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Abstract: Assume that ¢,1 are completely additive functions mapping
into G, where G is an Abelian topological group with the translation invariant
metric p. Let C € G. Assume that

P (1/) {\@n} ,(n) —|—C’> <e(n) and Z logloan < 00,

where e(n) | 0. Then ¢(n) = ¢(n),2C = ¢(2), and ¢(n) can be extended to
R™ to be a continuous homomorphism into G.

E-mail addresses: katai@inf.elte.hu, bui@inf.elte.hu



106 1. Kdtai and B. M. Phong

1. Introduction

1.1. Let G be an additively written Abelian topological group with
the translation invariant metric p. A mapping ¢ : N — G is called a
completely additive function, if

(1.1) p(nm) = ¢(n) + ¢(m) (n,n € N).

Let QT, resp. R be the multiplicative groups of the positive ra-
tionals and the positive reals. We can extend the domain of ¢ to Qt by
the relation

90(2) = p(n) — p(m),

m
uniquely. Then ¢ satisfies the relation
p(rs) = o(r) +¢(s) (r,s€Q"),
so ¢ : QT — G is a homomorphism. We shall say that ¢ is continuous
at the point 1, if r, € Q*, r, — 1 implies that ¢(r,) — 0.
Z. Daréczy and the first named author in [1] proved the next

Lemma 1. Let G be an additively written closed Abelian topological
group, ¢ : QT — G be a homomorphism that is continuous at the point 1.
Then its domain can be extended onto RY by the relation

p(a) == lim o(r,) (o€R")

rpeQt

uniquely. The so obtained mapping ¢ : R™ — G is a continuous homo-
morphism, consequently

(1.2) p(af) = p(a) +¢(B) (a,feRT).

In [2] the following theorem has been proved which is cited now as
Lemma 2. Let ¢ : N — G be completely additive such that

< Q.

w3 $° plel).o(n + 1)

Then ¢ is a continuous Rt — G homomorphism.
1.2. We use the standard notation: [z] = integer part of z,{z} =
= fractional part of z, ||z || = min({z}, 1 — {z}).

In our paper [3] we formulated the following conjecture:



On the multiplicative group generated by {@ | nEN}. v 107

Conjecture 1. If o, 8 are distinct real numbers at least one of which is
irrational, then the multiplicative group Fo g generated by

[an]
{gn = m ‘ n e N}
equals to Q.

This conjecture is open, except the case o = V2, 8 = 1 (proved
in [3]).

Let A*, M* be the sets of real valued completely additive, respec-
tively complex valued completely multiplicative functions. In [5] we
proved

Theorem A. Let e(n) | 0 arbitrarily. Assume that

i g(n) loglog 2n

(1.4) .

< 00.

Let f,ge M*, C €C, |f(n)] =]g(n)]=1 (n € N) and
‘g([\/in}) —Cf(n)‘ <e(n) (neN).

Then f(n) = g(n) =n'" (1 € R), where C' = (\/5)”

Hopefully this assertion remains true if (1.4) holds without the
log log 2n for every n € N.

The above conjecture is equivalent to the next one.

Conjecture 2. If o, 8 are distinct real numbers at least one of which is
wrrational, then

fe A f(lan]) = f([Bn])=0 (mod 1) (n €N)
implies that f(n)=0 (mod 1) (n € N).
Our aim is to prove

Theorem. Let @, be completely additive functions mapping into G,
where G is an Abelian topological group with the translation invariant
metric p. Let e(n) be as in Th. A. Assume that

(1.5) p(¥([V2n]), p(n) +C) < e(n).

Then ¢(n) =¥ (n) (n € N) and ¢(2) = 2C, furthermore ¢ is a continu-
ous homomorphism, ¢ : Rt — G.
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First we prove

Lemma 3. Let ¢ : N — G, ¥ : N — G be completely additive functions
such that

(1.6) Z

Then ¥(n) = p(n) (n € N), furthermore
(1.7) 0(2) =2C.

o(v [fn}) o(n) +C)

< 0Q.

