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1. Introduction and preliminaries

An Orlicz function M is a function, which is continuous, non-
decreasing and convex with M(0) = 0, M(z) > 0 for z > 0 and
M(z) — o0 as ¢ — oc.

Lindenstrauss and Tzafriri [5] used the idea of Orlicz function to
define the following sequence space. Let w be the space of all real or
complex sequences x = (zy), then

zM:{xew:§M<@)<oo}

p

which is called as an Orlicz sequence space. The space ), is a Banach
space with the norm

: o (2]
||$||:1nf{p>0: M{— gl}.
> ()

It is shown in [5] that every Orlicz sequence space £;; contains a subspace
isomorphic to ¢, (p > 1). The Ay-condition is equivalent to M(Lz) <
< kLM (z) for all values of x > 0, k > 0 and for L > 1.
A sequence M = (M) of Orlicz functions is called a Musielak—
Orlicz function see ([6], [7]). A sequence N' = (N},) defined by
Ni(v) = sup{|vju — My(u) :u >0}, k=1,2,...

is called the complementary function of Musielak—Orlicz function M.
For a given Musielak—Orlicz function M, the Musielak—Orlicz sequence
space ty and its subspace hy are defined as follows:

tm={z €w: Iy(cxr) < oo for some ¢ >0},

hM:{xGw:IM(cx)<oo for all c>0},

where [y is a convex modular defined by

]M(I) = ZMk(l'k),l' = (ZL‘k) € tpm.

k=1

We consider ¢ty equipped with the Luxemburg norm
lz|| = inf{kz >0 IM<%> < 1}
or equipped with the Orlicz norm

lz]|® = inf{%(l n [M(kx)) k> o}.
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Let I, ¢ and ¢y denote the spaces of bounded, convergent and null
sequences x = () with complex terms respectively. The zero sequence
(0,0,...) is denoted by 6 and p = (px) is a sequence of strictly positive
real numbers. Further the sequence (p, ') will be represented by (ty).

The notion of difference sequence spaces was introduced by Kizmaz
[4], who studied the difference sequence spaces lo(A), ¢(A) and ¢,(A).
The notion was further generalized by Et and Colak [1] by introducing
the spaces I, (A"™), ¢(A™) and ¢,(A™).

Let m, n be non-negative integers, then for Z a given sequence
space, we have

Z(An) ={z = (z) €w: (Alay) € Z}

for Z = ¢, co and I, where A x = (A" ;) = (A" oy, — A" 12y, ,,) and
A% x). = xy, for all k € N, which is equivalent to the following binomial

representation
n
n
Aan = (=1 ( v >m

v=0
Taking m = 1, we get the spaces l.(A"), ¢(A™) and ¢,(A™) studied by
Et and Colak [1]. Taking m = n = 1, we get the spaces lo.(A), ¢(A) and
co(A) introduced and studied by Kizmaz [4].
Let X be a linear metric space. A function p : X — R is called
paranorm, if

(1) p(z) >0 for all z € X,

(2) p(—z) = p(x) for all x € X,

(3) p(x +y) < p(x) +p(y) for all 2,y € X,

(4) if (\,) is a sequence of scalars with A, — X\ as n — oo and (z,)
is a sequence of vectors with p(z, — z) — 0 as n — oo, then
p(Anxy, — Ax) — 0 as n — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm
and the pair (X, p) is called a total paranormed space. It is well known
that the metric of any linear metric space is given by some total paranorm
(see [12], Th. 10.4.2, pp. 183). For more details about sequence spaces
see ([8], [9], [10], [11]) and references therein.

In [2] Hazarika and in [3] Hazarika and Tripathy studied some dif-
ference sequence spaces. By making the use of these spaces we have also
studied some sequence spaces in this paper.
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Let M = (M) be a Musielak—Orlicz function and p = (pg) be
any bounded sequence of positive real numbers and let (X, ¢) be a semi-
normed space seminormed by ¢g. Now we define the following sequence
spaces:

w85 = (o= o € - [ (1EE))"

as k — oo, for some p > O},

M, A" p g} = {x — () € X : {Mk(W)]pktk o

as k — oo, for some L € X and for some p > O}

and
JANA Pk
e OM, 8} = = (o) € X s (15220 [P o,
k

for some p > 0}.

