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Abstract: Let f : R2 — C be a Lebesgue integrable function on the real plane
R2?, and consider the double trigonometric integral defined by

F(z,y) := //11&2 flu,v)e =+ audy,  (z,y) € R :=R x R.

We give sufficient conditions in terms of certain integral means of f to ensure
that F'(z,y) belong to one of the Zygmund classes Zyg(a, §) or zyg(a, 3) for
some 0 < «, 8 < 2. Our present theorems are the extensions of those proved in
[4] from single to double trigonometric integrals, and they may also be applied
in the case of double Fourier transform. The starting point of our investigation
goes back to the monograph [1] by Boas. We also note that in the recent years
Tikhonov in [7], [8] and Volosivets in [9], [10] dealt with the same problem. In
our auxiliary results we establish interesting interrelations between the order
of magnitude of certain initial integral means and the order of magnitude of
certain tail integral means of a function f € L _(R?). They may be useful in

loc
the investigation of other two-dimensional problems, as well.
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1. Preliminaries

Let g : R — C be a Lebesgue integrable function on the real line
R := (—o00,00), in symbols: g € L'(R). In [4] we defined the trigono-
metric integral G of g as follows

(1.1) G(z) == /Rg(u)emmdu, z € R.

By virtue of the dominated convergence theorem, G(x) is a continuous
function on R.

We recall (see, e.g., [2, Ch.2| or [12, Vol. I, Ch.2, §3|) that G(z)
is said to belong to the Lipschitz class Lip(a) for some o > 0 if for all
r € Rand h € R, := (0,00), we have that

IAG(z;h)| == |G(z + h) — G(x)| < Cah®,

where C,, is a constant. Furthermore, G(z) is said to belong to the little
Lipschitz class lip(«) if
lim A" *AG(xz;h) =0 uniformly in = € R.
h—0
We also recall that a continuous function G(x) is said to belong to

the Zygmund class Zyg(a) for some o > 0 if for all z € R and h € Ry,
we have that

IA2G(2;h)| = |G(x + h) — 2G(z) + G(x — h)| < C,h°,

where C,, is a constant. Furthermore, a continuous function G(z) is said
to belong to the little Zygmund class zyg(«) if

lim h~*A’G(z;h) =0 uniformly in € R.
h—0
Remark 1.1. In the book [12, Vol. I, Ch.2, §3| of Zygmund, the notation
A, is used for Zyg(1) and the notation A, is used for zyg(1).
It is well known (see also in [2, Ch.2] or [12, Vol. I, Ch.2, §3])
that if G € lip(1); in particular, if G € Lip(a) for some o > 1, then

G(z) is a constant function. Furthermore, if G € zyg(2); in particular, if
G € Zyg(a) for some o > 2, then G(z) is a linear function.
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Remark 1.2. We recall (see, e.g., in [12, Vol I, on p. 43]) that a
continuous function G(x) is said to be smooth at some point z € R
if

lim A~ *A%G(z; h) = 0.

h—0
Clearly, zyg(1) is exactly the class of those continuous functions that are
uniformly smooth in x € R.

In our recent paper [4] we proved the following two theorems, where

by the symbol g € L. _(R) we mean that the function g : R — C is

loc
Lebesgue integrable on all bounded intervals.

Theorem 1.3. Let g € L}, (R) and 0 < a < 2. If there exists a constant

loc

C,, such that for all U € R, , we have that
(1.2) Ua_Q/ u?|g(u)|du < C,
|lu|<U

then g € L*(R) and G € Zyg(a), where G(x) is defined in (1.1).

Theorem 1.4. Let g € L (R) and 0 < o < 2. If

loc

lim Ua_Q/ u?|g(u)|du = 0,
|u|<U

U—oo

then g € L'(R) and G € zyg(a).

Remark 1.5. In the special case a = 1, our Theorems 1.3 and 1.4 are
the nonperiodic versions of the corresponding theorems of Zygmund [11]
(see also in [12, Vol I, on p. 320]) in the case of trigonometric series.

Remark 1.6. It is easy to check that condition (1.2) above may be
weakened as follows: If there exist constants C, and 1 > 0 such that
condition (1.2) holds only for all U > 5, then we still have g € L'(R)
and G(x) € Zyg(a). Namely if 0 < U < 7, then we have that

vt [ wlglde< vt [ Jglde<y® [ Jgtwlau = C;,
|u|<U lu|<U Jul<n

So, if (1.2) holds with a constant C, for all U > 5, then it holds with
the constant max{C,, C/} for all U > 0.
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Remark 1.7. Theorems 1.3 and 1.4 are also valid in the case of the
Fourier transform ¢ of a function g € L*(R) defined by

~

1 )
g(x) = E/Rg(u)e_w””du, z € R,

(see, e.g., in [12, Vol. II, on p. 254|) in place of the trigonometric integral
G defined in (1.1).