2. Auxiliary results

Let
(2.1) le{n\ {ﬂn} <%} and ng{nl {\/En} >%}

Then N = J; U Js.
Let

[Va[v/2n]

n
We proved in [3] (Lemma 2) that

(2.2) ap =

2n—1 if neJ,
n

2(n—1)

(2.3) Ay, =
if ne Jz.
For some N € N, let
By=N and B; =2B;_; —1 forall je&N.
In [3] (Lemma 3) we proved that either N € J, or there is a positive k,
for which By € J;. Let T(N) := k + 1, where k is the smallest positive
integer for which B € J,. We proved that

(2.4) 2 (x - _ 2(15’?\[— D _ ( | as, ) a,.

furthermore that

1 1
) = oz a1

c1 is an explicit constant.
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3. Proof of Lemma 3

Let k e N, T}, = {n eN ’ {V2n} < %} Then [v2kn] = k[v2n]

and so

p(¥[VZRn). o(kn) + C) = p(w(k) + v ([V20]). o(n) + (k) +C) =
= p(¥([V2n]), 6 (m) + (k) = (k) +C),

> p(v([V2n]), ¢(n) Z o) v +C)

n€Tk

Hence, and from (1.6) we obtain that

> p(0.0k) —vk)

n€Tg

which by

implies that p(k) = (k).
Now we prove (1.7).

Let ©; = {V2m}, ©; = {V2-2m}, O3 = {V2(2m — 1)}. If
1 1 (1
o= (raliaty) v

1 1
0;=20,—-1<—,0<063=0 —(\/5—1> < —,
2 1 NG 3 2 NG
and som € Jy,2m —1 € Jy,2m € J;. Such integers m for which ©; € U
can be found, since {\/Em} is dense in [0,1). Then there exist positive

integers k1, ko such that

p

then

f
2(om —2)+1e 1o L=
Jo for 0 =kq,
for ¢ <k
Pom 1) r1e o L=k
\ Jo  for 0= ks.
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Then there exists a suitable § > 0 such that if [{v2N} — ©;] <, then

(an=25N Ne g,

Ji for /< ]{31,

262N —2)+ 1 ¢
( ) {JQ for gzkl,

Ji for (< 1{52,
J2 for ¢ = kg.

202N —1)+1¢€ {
\
Let S be the set of the positive integers n , for which k is the smallest

nonnegative integer for which By € J,. Let d,, = MTM

Since p is translation invariant,
p(¥1V2n], o(n) +C) = p(p(da) = C.0).
furthermore from the triangle inequality we obtain that
p(gp(an) — 20, O) < p(gp(dn) - C, 0) + p(s@(d[ﬁn]) —C, O).
If (2.4) holds, then

e (w> a4 10) <

<> r(e(ds, +ZP( (dryz0)) Cvo>-
=0 =0
Let D := ¢(2) — 2C.
Let Hg, k, be the set of those N, for which N € Sy, 2N —1 € S,
2N € Sk,. If Hy, k, is not empty, then

and an - dnd[\/in]

We have

2N—2> + (k1 +1)D, 0)

g )t

2N—1€Sk1

< 00,
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2N*1) + (k2 +1)D, 0)

s

2NESk2

< OQ.

By using the triangle inequality we obtain that
1
p((k1 Yk 4 1)D,o) > op <
NeHk, kg

therefore
(ky + ko +1)D = 0.

One can compute easily that if m = 2, then ky = 2, ky = 1 and if m = 14,
then ki = ky = 1. Consequently D = 0.
The proof of Lemma 3 is complete. ¢

4. Proof of Theorem

Due to Lemma 3 we may assume that ¢)(n) = ¢(n), and that

©(2) =2C.
Let Ly = [2M 2M*Y) kyy = log2M. Let N € Ly, T(N) = k
(< kpr). Then

(o (52) )t Srlas)
i p (@ (%) ,o) < 2(k+ 1)e(N) < 3kpe(2™).

Let us estimate the number of those N € £y, for which T'(N) > k.
From (2.5) we obtain that

V2 1) < 202t
Thus, the size of those integers N € Ly, for which T(N) > kjs is less

than
c2M2FM 1 O(M).
The O(M) term comes from the estimate of the discrepancy of

{V2n | n € Ly}, which is bounded by O(M). See Th. 3.4 in [6].
Collecting our results we obtain that

s Ao

N

< 00,
NEN,N>2
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which, by Lemma 2 implies the theorem. ¢
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