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Abstract: Transformation and reduction formulas for various families of hy-
pergeometric functions in two and more variables are potentially useful in many
diverse areas. The main object of this paper is to show that several substan-
tially more general results on this subject than those proven recently by Pogény
and Rathie [18] can be derived rather systematically by applying a family of
series identities. Relevant connections of the results presented in this paper
with those in the earlier works are also pointed out.

1. Introduction, definitions and preliminaries

Throughout our present investigation, we use the following stan-
dard notations:
N:=1{1,2,3,---}, Ng:={0,1,2,3,---} = NU {0}
and

Z-i={-1,-2,-3,---} = Z= \ {0}.
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Also, as usual, Z denotes the set of integers, R denotes the set of real
numbers, Rt denotes the set of positive real numbers and C denotes the
set of complex numbers.

In the vast and widely-scattered literature on the theory and ap-
plications of hypergeometric functions, one can find a considerable large
number of summation, transformation and reduction formulas for the
Gauss, Kummer and Clausen (and other higher-order) hypergeometric
functions (see, for details, [3, 5, 7, 8, 12, 13, 14, 19, 20, 29, 30]). Quite a
few of these known summation, transformation and reduction formulas
have been found to be useful in deriving the corresponding results for
Kampé de Fériet and Lauricella multivariable hypergeometric functions
and also for their generalizations and extensions due to Srivastava and
Daoust [21, 21] (see, for example, [4, 16, 24]; see also [26, Chapters 1 and
9] and the references to the earlier works cited therein).

Recently, by applying some known product formulas for the Kum-
mer confluent hypergeometric function ;F; due to Bailey [2], Ramanujan
(see, for example, [10]) and Preece [17], Pogény and Rathie [18] derived
several interesting transformation and reduction formulas involving the
Kampé de Fériet and Srivastava—Daoust hypergeometric functions in two
variables. In this present sequel to the work of Pogény and Rathie [18],
we show that several substantially more general results on this subject
than those proven by Pogény and Rathie [18] can be derived rather sys-
tematically by applying a family of series identities which we derive here.

We begin by recalling the following definition of the aforementioned
Srivastava—Daoust hypergeometric function in r (real or complex) vari-
ables z1, -+, z. (see [22, p. 454]; see also [21] for the case when r = 2):

(1.1)

A B0 [(a) AR ,9(7’)] )95 [b(r) : ¢(r)] ; 21,000, %
C:D/ s D) [(C) : ¢,’ . 7¢(7~)] . [(d/) . 5/] MO [d(r) : 5(7’)} ; ) )y T
1 B’ B() (r)
— i ng(aj)m19j+---+mr9§ )jl;ll( J> e jl;Il( ! )de);) Zim Z’y"m
= _ D’ 2L mal - m, !
mi, yme=0 H(Cj)m1¢'.+---+mrw“) H(dg)mus; .. H (dg ))mr‘s(”
j=1 j 7g=1 =1 ’

where (and in what follows) an empty product is interpreted to be 1 and
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(A, (A, v € C) denotes the generalized Pochhammer symbol (or the

shifted factorial) defined, in terms of the familiar Gamma function, by
(1.2)

o, IO [ v ASCL 0D
YT MM+ ---(A+n—1) (y=neN; AeQ),

it being understood conventionally that (0)y := 1 and assumed tacitly
that the I'-quotient exists (see, for details, [28, p.21 et seq.]).

For convenience and brevity in the definition (1.1), we use (a) to
abbreviate the array of A parameters aq,---,a4 and (b(e)) abbreviates
the array of BY) parameters

bgz)7... 75%) (C=1,---,7),

with similar interpretations for (¢) and (d¥) (¢ =1,---,r). Further-
more, assuming that the parameters 6, ¢, 1) and § are all real and nonneg-
ative and that there are no zeros in the denominator on the right-hand
side in (1.1), the multiple series in (1.1) is known to converge absolutely
under the following conditions (see, for details, [23, pp. 157-158]):

(i) For all z1,--- , 2z, € C, when

(1.3)
D) A B®©)

C
RS SULES SIS SIS UL BN
j=1 j=1 j=1 j=1

(ii) For |z| < Ry (£ = 1,---,7), when A, =0 (£ = 1,---,7),

where

(1.4)
AN R -CIT
©® Q) ¢
g B (E ) oo
Ry := min w7 e — —
MLy e > r 0§) B ®
1 (Se)” T oo
j=1 \/=1 j=1
(=1,---,r).
Indeed, when all A, <0 (¢ =1,---,7), the series in (1.1) would diverge
except for z; = -+ = z, = 0 in which case it reduces obviously to the

first term 1 (see also [9]).
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The case r = 2 of the Srivastava—Daoust multivariable hypergeo-

metric function
A:B’;;B(™)
E C:D'; D(T)

was introduced and investigated by Srivastava and Daoust [21]. This
case r = 2 would provide a generalization of the following relatively
more familiar Kampé de Fériet hypergeometric function in two variables
(see, for details, [1]; see also [26, p.27 et seq.]):