2. Definitions of double Lipschitz- and Zygmund classes
of continuous functions

Let f : R? — C be a Lebesgue integrable function on the real plane
R?, in symbols: f € L'(R?). Analogously to (1.1), we define the double
trigonometric integral F' of f as follows

(2.1) F(z,y) = / f(u,v)e ™ audy,  (z,y) € R%
R2

By Lebesgue’s dominated convergence theorem, we have that the
function F'(x,y) is continuous on R%. Thus, the marginal function F(-,y)
is continuous in its first variable for every fixed y € R, and the marginal
function F(z,-) is also continuous in its second variable for every fixed
r € R.

We recall that the difference operators A, and A, are defined by

Am,hF(x;y) = F(Z‘ + h7y> - F(xay)7

AypF(z,y) = Flz,y + k) = F(z,y), (r,y) €R* and (h k) € R%.

The iterated applications of these operators are defined in the usual way
as follows

(22) AF(‘Tay; h> k) = Ax,h(Ay,kF(xvy))

= By u(BapF(2,y)) = Ays(F(z + hy) — F(z,y))
=F(x+hy+k)—Fle+hy) — Fle,y+k)+ F(z,y).

Now, we recall (see, e.g., in [5]) that a continuous function F(z,y)
is said to belong to the double (called also multiplicative) Lipschitz class
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Lip(a, B) for some «a, 8 > 0 if for all (z,y) € R* and (h, k) € R?, we have
that
|AF (2, y;h, k)| < Cogh®k”,

where C, 3 is a constant. Furthermore, a function F(z,y) € Lip(«, 3) is
said to belong to the little Lipschitz class lip(«, ) for some a, 8 > 0 if

hllamoh‘“k‘fBAF(x,y;h, k) =0 uniformly in (z,y) € R%
Sk—>

It is routine to check that
(2.3) A’F(x,y;h k) :== A(AF (2, y: h, k); b k)

= F(x+2h,y+ 2k) + F(z + 2h,y) + F(z,y + 2k) + F(x,y)
—2F(x +2h,y + k) —2F(z 4+ h,y + 2k) — 2F(z + h,y)
—2F(z,y+ k) +4F(x + h,y + k).

Next, we recall (see, e.g., in [3]) that a continuous function F(z,y)
belongs to the double (also called multiplicative) Zygmund class Zyg(a, )
for some (a, ) € R? if for all (z,y) € R? and (h, k) € R%, we have that

(2.4) A2F (2,4, )| < Cogh®k?,

where A?F(x,y; h, k) is defined in (2.3) and C, s is a constant. Fur-
thermore, a function F(x,y) € Zyg(a, ) is said to belong to the little
Zygmund class zyg(a, B) if

h1]i€m0 h k™ PA’F(x,y;h,k) =0 uniformly in (z,y) € R
JK—

In the sequel, instead of (2.3) we will use the following equivalent
(symmetric) form:

(2.5) A*F(x —h,y —k; h, k)
=Fla+hy+k)+Fla+hy—k)+Fl@—-hy+k)+Fla—hy—k)
—2F(x + h,y) —2F(x,y + k) — 2F(x — h, k) — 2F (z,y — k) + 4F (x,y).

By (2.2) and (2.5) it is easy to check that for all (z,y) € R? and
(h,k) € R%, we have that
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—AF(z,y — k;h, k) + AF(z — h,y — k; h, k).
Hence it immediately follows that for all (a, §) € Ri, we have that

Zyg(a,B) 2 Lip(a, 8) and  zyg(a, B) 2 lip(a, ).

Analogously to the corresponding one variable classes, in the sequel
we will assume that 0 < o, 5 < 2.

Remark 2.1. Motivated by Remark 1.2, a continuous function F(x,y)
may be called to be smooth at some point (z,y) € R? if

lim A 'k A%F(z,y; h, k) = 0.

h,k—0
Clearly, zyg(1,1) is exactly the class of those continuous functions that
are uniformly smooth in (z,y) € R2.

3. Main results

In a recent paper [4] we proved Theorems 1.3 and 1.4 for trigono-
metric integrals, which are the nonperiodic versions of the classical the-
orems by Zygmund [11] (see also in [12, Vol II, on pp. 320-321|) on the
smoothness of the sum of a trigonometric series. In the present paper,
our goal is to prove analogous theorems for the double trigonometric
integral F(z,y) defined in (2.1).