If we take p, = 1, we have

(M 80)~ o € - [ (125

as k — oo, for some p>0},

M, A" g} = {x = (z1) € X : [Mk<q<Am—p’“_L))] 0,

as k — oo, for some L € X and for some p > O}
and
An
loo {MJAZWQ} = {I = (xk:) €X: sup {Mk(w>:| < 00,
k
for some p > 0}.

The following inequality will be used throughout the paper. If 0 < p, <
<suppr = K, D = max(1,2571), then

(1.1) |ak—|—bk|p’“ SD{|ak|pk+’bk|pk}
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for all k and ag, b, € C. Also |a|P* < max(1, |a|¥) for all a € C.

The main aim of this paper is to study some difference sequence
spaces defined by Musielak-Orlicz function. We also make an effort to
study some topological properties and inclusion relations between these
spaces.

2. Main results

Theorem 2.1. Suppose M = (My) is a Musielak—Orlicz function and
let p = (px) be a bounded sequence of positive real numbers for all k € N.

are linear spaces over the complex field C.

Proof. Let x = (zx), v = (yx) € c{M, Al ,p,q} and o, € C. Then

there exist positive real numbers p; and p, such that
I A"z — L)\ ]

MR<M> tr — 0, as k — oo,
L P1 |

and
7 Pk

ATy —
(250 =DV 0 b
P2

Let p3s = max(2|a|p1,2|f|p2). Since My's are non-decreasing, convex
function and by using inequality (1.1), we have

[Mk< q((aAlzp + BATY yx) — 2L))rktk <

P3
A" — A — I Pk
P3 P3
LT a@a = DN L[ (Al — D]

_ ANTmTR ) _ AANTmIk ) <
<Dy (152 )} o+ Do (UERE =D 1y,

n _ Pk n _ Pk
<D le (Mﬂ t;ﬁ—D{M (M)] te — 0 as k — oo.

P1 P2

Thus, ax + fy € c{M, A", p,q}. Hence c{M, A", p,q} is a linear space.
Similarly, we can prove co{M,A” p,q} and l{M, A p,q} are linear
spaces over the field C of complex numbers.

Theorem 2.2. For any Musielak—Orlicz function M= (My) and p=(p)
be a bounded sequence of strictly positive real numbers, then the space
looc{M, A" p,q} is a paranormed space with the paranorm defined by
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P AP a1
o) = gl mf{p: supfan (158550 <, o},

k>1

where H = max(1, K).
Proof. (i) Clearly, ¢(
M;(0) = 0, we get g(f) =

(i) g(~) = g(a)

(iii) Let * = (2x), vy = (yx) € loo{ M, AL, p,q}, then there exist
p1, p2 > 0 such that

AP 3
Sup{Mk(w)tk;k} <1
k>1 P1

A 1
k>1 P2

Let p = p1 + p2, then by Minkowski’s inequality, we have

(5]
— sup {Mk (Q(Aﬁl(ﬂﬂk + yk))) tk;k} <

k>1 p1+ p2

A 1
Top1t+p2 k1 P1

A" a1
+ P2 Sup[Mk(w)tk;k]gl
P11+ P2 k>1 P2

x) > 0 for z = (x) € lo{M, A" p,q}. Since

and

and thus
g(z +y) =
=q(z1 + )+
P A" A" 1
+ inf {<p1+p2)}§ : sup {Mk (q( mk T myk))} tpre <1, p>0} <
k>1 p
P A 1
< q(x1) + inf {(pl)flf : sup {Mk (M) } tkplk <1, p> O} +
k>1 P1
P An 1
+q(y1) + inf {(,02)’5 : sup {Mk (W) } tkrr <1, p> 0} <
k>1 2

< g(x) +g(y).
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(iv) Finally, we prove that the scalar multiplication is continuous.
Let A be any complex number. By definition,

P A” a1
g(Ar) = q(Axy)+inf {pli'c : sup {Mk (M>} tprr <1, p> O} =
p

k>1

Pk An 1
= aGor)+int {(A % sup for (P8R b <1, o,
>1

where r = T% Hence [{M, A" p,q} is a paranormed space.

Theorem 2.3. If M = (M) is a Musielak-Orlicz function and p =
= (pr) € lwo, then the spaces co{M, A} p.q}, {M,AL pq} and
l{M, A p,q} are complete paranormed spaces paranormed by g.

