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Abstract� It was observed by several authors that the congruence lattice

ConA and the automorphism group AutA of a unary algebra are not inde


pendent �	� This paper contains some results concerning this interdependence

For example� if A is a cyclic unary algebra� then S�AutA�� the subgroup lat


tice of its automorphism group� is isomorphic to an interval of ConA If

A is subalgebra
simple or subdirect irreducible� then S�AutA� is isomorphic

to a principal ideal of ConA Other results are formulated in terms of �x


points of automorphisms  For instance� we show that� if there exists an

element of A which is not a �xpoint for any nontrival automorphism of A�

then S�AutA� can be embedded as a sublattice in ConA Denote by InvA

the normal subgroup of all automorphisms of A under which all congruences

of A are invariant In general this is quite arbitrary� but we show that for

a unary algebra InvA is either a quaternion group or a subdirect irreducible

Abelian group or it is a subdirect product of such groups If A is cyclic�

then InvA is Hamiltonian We also prove that if ConA is �nite� then so is

AutA
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�� Introduction

Let us denote� as usually by AutA� ConA and by SubA the auto�
morphism group� the congruence lattice and the subalgebra lattice of an
algebra �A���� It is known that in the case of unary algebras SubA and
ConA are not independent �see Remark ��� It was established by several
authors� that in the unary case between AutA and ConA there exists
also an interdependence� For example� W� Lex proved �
�� If �A��� is
a congruence�simple unary algebra �i�e� ConA is a two�element chain��
then AutA is either trivial or it is a cyclic group of prime order� The

aim of this paper is to investigate the connection between ConA and
AutA� This connection is in�uenced by SubA� A dependence between
AutA and Aut�ConA� � the automorphism group of the lattice ConA
is also remarked�

Let �A��� be a unary algebra� We note that the basic set � of
operations can be substituted by the monoid h�i generated by it �using
as a unit the identity mapping of A denoted by �A�� It is easy to check
that this substitution do not change AutA� ConA and SubA� �In view
of this remark� in the rest of the paper we shall assume that � closed
with respect to the composition of operations�� We denote by �A and �A
the least and the greatest element of ConA� by �B the identity mapping
of a subset B � A� ��a� b� stands for the principal congruence of A
corresponding to a� b � A� The subgroup lattice of a group G is denoted
by S�G�� the cyclic subgroup generared by an element g � G by hgi� For
a group F � F � G denotes that F is a subgroup of G� For a � A� �a�
denotes the subalgebra generated by fag� A one element subalgebra is
called a singleton� We note that B � A is a subalgebra of A i� �b� � B
for all b � B� �We denote it by B � A�� SubA is a distributive lattice
containing as � element � and as unit element A� For an a � A and
for a � � ConA the ��congruence class of a is denoted by ��a�� For a
lattice L and a� b � L a � b� the lattice interval �a� b� denotes the set
fx � Lja � x � bg and �a� the principal �lattice� ideal belonging to a�
i�e� the set fx � Ljx � ag�
De�nition ���� For any subalgebra B � A we de�ne a congruence� �B
on A as follows�

advice during the preparation of this paper and Professor W Lex for his hospitality
when the author was a guest of the Informatical Institute of University Clausthal�
Zellerfeld� where the initial ideas of this paper came into light

�The fact that �B is a congruence on A is common knowledge
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�x� y� � �B �� either x� y � B or x � y�

Remark ���� �i� Since for any B�� B� � A we have �B��B�
� �B�

��B�
�

the mapping B 	
� �B� �B � A� is a � �semilattice��homomorphism of
SubA into ConA� If B� �or B�� has at least two elements� then �B�

�
� �B�

� B� � B�� Notice� that in general �B��B�
�� �B�

 �B�
and

�B � �A i� B has at most one element�

�ii� For any B � A� ConB is isomorphic to the principal ideal
��B � of ConA �see �����

Remark ���� �i� It is easy to check that for any a � A and any f �
� AutA we have� f��a�� � �f�a��� If fag is a singleton� then so does
ff�a�g�

�ii� We say that the subalgebra B � A is invariated by the sub�
group F � AutA if for any f � F holds f�B� � B� In fact this is
equivalent to f�B� � B� �f � F � �Indeed� since f���B� � B� �f � F �
we can write B � f�f���B�� � f�B� � B��

Remark ���� For an arbitrary f � AutA and for any F � AutA
we denote by Fixf the set of all �xpoints of f and by FixF the set

�f Fixf jf � F n f�Agg respectively� Fix f and FixF are subalgebras
of A� If f �� �A� then Fixf �� A� FixF is invariated by F � Indeed�
choose x� � Fixf � then f���x��� � ��f�x��� � ��x��� i�e� ��x�� �
� Fixf � � � �� Evidentely Fixf � A implies f � �A� Take now
x � FixF and f � F � then we have h�x� � x for a suitable h � F n
nf�Ag� Since �f���h�f��f�x�� � f�x� and f�� �h�f �� �A� we obtain
f�x� � FixF �

De�nition ��	� �i� �A��� is called cyclic if it is generated by a single
element a � A �i�e� we have �a� � A��

�ii� �A��� is called subalgebra	simple if it has no proper subalgebra
�i�e� has no subalgebra di�erent from itself and from the empty one��

Let us observe that �A��� is subalgebra�simple i� �x� � A� �x �
� A � or equivalently� i� for any a� b � A there is a � � � such that
��a� � b�

�� Embedding the subgroup lattice of AutA in ConA

Proposition ���� Any subgroup F of AutA de�nes a congruence �F
on A as follows


�a� b� � �F �� �f � F such that f�a� � b�
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Proof� It is clear that �F is an equivalence on A� Take now �a� b� � �F
and � � � arbitrary� then by de�nition of �F there exists an f � F
such that f�a� � b� We can write� f���a�� � ��f�a�� � ��b�� thus
���a�� ��b�� � �F � i�e� �F is compatible� �

The congruence �F we shall call the congruence induced by the

group F � AutA� We let �AutA stand for the congruence induced by
the whole AutA�

Proposition ���� For any unary algebra �A��� the mapping � �
� F 	
� �F � F � AutA is a complete join	homomorphism of S�AutA�
into ConA with Ker � � f�Ag�

Proof� We have to prove ��
W

i�I
Fi� �

W

i�I
��Fi�� i�e� �W

i�I

Fi �
W

i�I
�Fi for

an arbitrary index set I �� � and Fi � AutA� Take �x� y� � �W
i�I

Fi � then

f�x� � y� where f � f��f��� � ��fn for some f� � Fi� � f� � Fi�� � � � � fn �
� Fin �i�� i�� � � � � in � I� n � N�� Let us consider the elements y� �
� x� y� � f��y��� � � � � yk � fk�yk���� � � � � y � yn � fn�yn���� Since
�yk��� yk� � �Fik holds for any � � k � n� we obtain �x� y� � �Fi� �
� �Fi� � � � � � �Fin �

W

i�I
�Fi� Conversely� take �x� y� �

W

i�I
�Fi � then there

are z�� z�� � � � � zm � A and i�� � � � � im � I� �m � N� not necessarily
di�erent� such that z� � x� zm � y and such that �zk��� zk� � �Fi

k
� for

all � � k � m� Thus for each � � k � m there exists an automorphism
fk � Fik � such that fk�zk��� � zk holds� Take f � f� � f� � � � � �
� fm �

W

i�I
Fi� Since f�x� � y� we obtain �x� y� � �W

i�I

Fi � Finally� take

F � Ker �� i�e� F � AutA such that �F � �A� Then for all f � F and
all x � A we have f�x� � x� Thus we obtain F � f�Ag� �

Remark ���� For any subgroup F � AutA the restriction �F � S�F �
�

� ��A� �F � of � is obviously a complete join�homomorphism� If the
join�homomorphism �� S�AutA� 
� ��A� �AutA� is a bijective mapping�
then � is a lattice isomorphism� �The statement is true for any h�L� 
�

� L� � where L�� L� are arbitrary lattices and h is a semilattice
homomorphism of �L��� into �L�����

Proposition ���� For any cyclic group hfi � AutA of �nite order�

�hfi is injective�

Proof� Assume ��F�� � ��F�� for F�� F� � hfi� Since any subgroup
of hfi is cyclic� there exists f�� f� � hfi such that F� � hf�i and F� �
� hf�i � let us denote their order by n� and n� respectively� Since
�hf�i � �hf�i� for any x � A there exists kx� lx � N� such that f��x� �



The automorphism group of unary algebras ���

� f lx� �x� and f��x� � fkx� �x�� We obtain� fn�� �x� � fn��lx� �x� � x and

fn�� �x� � fn��kx� �x� � x� �x � A� Thus the order n� of f� divides n�
and the order n� of f� divides n�� We obtain n� � n�� Since a cyclic
group of �nite order contains for any n � N at most one subgroup of
order n� we conclude hf�i � hf�i� �
Lemma ��	� For any a � A and for any f � AutA with the property

that f�a� � �a�� we have ��a� f�a�� � �hfi � ��a��
Proof� First� note that f�a� � �a� implies

��� fk�x� � �a�� �x � �a�� �k � N� f�g�

Indeed� for k � �� f� � �A by de�nition and the statement holds triv�
ially� Assume now that fk�x� � �a�� �x � �a� is true for a k � N� f�g�
Then for each x � �a� there is a �x � � such that �x�a� � fk�x�� We
can write fk���x� � f��x�a�� � �x�f�a�� � �a�� Thus we conclude by
induction� that the statement holds for all k � N� f�g�

Let us prove now the required equality� Since �a� f�a�� � ��a�
holds by assumption and �a� f�a�� � �hfi� we can write ��a� f�a�� �
� �hfi���a�� Take now �x� y� � �hfi���a�� For x � y� �x� y� � ��a� f�a��

holds trivially� so we can assume x �� y� We have x� y � �a� and fk�x� �
� y for a suitable k �Z� k �� �� It is enough to consider the case k � ��
since in the case k � � we can write� x � f ��k��y� with 
k � � �and
y � �a��� Introducing the notations zi � f i�x�� i � f�� � � � � kg� we obtain
zi�� � f�zi�� z� � x and zk � y� According to ��� we have zi � �a��
Thus there are �i � � such that
��� �i�a� � zi� �i � f�� � � � � kg�
Now we can write�
�
� �i�f�a�� � f��i�a�� � f�zi� � zi���

The relations ��� and �
� together imply �zi� zi��� � ��a� f�a��� � �
� i � k 
 �� i�e�� �x� y� � �z�� zk� � ��a� f�a��� Thus we conclude
�hfi � ��a� � ��a� f�a��� �

Corollary ��
� For any f � AutA n f�Ag� Fix f � �a� � A implies

��a� f�a�� � �hfi�
Proof� Since f�a� � a implies �a� � Fixf � i�e� Fix f � A� thus Re�
mark ���� gives that f�a� �� a� We must have f�a� � �a�� otherwise
f�a� � Fixf would imply f�f�a�� � f�a�� Since for x �� �a� we have
f�x� � x� now �x� y� � �hfi and x �� y imply x� y � �a�� i�e� �hfi � ��a��
Hence the statement follows by Lemma ��	� �
Proposition ���� Let F be a nontrivial subgroup of AutA� Then the

following statements hold
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�i� If FixF �� A� then �F � S�F � 
� ConA is an injective join	

homomorphism�

�ii� If Fixf� � Fixf�� for all f�� f� � F n f�Ag� then �F is a

lattice embedding�

�iii� If for all f � F � Fix f is not contained in any proper subalge	

bra di�erent from it� then �� S�F � 
� ��A� �F � is a lattice isomorphism�

�iv� If �� S�F � 
� ��A� �F � is surjective and FixF �� A� then

Fix f� � Fix f�� �f�� f� � F n f�Ag and for any subalgebra B �� A
containing FixF � if B is invariated by an f � F n f�Ag� then we have