In the case, where a function f : R?> — C is Lebesgue integrable
on any bounded rectangle of R?, it will be indicated in symbols: f €
L} . (R?). In the sequel, we will also assume that there exists some con-
stant 7 € Ry such that

(3.1) f € LY(R x [=n,n]) U ([-n,n] x R))

Now, our main results are formulated in the following two theorems.

Theorem 3.1. Let f € L .(R?), n € R, and 0 < o, 8 < 2. If conditions
(3.1) and

(3.2) Ue—2yh- 2/ / 202 f (u,v)|dudv < Cy
Ju|<U |U|<V

are satisfied, the latter one for all U,V > n, where C, s is a constant,
then f € L'(R?) and the double trigonometric integral F(z,y) defined
in (2.1) belongs to the class Zyg(«, ).
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Theorem 3.2. Suppose 0 < «, f < 2 and that the conditions in Theorem
3.1 are satisfied. If, in addition, we have that

(3.3) lim U 2VA~ 2/ / 02| f (u, v)|dudv = 0,
UV oo lul<U |v|<V

then the double trigonometric integral F'(z,y) defined in (2.1) belongs to
the class zyg(a, 5).

Remark 3.3. A real-valued function G(U,V) defined for all U,V >
17 may converge to 0 as U,V — o0, and yet it is not bounded. This
explains the fact that we required the fulfillment of both (3.2) and (3.3)
in Theorem 3.2.

4. Auxiliary results

The next Lemmas 4.1-4.4 will be the basic tools in the proofs of
our Theorems 3.1 and 3.2. They are also of some interest in themselves,
since they exhibit useful interrelations between the order of magnitude
of certain initial integral means and the order of magnitude of certain
tail integral means of any function f € Li (R?).

Lemma 4.1. Let f € L} (R?), n > 0and 0 < a, 3 < 2. If condition
(3.2) is satisfied for all U,V > 1, then there exists another constant CS%
such that for all U,V > n, we also have that

(4.1) UaV*82/ / V| f (u, v)|dudv < C’C%.
[u|>U Jv|<V ’

Proof. By (3.2), for any p € Ny :={0,1,2,...} and V > n, we have that

e | [ e )lduds
2w <|u|<20+1 J o] <V

g/ / uw*v?| f (u, v)|dudv
2pn<ul<2rtin Jv|<V
S Ca’ﬁ(2p+ln)2—av2—ﬂ — 22_0{004,6(21777)2_&‘/2_[3‘

Clearly, it follows that for all p € Ny and V' > 7, we also have that

(42) / / Uﬂf(u7 U) ’dUdU < 227040&,5(21077)7&‘/27&
2Pn<|ul<2ptl o<V



60 V. Filop, F. Moricz

Whence we conclude that for any r € Ny and V' > 7, we have that

/ / V| f (u,v) |dudv—2/ / V2| f(u,v)|dudv
[u|>27n J|v|<V 2rn<|u|<2ptin J|o|<V

< 22_aCa,BV2_B Z(an)_
p=r
This proves (4.1) in the special case U := 2"n with r € Ny and V' >

n. Hence the fulfillment of (4.1) in the general case U,V > n clearly
follows. O

Lemma 4.2. Let f € L} (R?*), n > 0and 0 < a,3 < 2. If condition
(3.3) is satisfied, then

Cop(2n)*VEP,

4
S 2a ]

(4.4) lim Uavﬁ_z/ / v?| f(u,v)|dudv = 0.
UV—oo lu|>U J |v|<V

Proof. By (3.3), for every £ > 0 there exists some py = po(¢) € Ny such
that for all U > 2Pon and V' > 2P°, we have that

UO‘QVﬁQ/HU/HV V| f (u,v)|dudv < e.
ul< V<

Let (> po) be an arbitrary integer. Analogously to (4.2) and (4.3), this
time we obtain that

/ / V2| f (u, ) |dudv <
jul>2ry Jjol<v 2

whence we conclude that for any integer » > py and V' > 2P0, we also

have that
4
(27"77)0“/5_2/ / V2| f (u, v)|dudv < - i
ful>2rn J ol <v 20 =1

Since £ > 0 is arbitrary, the inequality just received proves (4.4). O

Lemma 4.3. Let f € L] _(R?), n > 0 and 0 < a, 3 < 2. If condition
(3.2) is satisfied for all U, V' > n, then there exists another constant C’f%
such that for all U,V > 7, we have that

(4.5) U2y / / 1, 0)|dudv < C2,
lul>U J|v|>V ’

2 1(2Tn)‘“‘/2‘5,
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In particular, from (4.5) it follows that
(4.6) fel'QueR:|ul>n}x{veR:|v]>n}).