(1.5)
A B’

(DY (B oo 11(@j)mtn H( i )m H( ])n m o
pan [<a> FB 0 >,'I,y] _y o ey
| ’ =t H(cg)m+n H( m L(d5)n

Jj=1

provided that the double series in (1.5) converges absolutely. Moreover,
the case r = 1 of the Srivastava-Daoust multivariable hypergeometric
function

corresponds to the Fox—Wright function

Yy (p,q €Ny or pVo  (p,q € Ny),
which is a further generalization of the widely- and extensively-investi-
gated generalized hypergeometric function ,F, (p,q € Ny), with p nu-
merator parameters a;, - - - ,a, and ¢ denominator parameters by, --- , 0,
such that

(16) a; €eC (j=1, ---,p) and bjeC\Z, (=1, - ---,q),

defined by (see, for details, [7, p. 183] and [26, p. 21]; see also [11, p. 56],
[15, p.30], 25, p. 19], [27], [28, p. 50])

lan Ay (ap, Ay | (@) g (@), 2
WO e By, e by By 7| 2% g Gy, 1l
_ [ (b1) -~ T (by) N (a1, A1), - (ap, Ap); .
P(a1) - T(ay) " (b1, B1), -+, (bgs By
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where the equality in the convergence condition holds true for suitably
bounded values of |z| given by
“
j=1
In the particular case when
we have the following relationship (see, for details, [26, p. 21]):

(1.8) |z| < V := (

H :jzs

* (a1a1>7""(ap71); o Ay, -, Aap; o

(19> P\Ijq (b171)7 7<bq71>; i qu b17 >bq; Z] -
:F(bl)"‘r(bq) N (alal)v"W(apal);Z

F(a1> "F(ap) P (blal)v ’(bq71)§ 7

in terms of the generalized hypergeometric function ,F, (p,q € Np).

2. Series identities and their applications

We first state and prove the series identity (2.1) asserted by Th. 1
below.

Theorem 1. Let {Q,} be a bounded sequence of complexr numbers.

n€Ng
Then
(2.1)
I'(An+1) " s m,n
ZQ n|+ ( & A) =Qo+Azr Y Qm+1F(A(m+1)+n)xl '
! (1—y) o n!
(A€ ),

provided that each member of (2.1) exists.

Proof. We denote, for convenience, the first member of the assertion
(2.1) of Th. 1 by S,(z,y). Then, in view of (1.2) and the binomial
expansion:

(1—2)" Z :F—ZO (A+n) = (<1 A€0),

n!
n=0
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we find that
- F(Am+1) x "
Gi(z,y) = ZQm ( > =
— m! (1—y)
= I'(hm) . “am
=04 A S L (1)
m=1 ’
0o 0 m—1 n
_ Y
m=1 n=0

which, upon setting m — m+1, yields the second member of the series
identity (2.1) asserted by Th.1. The final result (2.1) holds true, by
the principle of analytic continuation, whenever each member of (2.1)
exists. O

Upon setting

I'(a; +Ain) ---T'(a, + Apn)

2.9 Q, =

(n € No),

in the series identity (2.1), if we make use of the definitions (1.5) and
(1.7), Th. 1 would reduce to Cor. 1 below.

Corollary 1. The following hypergeometric transformation formula holds
true:

(2.3)
p
I'(a;
U (1,)\),((11,141), 7(ap7Ap); x jl;ll ( J)
1 = '
Py (b1, B1), - (bgy By)s (L= | g
=
o A A1 A AL, A, Al ;
‘1+)\th.'17,% [ ]+ ar + Ayt Aq [ap + Ap : Ay 2y,
s 7:[b1+BliBl],---,[bq+BqZBq]; _

provided that each member of (2.3) exists.
Remark 1. If, in Cor. 1, we set p = ¢ = 0 or (alternatively)
q=Dp, Clj:bj and Aj:Bj (]:1,,])),
the hypergeometric transformation formula (2.3) would correspond to
the first of the four main results of Pogdny and Rathie [18, Th. 2.1].
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Next, for a bounded sequence {Qn}neNO of complex numbers, we
consider the following double sum:

(2.4) &5 (@ Z Qm+n Am(’” ry

m,n=0

which is assumed to be absolutely convergent. By using series rearrange-
ment (with m+n = N) along with identities for the Pochhammer symbol
defined by (1.2), it is easily seen from (2.4) that

e ., My
(2.5) & ZOQN(p—F 3Fy

o,1—X—mn; x

which, in the special case when o = A and o = p, yields

(2.6)

—IN,—IN+1,p— X day
p1=A=n; (z+y)

Y

= My (z+y)V
I Y :ZQNEP— N!) 3l
=0

where we have also used the familiar Whipple’s transformation (see, for
example, [7, p. 190, Eq. 4.5(1)]) for the Clausen hypergeometric function
3F,. Upon expressing the second member of (2.6) as a double sum, we
are thus lead to the following theorem due to Buschman and Srivastava

[4, p.437, Th. 2].

