,k

n—k+1 n—k+1
By, (6k H uy’ — H d}”) for n € |m+2,s|.
=2 j=1

As it is easy to see, we can find a (not unique) solution (ux)rc2.s;
(Otmet1 )iej1,r| (here [ is the greatest integer such that rm 41 < s if s < 0o
and r = oo otherwise) of this system. Indeed, we find

\
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Uo = (d% — dl)_l — dg,
n—1 n—k+1

= (dY —dy)7! —dn—Zuk Z B, H dy’ | forn e [3,m],
=1

k=2 ﬂnEUn’k
m—k+2

Omi1 = dppy1 + Z Uy, Z Bg, ., H d?j’
j=1

. k=2 Um+1€Um+1,k

and we fix w,,,1 arbitrarily. Finally, consider for some n € |m + 2, s| the
equation

n—k+1 n—k+1
Un(d} — dy) — 8, = —d,, +Z > B (5k I v —w ] d}”).

k=2 Un €U, 1 j=2 j=1
Not that the sum > 7~. > unet . Bin <5k [T= i uy’ —u [T/ M )
contains only terms with indices less than n. If n §é 1 mod m, then
0, = 0 and

n—k+1 n—k+1
up = (di—dy) =" | —d, +Z > B, <5k H uf’ — uy, H d“f)

k=2 un€Uy i

Otherwise we fix u, 11 arbitrarily and we find

Im Im—k+2 Im—k+2
6lm+1 - dlm+1 - Z Z Bﬂlm+1 (519 H U/?j — U H d?) .
k=2 Um1€UIm+1,5 Jj=2 j=1

Thus we find U(X) and N,,,(X) satisfying (UoF)(X)=(N,oU)(X). O
Lemma 7. Let Npy(X) = di X + >, Opn X', where dy € B, \ {1}
1S a primitive root of order m, r is the greatest positive integer such that
rm+1<s ifs < oo andr = oo otherwise, Opni1 # 0 for somel € |1,7].
Then, for every p,q € N, p # q, we have N? (X) # N (X).

Proof. Let v :=min{l € |1,7| : djns1 # 0}. Then

Np(X) = di X + 6y XV + Z Srmpr X FHL
k=v+1
We prove by induction on n that

N (X) = diX + ndl 6y X" + Z S XL

k=v+1
with some (0y41)iejp+1,,) Put n = 2. Then, on account of Lemma 3, we

get
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N2(X) = d&3X + (dibymit + Oy dy™ )X 4 N gy
k=v+1

= X + 2010, XD G, XL
k=v+1
Assuming now that for some n > 3 we have

NG (X) = d 4 (1= D] 20,0 X7 37 6 XA
k=v+1
we obtain, on account of Lemma 3,

Nau(X) = (NG o Non)(X)
= &' X+ (A s + (0 — 1)Symprdy 2y ) X

+ > Ot X = X A nd) T 6y XY G XL
k=v+1 k=v+1
Since pd " 6yma1 # qd? " 0yman for every p # g, so NP (X) # N9 (X). ¢

Now we are in a position to prove the main result of this section.
We begin with the simple case when G = E,, for some integer m > 2.
We prove
Proposition 2. A family F(t,X)iep,,, F(t,X) = > ()X, e :
: By — K\ A0}, ¢ : E,, — K for k € |2,s|, is a solution of the
translation equation
(24) F, ., (X)=(F,0F,)(X) for z,2 € Ey,
such that ¢y is a multiplicative function with imc; = E,, if and only if
there exists a power series U(X) € I'§ such that
(25) FAX)=(U"0oLeuolU)(X) forevery z € E,,.

Proof. Clearly, the family (F'(2, X)).cp, defined by (25) is a solution
of the translation equation (24).

Now, let F(t,X)er,., F(t,X)=> i) X", c: E,—K\{0},
¢k B — K for k € |2, 5|, be a solution of (24). Clearly ¢(z), where
Zo = 63«:—7{", is a primitive root of the unit of order m. Then, from Lemma 6,
for F(zp, X) = c1(20) X +> 1 _, ck(20) X* there exists a formal power series
Ux) =X + > ;_,upX* € T'§ such that