B � FixF �

Proof� �i� Assume �F �F�� � �F �F�� for F�� F� � F and take an x ��
�� FixF � By the de�nition of �F� and �F�� for any f� � F�� there exists
an f� � F� such that f��x� � f��x�� i�e�� �f� � f

��
� ��x� � x� Since

f� � f
��
� � F and x �� FixF � we obtain f� � f

��
� � �A� i�e f� � f� � F �

Thus we get F� � F�� Symmetrically we can prove F� � F��
�ii� Since FixF � Fix f � �f � F n f�Ag� we have FixF �� A

�see Remark ����� and �F is an injective join�homomorphism� according
to �i�� Since �F is isotone� we have �F �F� � F�� � �F �F�� ��F �F��
for all F�� F� � F � Thus it is enough to prove �F �F�� � �F �F�� �
� �F �F� � F��� i�e� �F� � �F� � �F��F� � Take now �x� y� � �F� � �F��
x �� y� Then there exist f� � F� n f�Ag and f� � F� n f�Ag such that
f��x� � f��x� � y� Since x �� y implies x �� FixF � �f� � f

��
� ��x� �

� x implies f� � f
��
� � �A� i�e�� f� � f� � F� � F�� Thus we obtain

�x� y� � �F��F� �

�iii� Let us remark �rst� that the assumption of �iii� implies that for
any f � F n f�Ag� Fixf is the same subalgebra� Indeed� let us assume
Fix f� �� Fixf�� f�� f� � F n f�Ag� Then we get Fix f�� Fix f� � A�
according to the assumption of �iii�� We can write�

A � �Fix f� n Fixf�� � �Fix f� � Fix f�� � �Fix f� n Fixf���

and by assumption of �iii� Fix f�nFix f� and Fixf�nFix f� are nonempty�
It is not hard to see that f � f� � f� satis�es Fix f � Fix f� � Fix f��
We obtain Fixf � Fix f� �� A� Fix f �� Fixf� � contradicting the
assumption of �iii�� Applying the above �ii�� we obtain that �F is a
lattice embedding� To prove �iii�� it is enough to show� that for any
� � ��A� �F �� there is an F� � F such that �F� � �� Since �h�Ai � �A�
we can assume � �� �A� We can write� � � f��a� b�j�a� b� � �� a ��
�� bg� Take �a� b� � �� a �� b� then � � �F implies that there exists
an fab � F such that fab�a� � b and a� b �� Fix f � Since we have by
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assumption Fixf � �a� � A� applying Corollary ���� we get ��a� b� �
� ��a� fab�a�� � �hfabi� Thus we can write� � � f�hfabij�a� b� � ��
a �� bg � ��fhfabij�a�b���� a��bg � �F� � where F� � fhfabij�a� b� � ��
a �� bg � F �

�iv� First we prove the second assertion� Let us consider a subal�
gebra B �� A� B � FixF and an f � F n f�Ag arbitrary� since �hfi �
��B � �F � by assumption there is an F� � F such that �F� � �hfi��B�
Take any x �� B� we have �F� �x� � fxg� which means that x � FixF��
Since x �� FixF � we must have F� � f�Ag� i�e�� �hfi� �B � �A� f � F n

n f�Ag� Assume now that B is invariated by an f� � F n f�Ag� Then
�hf�i � �B � �A implies B � Fixf�� Now FixF � B � Fix f� � FixF
implies B � Fixf� � FixF � Concerning the �rst assertion� since B �
� FixF is invariated by any f � F n f�Ag �see Remark ����� we obtain
Fix f� � Fixf� � FixF � �f�� f� � F n f�Ag� �
Proposition ���� If �A��� is a subalgebra	simple unary algebra with a

possible exception of a singleton� or it is the disjoint union of a singleton

and of a subalgebra	simple unary algebra� then for any F � AutA�
�F � S�F � 
� ��A� �F � is a lattice isomorphism�
Proof� We can assume F �� f�Ag� Now it is enough to prove that the
condition of Prop� ���� �iii� holds in each of the above cases� If �A��� is
subalgebra�simple� then Fix f � �� �f � F n f�Ag � thus the condition
of Prop� ���� �iii� holds� If �A��� has only one singleton� let say f�g
�where � � A�� then according to Remark ��
� �i�� we have f��� � � �
i�e� � � Fixf � �f � F n f�Ag� If A is subalgebra�simple except f�g� we
obtain Fixf � f�g� �f � F n f�Ag� If we have A � f�g �B� f�g �B �
� � and B is subalgebra�simple� then the relation Fix f �� B implies
Fix f � B � �� i�e� we get again Fixf � f�g� �f � F n f�Ag� Since in
the both of the above cases f�g is a maximal proper subalgebra of A�
the condition �iii� holds in each of the cases� �
Remark ���� � in general is not an injective mapping� Indeed� Let us
consider A � f�� �� � � � � ng� n � N and � � f�Ag� Then AutA � �n �
the symmetric group of order n� and ConA � PartA � the partition
lattice of the set A� Take for example n � 
� Then PartA contains 	
elements and �� contains � subgroups� thus the mapping �� S����
�

� ConA can not be injective�
Lemma ���� Let B � A be a subalgebra invariated by a subgroup F
of AutA�

�i� If B �� FixF � then F can be embedded as a subgroup in the

automorphism group of the subalgebra B�
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�ii� If A n B �� FixF � then F can be embedded as a subgroup in

the automorphism group of the factor algebra C � A	�B�
�iii�If FixF � B �� A� then S�F � can be embedded as a sublattice

in the congruence lattice of the factor algebra C � A	�B�
Proof� We have f�B� � B� �f � F � according to Remark ��
� �ii��

�i� Since B �� FixF � B is not empty� Let fB denote the restriction
of f to B� Since fB�B� � B� the injectivity of fB implies fB � AutB�
Let us consider the mapping 
�F 
� AutB� 
�f� � fB� It is obvious
that 
 is a group homomorphism� We have� Ker
 � ff � F jfB � �Bg
� i�e� B � Fixf for all f � Ker
� Since we have Fix f � FixF � �f �
� Fnf�Ag and since FixF do not contain B� we conclude Ker
 � f�Ag�
i�e�� 
 is an embedding�

�ii� Since AnB is nonempty� C contains at least two elements� Let
us denote the �B congruence class of an element x � A by x� Then we
have x � fxg if x �� B� and x � B if x � B� For any f � F we de�ne

f� � AutC as follows� f��x� � f�x�� � where x� � x� The function
f� is well�de�ned� since for any x � A nB we have x � fxg and f�x� �

� A n B� thus f��x� � f�x� � ff�x�g� and for any x� � B� we have
f�x�� � B� i�e� f��B� � B� Since f�A nB� � A nB and the restriction
of f to A n B is injective� follows that f� is bijective� On the other

hand for any � � � we can write� f����x�� � f����x��� � f���x��� �

� ��f�x��� � ��f��x�� � where x� � x� Thus f� is an automorphism
of C� It is clear that �f� � f��� � f�� � f

�
� � �f�� f� � F � i�e� the map

�� f 	
� f� is a group homomorphism of F into AutC� � is injective�
Indeed� let us assume f�� �x� � f�� �x�� �x � C� Now for any a �� B we
have f��a� � f��a�� Since by assumption there is an a� � A n B such
that a� �� FixF � the equality �f� � f

��
� ��a�� � a� implies f� � f

��
� � �A

� i�e� f� � f��
�iii� Let us consider again the factor algebra C � A	�B and the

mapping �� f 	
� f� from the proof of �ii�� Since the assumption of �ii�
holds� we have F �� ��F �� For any x � A nB and for any f� � ��F ��
f� �� �C the relation f��x� � x implies f�x� � x� i�e� x � FixF � which
contradicts the assumption of �iii�� Thus we have Fix f� � fBg� for any
f� �� �C� Applying now Prop� ���� �ii�� we obtain that the subgroup
lattice of ��F � can be embedded as a sublattice in ConC� The same is
true for the subgroup lattice of F � �
De�nition ����� Let �A��� be a cyclic unary algebra� Then the union
of all its proper subalgebras we denote by K�A� and we shall call it the
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kernel of the unary algebra A�
Remark ����� �i� For any unary algebra its kernel is its greatest proper
subalgebra� For an a � A� fag is a generator set of �A��� i� a �� K�A��

�ii� K�A� is invariated by all f � AutA� i�e� for any a � A and
f � AutA� f�a� � K�A� �� a � K�A��
Proof� �i� It is trivial�

�ii� Since f��a�� � �f�a��� a � A� we have �a� � A �� �f�a�� �
� A� Now �i� implies that a �� K�A� �� f�a� �� K�A� � which is
equivalent to �ii�� �
Theorem ����� �i� If �A��� is a cyclic unary algebra� then ��
� S�AutA� 
� ��A� �AutA� is an injective join	homomorphism�

�ii� � is a lattice isomorphism i� the restriction of any f � AutA
to K�A� is the identity mapping on K�A��

�iii� S�AutA� is isomorphic to an interval of ConA�
Proof� �i� Since �K�A�� is the greatest proper subalgebra of A� we have
Fix f � �K�A��� f � AutA n f�Ag� Thus Fix�AutA� � �K�A�� �� A�
and the assertion follows by Prop� ���� �i��

�ii� Evidently� we can assume AutA �� f�Ag� If the restriction of
any f � AutA to K�A� is �K�A� � then Fix f � Fix�AutA� � K�A��
�f �� �A� thus � is a lattice isomorphism according to Prop� ���� �iii��
Conversely� assume that � is a surjective mapping� since Fix�AutA� �
� K�A� �� A and since K�A� is invariated by all f � AutA �by Re�
mark ������� applying Prop� ���� �iv� we get Fix�AutA� � K�A��

�iii� Let C denote the factor algebraA	�K�A�� then K�A� � A itself
is a �K�A� congruence class� Since C contains as proper subalgebra only
the one element subalgebra K�A�� it is subalgebra�simple except for a
singleton� Let us observe� that the conditions of Lemma ����� �ii� hold
for K�A� � A and F � AutA� Namely K�A� is invariated by the
whole group AutA �� according to Remark ����� �ii�� and A nK�A� ��
�� Fix�AutA�� Thus AutA is isomorphic to a subgroup G of AutC�
Since ConC is a principal �lter in the lattice ConA� applying Prop� ���
we obtain that S�G� is isomorphic to an interval of ConA� Evidently�
the same is true for S�AutA�� �
Remark ����� If �A��� is a cyclic unary algebra and F � AutA� then
S�F � is isomorphic to an interval of ConA�
Theorem ���	� Let �A��� be a unary algebra and F � AutA� If

FixF �� A� then the following statements hold


�i� S�F � can be embedded as a sublattice in ConA�
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�ii� If there exists an a � AnFixF � such that the cyclic subalgebra

�a� is invariated by all f � F � then S�F � is isomorphic to an interval

of ConA�
Proof� �i� If FixF � �� then Fix f� � Fixf� � �� �f�� f� � F nf�Ag and
now �i� follows from Prop� ���� �ii�� If FixF �� �� then the conditions of
Lemma ����� �iii� hold for the subalgebra B � FixF � � thus S�F � can
be embedded in Con�A	�FixF �� Since the latter lattice is a principal
�lter in ConA� the statement is true�

�ii� By Lemma ����� �i�� F is isomorphic to a subgroup H of
Aut�a�� Applying Th� ���
� �iii� to H �and �a��� we get that S�H�
is isomorphic to an interval of the lattice Con�a�� Since Con�a� is a
principal ideal in ConA �see ����� the proof is completed� �
Corollary ���
� If �A��� is a unary algebra with ConA distributive�

then any F � AutA satisfying FixF �� A is a locally cyclic group�

Proof� Since by Th� ���	� �i� S�F � is isomorphic to a sublattice of
ConA� S�F � is distributive� Now the statement follows applying Ore s
theorem� �
Lemma ����� If �A��� is a subdirectly irreducible unary algebra� then

the following statements are true


�i� Any f � AutA� f �� �A� has at most one �xpoint�

�ii� A has at most two singletons� If A has two singletons� then

AutA has at most two elements and f � AutA� f �� �A� has no �x	

points� If A has exactly one singleton� then it is the only �xpoint for

any f � AutA� f �� �A�
Proof� �i� For any f � AutA� f �� �A� let �Fixf denote the congruence
corresponding to the subalgebra Fixf � We can write evidently �hfi �

� �Fixf � �A� Since for f �� �A� we have �hfi �� �A� the subdirect
irreducibility of �A��� implies �Fixf � �A � i�e� Fix f is either empty
or it is a singleton�

�ii� If fag� fbg� fcg are di�erent singletons in A� then fa� bg and
fa� cg are also subalgebras in A� We have �fa�bg �� �A� �fa�cg �� �A�
but �fa�bg � �fa�cg � �A � which is a contradiction� because of A is
subdirectly irreducible� Assume now that the singletons of A are fag
and fbg only� �a� b � A� a �� b�� By Remark ��
� �i�� for any x� � fa� bg�
f�x�� is also a singleton� thus f�x�� � fa� bg� If a � Fix f for an f �
� AutA n f�Ag� then the injectivity of f implies f�b� � b� i�e� b � Fix f
� contradicting �i�� Thus in this case any f � AutA� f �� �A is without
�xpoints� Since now Fix�AutA� � � � fa� bg� applying Lemma ����� �i�
for F � AutA and B � fa� bg� we obtain that AutA can be embedded
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in the permutation group of the set B� thus it has at most two elements�
If A has only one singleton� say fag� then by Remark ��
� �i� follows
f�a� � a� �f � AutA� Now �i� implies Fixf � fag� for any f � AutAn
n f�Ag� �
Corollary ����� If �A��� is subdirectly irreducible� then the subalgebra

Fix�AutA� has at most one element� If Fix�AutA� is a singleton� then

this is the only singleton in A� We have Fixf� � Fix f� for any f�� f� �
� AutA n f�Ag�

For a set B its cardinality will be denoted by jBj in the rest of the
paper�
Theorem ����� If �A��� is a subdirectly irreducible unary algebra�

then the following assertions are true


�i� �� S�AutA� 
� ConA is a lattice embedding�

�ii� S�AutA� is isomorphic to a principal ideal of ConA�
�iii� If AutA is nontrivial� then it is a subdirectly irreducible p	

group�

�iv� If �a� � A is a subalgebra with at least two elements and �a�
is invariated by AutA� then S�AutA� is isomorphic to an interval of

Con�a��
�v� If AutA �� f�Ag and �� S�AutA� 
� ��A� �AutA� is a lattice

isomorphism� then either �A��� is subalgebra	simple with a possible ex	

ception of a singleton� or it is a disjoint union of a singleton and of a

subalgebra	simple unary algebra�

Proof� If AutA is trivial� then �i�� �ii�� and �iv� hold trivially� Thus we
may assume that AutA �� f�Ag�

�i� It is an immediate consequence of Prop� ���� �ii� and Cor� �����

�ii� Let �� denote the least nonzero congruence �the monolith� of
�A���� Since for any subalgebra B � A with at least two elements we
have �� � �B� we can write� �A � �� � �f�BjB � A� jBj � �g �
� ��fBjB	A�jBj
�g � Thus I � �fBjB � A� jBj � �g is a subalgebra
with at least two elements� It is not hard to see that I is invariated by the
whole AutA� Since� by Cor� ����� Fix�AutA� has at most one element�
the conditions of Lemma ����� �i� hold for B � I and F � AutA� thus
AutA is isomorphic to a subgroup G of Aut I� In the case when I has
just two elements� then the assumption AutA �� f�Ag implies that AutA
and Aut I are both groups of order two� i�e� S�AutA� is a two�element
chain� Since now Con I is also a chain with two elements and it is a
principal ideal of ConA� the assertion �ii� follows trivially� If I contains
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more than two elements� then for any x � I we have either �x� � I or
�x� � fxg� according to the construction of I� Since by Lemma ����� �ii�
I contains at most two singletons� there exists an a � I such that �a� �
� I� i�e� I is a cyclic subalgebra� The kernel K�I� of I has at most
one element� otherwise we get I � K�I� by construction of I � which
is impossible� According to Remark ����� �i� this fact means� that I
is subalgebra�simple with a possible exception of a singleton� Applying
now Prop� ��� we obtain that S�G� is isomorphic to a principal ideal
of the lattice Con I� Since Con I is isomorphic to a principal ideal of
ConA and since S�AutA� �� S�G�� the proof of �ii� is completed�

�iii� Since �A��� is subdirectly irreducible� any principal ideal of
ConA contains the least nonzero element of ConA� According to �ii��
S�AutA� has also a least nonzero element� let say F�� which implies
that AutA is subdirectly irreducible� Evidently F� is a cyclic group of
prime order� let say of order p � N� Since F� � hfi� �f � AutA n f�Ag�
any hfi is a subdirectly irreducible cyclic group� thus its order is pn for
some n � N�

�iv� By Cor� ����� Fix�AutA� has at most one element� Since �a�
has at least two elements� a �� Fix�AutA�� Applying now Th� ���	� �ii�
for F � AutA� we obtain �iv��

�v� By �i� it is clear that �� S�AutA� 
� ��A� �AutA� is a lat�
tice isomorphism i� � is surjective� We can assume jAj � �� By
Cor� ���� Fix�AutA� has at most two elements� hence Fix�AutA� �� A�
Let us consider now the subalgebra I constructed in the proof of �ii�
� which has at least two elements � and denote B � Fix�AutA� � I�
By Cor� ����� we have Fix�AutA� �� B� Even more B is invariated by
the whole AutA �see Remark ��� and the proof of �ii��� Assume that
B �� A� Since � is surjective� applying now Prop� ���� �iv�� we obtain
B � Fix�AutA� � contradiction� Thus we must have B � A� If I � A�
then any proper subalgebra of A has exactly one element� But this is
possible only if� either A is subalgebra�simple with a possible exception
of a singleton� or A is a two�element algebra consisting of two single�
tons� If I �� A� then according to Cor� ����� Fix�AutA� is a one element
subalgebra fag� a � A and fag is the unique singleton of A� Since now
fag � I � A� we have a �� I� By the construction of I �see� �ii��� we
get �x� � I� �x � I� i�e�� I � A n fag is a subalgebra�simple unary
algebra� �
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�� The invariant part of the automorphism group of
a unary algebra