Theorem 2. Let {Q,} be a bounded sequence of complexr numbers.

nJneNg
Then
(2 7)
(AN)m(A)p 2™ metn Nn (+y)™ (—zy)™
S0, 2 55 s, Clotalel o o)
— (P)m(P)n mlnl M (P)mt2n(P)n m! n!

(AeC; peC\Zy),

provided that each member of the double-series identity (2.7) exists.

Remark 2. A special case of (2.7) when y = —x and the sequence
{Q }nen, 1s given by (2.2) with



296 H. M. Srivastava

yields a reduction formula for the Kampé de Fériet function, which was
recorded in the above-cited paper by Buschman and Srivastava [4, p. 439,
Eq. (3.4)] (see also [26, p.31, Eq. 1.3(46)]). Furthermore, in its special
case when y = z and the sequence {2, }nen, is given by (2.2) without the
parametric restrictions in (2.8), Th. 2 can be applied to deduce Cor. 2
below.

Corollary 2. The following hypergeometric transformation formula holds
true:

(2.9)
p:1;1 [al Al’AlL ’[ap : AP’AP] [)‘ 1]7 [)‘ 1L
Foiia z, x| =
[bl BI7B1]7 7[bq : Bq7BtI] [[J 1] ) [p 1] )
_ ppiion [ag : A1,244],- - Jfap s Ap, 24, (A 1,1] : ——— s [p—A:1]; 5 9
—+ g+1:051 . . . . . . . , —X s
b1 B1,2B1],-- \[by: By, 2By) [0 1,2 ——  [p:1]:

provided that each member of (2.9) exists.

Just as in the derivations of Th. 2 and Cor. 2, by applying some
suitable hypergeometric summation, transformation and reduction for-
mulas (see also [2], [10] and [17]), one can similarly establish each of
the double-series identities and the associated hypergeometric transfor-
mations which are asserted by Th. 3 and Cor. 3 below. The details are
being omitted here.

Theorem 3. Let {Q,} be a bounded sequence of complexr numbers.

neNg
Then
. (Mm(p)n ™™
(2.10) mzn;() vt (2N (2), m!n!
A p A p+1
> 2 ) 2 oo (a?)"
= Z Qm+2n )\ 1 1 —' |
m,n=0 ( + §)n (lu + §>n (>\ + ,U)n m: n:
2\, 2u € C\ Zy ),
- (N (p=A), ™
2.11 Qi m n _
GA) - > G =05 T

m,n=0
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Z Qm+2n )\) o~ )\>n ﬁ (ixQ)n (peC\ ZE)

lt (0)n (30), (3p+3), m! =l
and
@1%
:ZQ 2 <A—;p+%>n<%p—A+%>ng(iﬁ)’;
= (3),Ge+s), B—3p), monl
(2A=p)(1-p) < S O 1(>\—§p+1)n(%p—>\+1)n et (L)
p2—p) A= TT(3), Ge+1), (2—3p), m

(p.2=peC\Zy),
provided that both members of each of the double-series identities (2.10),
(2.11) and (2.12) exist.

Corollary 3. Each of the following hypergeometric transformation for-
mulas holds true:

(2.13)
il a1 : A1, A, -+ lap « Ap, Apl o [A: 1] [p: 1]
[b1:B1,B1],-+,[bg: Bg, Byl : [2X: 1];[2p: 1];
_ pp02 a1 : A1,2A1],++ Jfap : Ap,2Ap] i ——— [%()\—&—,u):l],[%()\—i-u—&-l):l]; . 1332
© 93 \[by By, 2B1), (b By 2Bgl: ——— A+ 30 1] w4+ 1] N1 4T )
(2.14)
ppilil a1 : A1, Aql, - ap t Ap, Apl s (A 1) [p— A s 1] wn) =
@it b1 B1,B1},"',[bquq,Bq}:[p:”; [p:1]; ’
_ 02 <[a1:A1,2A1],---,[ap:Ap,ZAp]:; A1, [p—A: 1] 1 2)
= 3 ) . . 1 oz, -z
[bl'B172B1}v"'7[bQ'BII7QBq]' [P 1} [P 1],[5/)4’* 1}7
and
(2.15)
Pm1&1&ﬁﬂ~h¢%ﬂﬂ@ﬂﬂ—kmza_
[b1 : B1, Bi1] [bg : Bq,Bq| : [p:1]5[2—p:1]; N

_ 02 lar : A1,2A4], -+ [ap : Ap,2Ap) 1 —— [A—fp—i—%:l},[%p—)\—i-%:l]; 1 5 N
S\[b1:B1,2B1], - ,[bg: Bg,2Bg): ——;[2:1], [2p+1:1],[3-1p
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@)1 =) 1T (05 4,
+ =1 .