(Uo Fyo U™)(X) = c1(20)X + Y O X!
=1
with some (0y,41)1en, where 7 is the greatest integer such that rm+1 < s
if s < 0o and r = oo otherwise. We will show that d;,,,1 = 0 for every
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[ € |1,7]. If not then, on account of Lemma 7, for p,q € N, p # ¢, we
obtain
(Uo FpyoUT)(X) # (Uo Fyy 0 UTH(X),
or, equivalently, (F.,)P(X) # (F,,)%(X). In particular, we have
Fo(X) = Fpni(X) = (F,)"THX) # (Fo)'(X) = Foo(X).
This contradiction proves that d;,.1 = 0 for every [ € |1,r|. Thus we
have
(UoF,yoU™) (X) = ci(z0)X.
Then, for arbitrary E,, 2 z = e mt with 0 <k<m-—1, we have z = zg,

and
(UeF.oU™) (X) = (Ue Fy o UT)(X) = (Uo (Fy)" 0 UT)(X)

= (Uo Fyy o U™ (X) = (e1(20))" X = e1(2)X = e1(2) X = Leyo)(X),
which means that (25) holds. ¢

Theorem 5. Let (G,+) be an abelian group. To each F(t,X)ieq,
Fit,X) = >, ,a®X* ¢ : G - K\ {0}, ¢4 : G = K fork €
€ |2, |, being a solution of the translation equation (4) such that the set
{F(t,X) : t € G} is finite, there exists a power series U(X) € I'{ such
that

(26) Fy(X)=(U"oLepoU)(X) forevery t€G.
Conversely, a family F(t, X )ieq defined by (26) is a solution of the trans-
lation equation (4).

Proof. Assume that F(t, X)ieq, F(t,X) = > a(®)X* ¢ : G —
— K\ {0}, ¢x : G — K for k € |2,s], is a solution of the translation
equation (4) such that the set {F(t,X) : t € G} is finite. We know
that c; is a generalized exponential function, i.e. it is a homomorphism.
Then, for the homomorphism Og : G — I'*, O4(t)(X) = F(t,X), on
account of Lemma 5, kerc; = ker ©g. Thus, by the first isomorphism
theorem (cf. [6, p. 16]), {F(t,X) : t € G} = imBOg = G/ kerOg = G/
/kerc; = im¢; (which means that also im ¢y is finite). So assume that
card{F(t,X) : t € G} = cardim©g = cardimc; =: m with a positive
integer m. This means that imc; = E,, and there exists a canonical
homomorphism x : G — G/kerc; = E,,. Then the homomorphism ©¢
must be of the form ©g = O _ ok, where O : E,, — I'* and & :
: G — E,, are homomorphisms such that Op, (t)(X) = >_;_, & (t) X",
¢ : E,, — E,, is a multiplicative function such that im¢;, = E,,, ¢iok =
=c,and G : B, — K for k € |2, s|. Hence F(t, X) = F(k(t), X), where
F(z,X)=0g, (t)(X).
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If m =1 then clearly ¢; =1, F(t,X) = X for every t € G, so with
every U(X) € T we have (Uo Fo U ) (X)) = (UoU)(X) = X for
t € G. Thus assume that m > 2. Then, from Prop. 2, we get
(UoFoU™)(X) = (UoFxoU ) (X) = ea(s(t)X = c1(t)X = Loy (X)),
which completes the proof.

Remark 3. Note that a power series U(X) = X+ 7 _, u, X*, which de-
termines a particular solution (F'(¢, X));cq of the translation equation (4)
in the case considered here is not unique. This comes from the fact that
the solution (ug)re|2,s| of the system (23) is not unique. Moreover, if a
power series U(X) € I'f determines a solution of the translation equa-
tion (4), then also any power series W (X) € I'{, W(X) = (V o U)(X)
determines the same solution, where V/(X) = X 4+ > v X™ ! with
arbitrary sequence (Vpn1)iej1,,|, where r = oo if s = oo and r is the
greatest integer such that rm + 1 < s provided s is finite. Indeed,

(Uil @) Lcl(t) 9] U)(X) = @G(t)(X> = (Wil ¢} Lcl(t) o} W)(X) for t € G,
then ¢ ()X = (WoU ™) oLypyo(WolU 1))(X), sowithV =Wo
o U™ we have (V7' o L. o V)(X) = ¢(t)X, or, which is the same
V(e (t)X) = c1(t)V(X) for each t € G. Since U(X), W (X) € I'5, so also
V(X) el Put V(X) =X + >, v X" Then we get

at)X +> vt XF = ()X + Y a(tuX",
k=1 k=1
and hence vg(c;(t)F — ¢1(t)) = 0 for t € G and k € |2, s|. Using the fact
that imc; = F,,, we get v, = 0if K Z#1 mod m and vy, is arbitrary
for [ € |1,r]. Thus we have W(X) = (V o U)(X), where V(X) = X +
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