Proof. By (3.2), for any p, q € Ny, we have that

(2Pn)*(27n)? / / | f (u,v)|dudv
2Pn<|u|<2rtln J2an<ju|<29HL

g/ / w?o?| f(u,v)|dudv
2Pn<jul<2ptin J29n<jv| <29ty

< Cop(20Hn)> (207 1)? 7,

whence it follows that
/ / | f (u,v)|dudv < 24_a_50a75(2”77)_‘1(2‘117)_’6.
2pn<u<2ptln J29n<|v| <29ty

Now, similarly to (4.3), this time for all ;s € Ny we conclude that

/ / [, 0)|dudv
jul>2m Jo]>270

o0 oo
-y Z/ / 1 (u, v)| dudv
2Pn<|ul<2Ptin J24n< v <20ty

p=r q=s
<2700, 5> (20) > (2)
p=r g=s

16
= Cap(2'n)~(2°n) 7.
The inequality just received proves (4.5) in the special case U := 2"n and
V = 2°n with r,s € Ny. Hence the fulfillment of (4.5) in the general
case U,V > n clearly follows. O

Lemma 4.4. Let f € L{ (R?), n > 0 and 0 < o, < 2. If condition

loc

(3.3) is satisfied, then we have that

lim UO‘VE/ / | f (u,v)|dudv = 0.

Proof. Tt goes along analogous lines as Lemma 4.2 was proved above. ¢
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5. Proofs of our main results

Proof of Theorem 3.1. By condition (3.2), we may apply Lemma 4.3
with U,V > n, where n € R, occurs in condition (3.1). As a result,
we obtain (4.5), whence (4.6) follows. Combining (3.1) and (4.6) yields
that f(z,y) € L*(R?) as it is stated in Theorem 3.1. Thus, the double
trigonometric integral defined in (2.1) exists and it is continuous on RZ.

It remains to prove that inequality (2.4) is satisfied. For the sake of
brevity in writing, instead of (2.3) we make use of (2.5) with 2h and 2k
in place of h and k, respectively. By (2.1) and (2.5), we get the following
representations:

(5.1) A*F(z — 2h,y — 2k; 2h, 2k)
/ f u, U z u(z+2h)+v(y+2k)) ei(u(:p+2h)+v(u—2k))
R2

ez (u(z—2h)+v(y+2k)) +ez(u(:r: 2h))+v(y—2k))

_2€z(u(x+2h)+vy) . 2€z(ux+v(y+2k))

_zei(u(acth)Jrvy) . 26i(u:}c+v(y72k)) + 4€i(ux+vy)>dudv
_ / f(u, U)ei(ux-l—vy) (6iu2h + e—ith . 2)(6iv2k + 6—iv2k . 2)dudv
R2

=16 / f(u, v)e' @+ sin? 4 b sin® vkdudv.
R2

Without loss of generality, we may assume that 0 < h, k < 1/n, where n
occurs in (3.1). We set

(5.2) U:=— and V:=

By virtue of (5.1), we estimate as follows

|A2F (z — 2h,y — 2k; 2h, 2k)|
5.3 Q(F;2h,2k) := sup
O QUL = S (2hy" k)

< 24ma- ﬁ(hz 2P / u?v?|(u, v)|dudv
lu|<U J|v|<V

—l—hakQﬁ/ / V2| f (u, v)|dudv
[u|>U J|v|<V
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—i—hzo‘kﬁ/ / u?| f (u, v)|dudv
lu|<U J|v|>V

+hk P / / | f(u,v) |dudv)
>0 J o>V

= 247017B<[1 —|— [2 + Ig + 14),

say, where U and V are defined in (5.2).
By (5.2) and (5.3), we get

P T / 202 f (u, v)|dudv < Cy .
|v|<V

Ju|<U
By Lemma 4.1, we get
I, <U°VPh2 / V2| f (u,v)|dudv < Cé{lg.
lu|>U Jv|<V ’

By the symmetric counterpart of Lemma 4.1, where the roles of U and
V' are interchanged, we get that

Iy <U*2yP / u?| f (u,v)|dudv < Cg(alc)u
lu|<U J o>V ’
where the constant C’él()l is the symmetric counterpart the constant of

o .5 When the roles of o and 8 are interchanged. Finally, by Lemma 4.3,
we get that

I, <U°v? / | f (u,v)|dudv < C’fg.
[u|>U J o>V ’

Combining (5.3) and the last four inequalities gives that for all
(z,y) € R? we have that

, 4—a—p 1) 1 )
(5.4) Q(F;2h,2k) < 2 (Cap+Cop+Cho+Cop)

Keeping in mind the notation in (5.3), the inequality (5.4) proves the
fulfillment of (2.4) with 2h and 2k in place of h and k, respectively, for
all (z,y) € R%. Thus, we conclude that F(z,y) € Zyg(a,3) and the
proof of Theorem 3.1 is complete.