P(2=p) lgI (Bi) g,
j=1

la1 + A1 : A1, 2410, [ap + Ap : Ap, 24,] - ;[ —%p+1:1},[%p—>\+1:1]; 1 2)
q:0;3 )

L FP0:2 A
[by+ By : B1,2B1],--- , [bq + Bq : Bq,2Bg] : 7;{%:1},[%p+1:1}1[27%p:1 :

provided that both members of each of the assertions (2.13), (2.14) and
(2.15) exist.

Remark 3. The special cases of the hypergeometric transformations
(2.13) and (2.14), which are asserted by Cor. 3, when

p=q=1 and Ai=DB=1
correspond to the second and the third main results in the aforecited
paper by Pogany and Rathie [18, Theorems 2.2 and 2.3] (see also Rem. 1
in connection with their first main result [18, Th. 2.1]). The assertion
(2.15) of Cor. 3 when

A=a, p=q=1 and Ai=B=1

would provide the duly-corrected version of the fourth and final main
result of Pogdny and Rathie [18, Th. 2.4].

3. Concluding remarks and observations

Our presentation in this paper is motivated essentially by the use-
fulness of various families of reduction, transformation and summation
formulas for hypergeometric functions in one, two and more variables in
many diverse areas. Our main results (Theorems 1, 2 and 3) and their
such applications and consequences as those asserted by Corollaries 1,
2 and 3 exhibit the fact that several substantially more general results
on this subject than those proven recently (and markedly differently) by
Pogény and Rathie [18] can be derived rather systematically by applying
various known hypergeometric summation and transformation formulas.
As a by-product of this sequel to [18], we have also provided the duly-
corrected version of one of the four main results in this recent paper by
Pogény and Rathie [18, Th. 2.4].

The methods and techniques, which we have applied in this paper,
differ markedly from those used by Pogény and Rathie [18] for proving
the special cases mentioned in Remarks 1, 2 and 3.

It is sincerely hoped that this presentation will encourage and aid
the interested reader to develop further results of the types considered
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here for the Kampé de Fériet, Lauricella, and Srivastava—Daoust hy-
pergeometric functions in two and more variables. For example, in a
(presumably) hitherto unnoticed case of (2.5) when

y=—x, A=pf—«a, pu=1l—a, p=p and o=2-7,
we find that

(4.1)

1-8—N,1—a,—N;
Go2 - 0
Fa-al® E: A B)n Aﬂ321—ﬁ+a—N2 g |

where &57 (z,y) is defined by (2.4). Thus, upon evaluating the well-
poised Clausenian series in (4.1) by means of Dixon’s summation theorem
[20, p. 243, Entry (II1.8)], we are led to the following seemingly interesting
companion of the series identity (2.12) asserted by Th. 3:

@) (1= a), " (=2)"

mZQ’" D= B, il W

o~y (e=38+3) (3B-a+3), 2™

B (7 e v e

G032 & (o= 38+ 1), (8as1), g
2D Gs+1) (2-15).  (2n+1)

(8,28 €C\1Z),
provided that each member of the series identities (4.2) exists. In its
special case when the sequence {€,}, .y, is given by (2.2), the series
identity (4.2) would readily yield the following hypergeometric reduction
formula:

(4.3)
F:U:l'.,l [a’l:AlvAl]v"'7[aP:AP7AP]:[B_a 1][ Ta 1]; —x | =
151 [bl . Bl,Bl]a"' ’[bq . quBq}: [ﬁ ] [2 B: 1]5 -
T R N L R AR IRICE R ER RN WY I
pH25a+3 [b112B1],"',[bq12Bq];[2 } [/84_1:1]7[7_% 1]’4
(8~ 1)(8 ~20) 1] (o),
+ =

56 -2) 1185,
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[a1+A1:2A1],--~,[ap—&—Ap:QAp],[oz—%B—&-l:1},[%ﬁ—a+l:1]; 1,

zpr2Fyts -z,

[b1+ B1:2B1],-+ ,[bg+ Bq:2Bg], [3:1],[48+1:1],[2—-%B:1]; 4

which holds true whenever both sides exist. This last result (4.3) may
be compared with the hypergeometric transformation formula (2.15).
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