Let us consider �rst an arbitrary algebra �A� F ��
Remark ���� �i� For any f � AutA and � � ConA� the relation f��� �
� f�f�a�� f�b�� � A�j�a� b� � �g is a congruence of �A� F ��

�ii� We have �a� b� � f��� �� �f���a�� f���b�� � �� The equality
f��� � � is equivalent to �a� b� � � �� �f�a�� f�b�� � �� ��a� b� � ��

Proof� �i� It is clear that f��� is an equivalence on A� Since for any
f � AutA the mapping �f� f��A� 
� A�� �f� f��x� y� � �f�x�� f�y��
��x� y� � A�� is an automorphism of �A�� F � and any � � ConA is a
subalgebra of �A�� F �� we obtain that f��� is also a subalgebra of it� i�e�
f��� is a congruence on A�

�ii� Follows by the de�nition of f���� �
De�nition ���� �i� We say that the congruence � � ConA is invariated
by an f � AutA� if the relation f��� � � holds� � � ConA is invariated
by the group F � AutA� if we have f��� � � for all f � F �

�ii� The set of those automorphisms of A under which all � �
� ConA are invariant is denoted by InvA and we call it the invariant

part of AutA�
Lemma ���� Any f � AutA induces a lattice automorphism f of

ConA in the following way
 f��� � f���� � � ConA� The mapping

!�f� � f is a group homomorphism of AutA into Aut�ConA� and

Ker ! � InvA�
Proof� First we check !�f� �f�� � !�f���!�f��� i�e� that f� � f� � f��
�f�� We have �f� �f����� � f��f����� by de�nition� By Remark 
�� �ii�
we can write �a� b� � f��f����� �� �f��� �f��� �a��� f��� �f��� �b��� �
� � �� ��f��� �f��� ��a�� �f��� �f��� ��b�� � � �� ��f��f��

���a�� �f� �
�f�����b�� � � �� �a� b� � �f� �f������ Thus �f� �f����� � f� � f�����

� � ConA� i�e�� f� � f� � f� � f�� It follows that� f � f�� � f � f�� �
� �A � �ConA and symmetrically f�� � f � �ConA� Thus we conclude
that f and f�� are inverses of each other� Since f and f�� are both
isotone mappings� we conclude that f is a lattice automorphism� Since
!� AutA 
� Aut�ConA� satis�es the rule !�f� �f�� � !�f���!�f��� it
is a group homomorphism� Take now f � AutA such that f � �ConA�
This relation is equivalent to f��� � �� �� � ConA� i�e� to f � InvA�
Thus we obtain Ker ! � InvA� �

Corollary ���� �i� InvA is a normal subgroup of AutA�
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�ii� The factor group AutA	 InvA can be embedded in the auto	

morphism group of the congruence lattice of A�
Proof� �i� It is trivial�

�ii� Applying for ! the homomorphism theorem of groups� we get
AutA	 InvA �� !�AutA� � Aut�ConA�� �

We note that � � ConA is invariated by the group F � AutA
i� f��� � �� �f � F � i�e� i� �a� b� � � �� �f�a�� f�b�� � �� �f � F �
Indeed� it is clear that for any f � F we have f��� � � i� �a� b� �
� � �� �f�a�� f�b�� � �� On the other hand if f��� � �� f � F � then
f����� � � implies� � � f�f������ � f����

Now we shall concentrate on some particular properties of InvA
in the case of unary algebras�
Proposition ��	� Let �A��� be a unary algebra� F�G � AutA and

� � ConA� Then the following statements are true


�i� If � is invariated by F � then we have � � �F � �F � ��
�ii� If G � F � then �G is invariated by F �

�iii� If G � F � FixF �� A and �G is invariated by F � then we have

G � F �

Proof� �i� Take �a� b� � � � �F � Then there exist a c � A and an f � F
such that �a� c� � � and f�c� � b� Since � is invariated by f � we have
�f�a�� f�c�� � �� But now from �a� f�a�� � �F and �f�a�� b� � � follows
�a� b� � �F � �� Thus we obtain� � � �F � �F � �� Symmetrically we can
prove �F � � � � � �F �

�ii� If �a� b� � �G then we have g�a� � b for some g � G� Since
G � F � for any f � F there is a g� � G such that g � f � f � g�� so we
obtain that f�b� � f�g�a�� � g��f�a��� i�e� that �f�a�� f�b�� � �G�

�iii� Take a � AnFixF and g � G arbitrary� since �G is invariated
by any f � F � we can write �f�a�� f�g�a��� � �G� Thus for any f � F
there exists a g� � G such that g��f�a�� � f�g�a��� i�e� �f � g���a� � �g �
�f��a�� We obtain �f �g� �f�� �g����a� � a� Now f �g� �f�� �g�� � F
and a �� FixF implies f � g� � f�� � g�� � �A� i�e� f�� � g � f � g� � G�
Thus we conclude G � F � �
Lemma ��
� �i� Any subalgebra B � A with at least two elements is

invariated by the whole InvA�
�ii� If F � InvA� F �� f�Ag� then either every singleton of A is

contained in FixF � or FixF � �� A has exactly two singletons and the

order of F is two�

Proof� �i� We have f��B� � �B� �f � InvA� Since f is injective� for all
x� y � B� x �� y we obtain f�x�� f�y� � B� Thus we conclude f�B� � B�
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for all f � InvA�
�ii� If FixF �� � and there is a singleton fag � A n FixF � then

the subalgebra FixF � fag is invariated by all f � F � according to �i��
Since AnFixF is also invariated by any f � F �see Remark ����� we get
f�a� � a� f � F � which is a contradiction� Thus FixF �� � implies
that all the singletons of A are contained in FixF � Assume now that
FixF � � and A contains at least one singleton� If A has exactly one
singleton� then according to Remark ��
� �i�� it is a common �xpoint
for all f � F � contradicting FixF � �� If A contains 
 di�erent
singletons fag� fbg� fcg� then the fact that the subalgebras fa� bg and
fb� cg are both invariated by F implies f�b� � b� f � F � contradiction�
Thus in the case of our latter assumption A must contain exactly two
singletons� � let us denote them by fag� fbg� a� b � A� Since for any
f � F n f�Ag we have f�a� � b by assumption� we get f��a� � f��a��
�f�� f� � F n f�Ag� But in this case �f� � f