O
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Proof of Theorem 3.2. It runs along analogous lines as the proof of
Theorem 3.1, except that this time we use Lemmas 4.2 and 4.4 instead
of Lemmas 4.1 and 4.3, respectively. We emphasize that we also have
that f € L'(R?), due to the conditions (3.1) and (3.2). We do not enter

into further details. O

6. Concluding remarks

Remark 6.1. Analysing the proof of [4, Lemma 3.1] it turns out that
one can even prove the following more general auxiliary result in the
one-dimensional case (cf. the proof of Lemma 4.1 of the present paper).

Lemma 6.2. Let g € L (R), n > 0 and 0 < a < 2. If for every U > 7
we have that

UO‘_Q/ u2|g(u)]du < C,,
|lul<U

where C, is a constant, then there exists another constant OV such that
for every U > n we have that

Ue / 9(w)ldu < C.
|u|>U

In particular, we also have that g € L'(R).
Now, let f € Li (R?) and consider the function

(6.1) g(u) == /||< |f(u,v)|dv, ueR.

It is clear that ¢ € L._(R). Applying Lemma 6.2 for the function

loc
g defined in (6.1) results in the following auxiliary result in the two-

dimensional case.

Lemma 6.3. Let f € L _(R?), n > 0 and 0 < a < 2. If there exists a
constant C, such that for every U > 7, we have that

(6.2) U2_a/ / w?| f(u,v)|dudv < C,
lul<U Jv|<n

then the function g(u) defined in (6.1) belongs to L'(R), and conse-
quently, we have that

f S LI(R X [_7777]])
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We note that the symmetric counterpart of (6.2) says that if f €
L} .(R?) and there exists another constant Cj such that for every V' > 7,
we have that

(6.3) VQﬁ/ / V| f(u, v)|dudv < Cs,
[u|<n Jlv|<V

then we also have that f € L'([—n,7] x R).
After these preliminaries, the next version of Theorem 3.1 also holds
true.

Theorem 6.4. Let f € L] (R?),n € Ry and 0 < o, < 2. If conditions
(6.2) and (6.3) are satisfied for all U,V > n, respectively, and condition
(3.2) is also satisfied for all U,V > 7, where C,,Cs and C, s are con-
stants, then f € L'(R?) and the double trigonometric integral F'(z,y)
defined in (2.1) belongs to the class Zyg(a, 5).

Likewise, the next version of Theorem 3.2 also holds true.

Theorem 6.5. Suppose 0 < «, f < 2 and that the conditions of Theorem
6.4 are satisfied. If, in addition, condition (3.3) is also satisfied, then the
double trigonometric integral F'(x,y) defined in (2.1) belongs to the class

zyg(a, B).

Remark 6.6. In the particular case, where f(u,v) € L'(R?) as well as

20?2 f(u,v) € L'(R?), the proof of the statement that the trigonometric
integral F(z,y) defined in (2.1) belongs to the class Zyg(2,2) is very
simple. Indeed, by (5.1) we may estimate as follows

A’F(x —2h,y — 2k;2h,2k)
(2h)*(2k)? B

h2k,2 // f(u,v) Z“””y) sin? uh sin® vkdudv,

whence we get that

. 2 . 2
arznzn < [ [ 1wl () ()
RQ

where Q(F;2h,2k) is defined in (5.3). Then because of sin?uh < u?h?
and sin? vk < v?k?, we have that

F;2h,2k) // V2| f (u, v)|dudv < oo,
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due to the assumption that u?v?f(u,v) € L*(R?). This completes the
proof of our above statement that F(x,y) € Zyg(2,2).

Remark 6.7. Our Theorems 3.1 and 3.2 as well as our statement in
Remark 6.6 are also valid for the double Fourier transform f of f €
L'(R?) defined by (see, e.g., in [6, on p.2])

fla,y) = / Flu, 0)e > O D dudy, (z,y) € B2,
R2

in place of the double trigonometric integral F'(x,y) defined in (2.1).
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