��
� ��a� � a and a �� FixF

implies f� � f� � i�e� F contains only one element di�erent from �A� �
Proposition ���� �i� If Fix�InvA� �� A then InvA is a Hamiltonian

group and S�InvA� is isomorphic to an interval of ConA�
�ii� For any F � InvA� �F is permutable with any congruence

� � ConA�
Proof� �i� Since for any subgroup G � InvA� �G is invariated by InvA�
by Prop� 
�	 �iii� we obtain that any subgroup G of InvA is a normal
subgroup� i�e� that InvA is a Hamiltonian group� We can assume now
that InvA �� f�Ag� If AnFix�InvA� contains an elementA such that �a�
has at least two elements� then the statement follows by Lemma 
�� �i�
and Th� ���	 �ii�� If all the elements of A n Fix�InvA� are singletons�
then according to Lemma 
�� �ii�� we have Fix�InvA� � �� A consists of
exactly two singletons� and the group InvA is of order two� Thus both
S�InvA� and ConA are chains with two elements�

�ii� It follows directly from Prop� 
�	 �i� and from the de�nition of
InvA� �
Corollary ���� If �A��� is a cyclic unary algebra� then InvA is a

Hamiltonian group� If �A��� is subdirectly irreducible� then InvA is

either the quaternion group or it is a subdirectly irreducible Abelian

group�

Proof� In both of these cases we have Fix�InvA� �� A� so Prop� 
�� �i�
applies� If �A��� is subdirectly irreducible� then by Th� ���� �ii� S�InvA�
is isomorphic to a principal ideal of ConA� Since this one contains a
least nonzero element� InvA is also subdirectly irreducible� Now the
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statement follows from the fact� that a subdirectly irreducible Hamilton�
ian group is either the quaternion group or it is a subdirectly irreducible
Abelian group� �

Let us consider again an arbitrary algebra �A� F ��
Lemma ���� If �A� F � is a subdirect product of algebras �Ai� F �� i �
� I� �I �� ��� then InvA is a subdirect product of some subgroups Gi of

InvAi�

Proof� Let i denote the natural projection of A onto Ai �i � I��
For any f � InvA and any i � I we de�ne a mapping fi�Ai 
� Ai

as follows� fi�i�x�� � i�f�x��� x � A� fi is well de�ned� If we
have i�x�� � i�x�� for some x�� x� � A� then �x�� x�� � keri and
f � InvA implies �f�x��� f�x��� � keri� i�e� i�f�x��� � i�f�x����
Let us show that fi is an automorphism of Ai� It is easy to check
that the mapping f�i �Ai 
� Ai� de�ned by f�i �i�x�� � i�f���x�� is
the inverse of fi� Thus fi is bijective� Take now an n�ary operation
p � F and z�� z�� � � � � zn � Ai� Then there are x�� x�� � � � � xn � A
such that z� � i�x��� z� � i�x��� � � � � zn � i�xn�� We can write�
p�fi�z��� � � � � fi�zn�� � p�i�f�x��� � � � i�f�xn��� � i�f�p�x� � � � �
� � � � xn��� � fi�i�p�x�� � � � � xn��� � fi�p�z�� � � � � zn���

We claim fi � InvAi� It is enough to show that for any � �
� ConAi and �a� b� � A�

i � we have �a� b� � � �� �fi�a�� fi�b�� � �� If
� � ConAi� then it is known that ��i ��� � f�u� v� � A�j�i�u�� i�v�� �
� �g is a congruence of A� Take �a� b� � A�

i � then there are some u� v � A
such that i�u� � a and i�v� � b� Now for any f � InvA we have

�a� b� � � �� �u� v� � ��i ��� �� �f�u�� f�v�� � ��i ��� ��

�� �i�f�u��� i�f�v��� � � �� �fi�u�� fi�v�� � ��

Let us consider now for an arbitrary� but �xed i � I the map�
ping �i� InvA 
� InvAi� �i�f� � fi�f � InvA�� We can write�
��i�f � g���i�x�� � i�g�f�x��� � gi�i�f�x��� � gi�fi�i�x��� � �fi �
� gi��i�x�� � ��i�f� � �i�g���i�x��� Since i�A 
� Ai is onto� we
obtain �i�f � g� � �i�f� � �i�g�� �f� g � InvA � i�e� �i is a group
homomorphism� Let us denote the group �i�InvA� by Gi �i � I��
We have InvA	 ker�i �� Gi � InvAi� �i � I and ker�i � ff �
� InvAjfi � �Aig � ff � InvAji�f�x�� � i�x�� �x � Ag � ff �
� InvAj�x� f�x�� � keri� �x � Ag� Since A is a subdirect product of
algebras Ai� i � I� we have

V

i�I
keri � �A� We get� f �

V

i�I
ker�i ��

�� �x� f�x�� �
V

i�I
keri � �A� �x � A� As the latter relation is
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equivalent to f � �A� we conclude�
V

i�I
ker�i � f�Ag� According to this

result InvA is a subdirect product of the groups Gi � InvAi� i � I� �

Corollary ���� If �A� F � �
Q

i�I
Ai is a subdirect product of algebras

�Ai� F �� i � I� then for any f � InvA and for any x � �xi�i�I � A we

have f�x� � �fi�xi��i�I �
Proof� Let us introduce the notation g�x� � �fi�xi��i�I �

Q

i�I
Ai� We

can write i�f�x�� � fi�i�x�� � fi�xi� � i�g�x��� �i � I� Since A is
a subdirect product of algebras Ai� these relations imply f�x� � g�x��
i�e�� f�x� � �fi�xi��i�I � x � A� �
Theorem ����� If �A��� is an arbitrary unary algebra� then InvA
is either the quaternion group� or it is a subdirect irreducible Abelian

group� or it is a subdirect product of some groups of the above type�

These groups can be chosen to be subgroups of the invariant part of the

automorphism groups of some subdirectly irreducible factors of A�
Proof� If �A��� is subdirectly irreducible� then the statement of this
theorem is the same as of the Cor� 
��� If A �

Q

i�I
Ai is a representation

of A as a subdirect product of subdirectly irreducible algebras Ai� then
according to Lemma 
��� there exist Gi � InvAi� i � I� such that InvA
is a subdirect product of these groups Gi� By Cor� 
��� any Gi is either
a subgroup of a quaternion group or of a subdirectly irreducible Abelian
group� Thus any Gi� i � I itself is either a quaternion group or it is a
subdirectly irreducible Abelian group� �
Corollary ����� If �A��� is a unary algebra such that ConA is a rigid

lattice� then AutA is either the quaternion group or it is a subdirectly

irreducible Abelian group� or it is a subdirect product of some groups of

these type�

Proof� Now by Cor� 
�� �ii� AutA � InvA� thus the statement follows
by Th� 
���� �

For unary algebras we can formulate the following
Proposition ����� �i� If ConA is a �nite lattice� then AutA is a �nite

group�

�ii� If �A��� is a semisimple unary algebra� then InvA is an

Abelian group and S�InvA� is isomorphic to an interval of ConA�
Proof� �i� If �A��� is subdirectly irreducible then S�AutA� is �nite
according to Th� ���� and to the assumption� Thus AutA is a �nite
group� If �A��� is subdirectly reducible then it can be represented as a
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�nite subdirect product of some subdirectly irreducible algebras �Ai����
� � i � n �n � N�� Any ConAi� being isomorphic to a principal �lter
of ConA� is a �nite lattice� Since S�InvAi� is isomorphic to a princi�
pal ideal of ConAi� it is �nite too� Thus any InvAi is a �nite group�
which implies according to Th� 
��� that InvA itself is �nite� Since
by Cor� 
�� �ii� AutA	 InvA can be embedded in Aut�ConA� which
is obviously is a group of �nite order� the factor group AutA	 InvA is
�nite� From this the evident result is that the group AutA has �nite
order�

�ii� Since any subdirectly irreducible factor of �A��� is congru�
ence simple� according to �
�� AutAi is either a cyclic group of prime
order� or it is trivial� Evidently the same is true for InvAi� i � I�
Thus InvA � as a subdirect product of Abelian groups � is itself
Abelian� If �A��� is subdirectly irreducible then the second part of the
statement �ii� is obvious� Assume now that A is a subdirect product of
simple unary algebras Ai� i � I and x � �xi�i�I � A is a �xpoint of
an f � InvA� f �� �A� According to Cor� 
���� we have �fi�xi��i�I �
� �xi�i�I � i�e� fi�xi� � xi� �i � I � where xi � Ai� Since any Ai is
congruence simple� AutAi �� f�Aig implies� according to �
�� that Ai is
either subalgebra�simple or it consists of two singletons� But in both
of these cases� according to Lemma ����� we have Fix�AutAi� � ��
Thus fi�xi� � xi� i � I implies fi � �Ai for all i � I� Summariz�
ing� we obtain f � �A� contradicting our assumption� Thus we have
Fix�InvA� � � and now the second part of statement �ii� follows by
Prop� 
�� �i�� �

Proposition ����� If �A��� is a subalgebra	simple unary algebra with

the property that �AutA has at most one complement in any interval of

ConA containing it� then the following statements are equivalent


�i� InvA � AutA

�ii� AutA is a Hamiltonian group�

Proof� According to Cor� 
��� the implication �i� � �ii� is obvious�

�ii� � �i�� We have only to prove f��� � � for all f � AutA
and � � ConA� It is obvious� that for any � � �AutA we have f��� �
� �� f � AutA� Since �A��� is subalgebra�simple� for any � � �AutA�
there exists an G � AutA such that �G � �� Since AutA is Hamil�
tonian� according to Prop� 
�	 �ii�� we have f��G� � �G for any G �
� AutA� Thus f��� � �� Take now a � � ConA arbitrary� We can
write�



The automorphism group of unary algebras ���

f��� � �AutA � f��� � f��AutA� � f�� � �AutA� � � � �AutA�

f���  �AutA � f���  f��AutA� � f��  �AutA� � �  �AutA�

Thus � and f��� are both complements of �AutA in the interval �� �
� �AutA� �  �AutA�� According to our assumptions we obtain f��� � ��
i�e�� f � InvA� �
Corollary ���	� If �A��� is a subalgebra	simple unary algebra and if

�AutA is a standard element of ConA� then InvA � AutA �� AutA
is Hamiltonian�

Proof� It is known� that a standard element of a lattice has at most
one complement in any interval containing it �see for ex� ���� � thus the
conditions of Prop� 
��� hold� �
Corollary ���
� If �A��� is a subalgebra	simple unary algebra with

ConA distributive� then InvA � AutA and AutA is a locally cyclic

group�

Proof� Since Fix�AutA� � �� the second assertion follows from
Cor� ����� Since AutA is Abelian and any element of the distributive
lattice ConA is a standard� applying Cor� 
��	 we get InvA � AutA� �

Problems

�� Find a necessary and su"cient condition for �� S�AutA� 
�

� ��A� �AutA� to be� a� injective� b� lattice isomorphism�
�� Find a necessary and su"cient condition to have� a� Fix�InvA� �� A�
b� InvA Hamiltonian group�

� If jConAj � n�n � N�� �nd an upper bound for jAutAj or jS�AutA�j�
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