Proof. Suppose (") is a Cauchy sequence in l.{M, A" p, q}, where

" = (z8)2, for all n € N. So that g(z' — 27) — 0 as 1,7 — oo.

Suppose € > 0 is given and let s and xy be such that $ > 0 and

M, (222) > sup(pi)™. Since g(a* — 27) — 0, as i,j — oo which means
k>1

that there exists ng € N such that

. . €
g(z' —a) < —, forall i,7 > no.
ST

This gives g(z} — 27) < —- and
(2.1)

AP i AP J e
inf{pi’; :sup{Mk, (q( m Tk mxk))tkplk} <1, p>0} <
k>1 p S

It shows that (%) is a Cauchy sequence in X. Therefore (z¢) is conver-
gent in X because X is complete. Suppose lim 2] = x;, then
71— 00

. . €
lim g(z}] —2]) < —,
j—mg( 1 1) sTo

we get

(¢} —21) < —
ry— —
9\ ! STo
Thus, we have
n,d _ AN
g(a* — ad)

This implies that
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A" gt — AP gl ST

g(x' —a’) 2
and thus
. ; Sxy € €
Anay —Ara]) < —.— < =
which shows that (A7z;) is a Cauchy sequence in X for all & € N.
Therefore, (AT x%) converges in X. Suppose lim APz} = y; for all
1—00

k € N. Also, we have lim A"z = y; — x1. On repeating the same

procedure, we obtain hm A n T +1 = Yk — o for all k € N. Therefore by

continuity of M., we get

A" i AR J 1
lim sup M <q( Ll mxk)) tr <1,

J=00 p>1 1%

so that

A" i — AP J 1
sup M, (q( m Lk m%)) tr < 1.
0

k>1

Let ¢ > ng and taking infimum of each p’s, we have g(z' — x) < €. So
(2" —z) € lo{M, A" . p,q}. Hence z = 2 — (2" — 1) € [o.{M, A" p,q},
since lo{M,A” p,q} is a linear space. Hence, [o{M,A” p,q} is a
complete paranormed space. Similarly, we can prove that the spaces
co{ M, A" 'p,q} and c{M, A" p,q} are complete paranormed spaces.
Theorem 2.4. If 0 < py < 1, < 00 for each k, then Z{M, A" p,q} C
C Z{M, AL 1, q} for Z = ¢y and c.
Proof. Let x = (zx) € ¢{M, A" ,p,q}. Then there exists some p > 0
and L € X such that
A"z — L
Mk<w>mtk — 0 as k — oo.
p
This implies that
(AL — L))
p
for sufficiently large k. Hence we get
Al xp — L)\ Al xp — L)\P
Mk(%) Y« Mk(M) Y0 as ko oo
p p
This implies that x = (xy) € c{M, A" ;r,q}. This completes the proof. ¢

Mk( <e (0<e<)
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Similarly, we can prove for the case Z = ¢y.
Theorem 2.5. Suppose M' = (M}) and M" = (M]/) are Musielak-
Orlicz functions satisfying the As-condition then we have the following
results:
(i) if (pr) € los then Z{M', AL, p,q} © Z{M" o M', AL, p,q} for
Z =c,co and l.
(i) Z{M’, A% p.q} N Z{M", AT, p,q} © Z{M' + M", AL, p,q} for

Z =c,co and ls.

Proof. If © = (x}) € co{ M, AL, p, q} then there exists some p > 0 such

that )
An k
{Mé(%)} tr — 0 as k — oc.

Suppose
An
yr = M. (W) for all k € N.

Choose 6 > 0 be such that 0 < § < 1, then for y;, > ¢ we have y, < % <
<1+ %. Now M)/ satisfies A,-condition so that there exists J > 1 such

that

14 Jy 174 Jy 14 Jy 14
M/ (yr) < 2_;Mk<2) + Q_;Mk (2) = TkMk (2).

We obtain

= [ {o (2252 ) 0= g <

< e fsup (VE(OP) s (@57 s =0, s b o0

Similarly, we can prove the other cases.
(ii) Suppose = = (zx) € co{ M}, AL, p,q} N co{ M}, A p,q}, then
there exist p, po > 0 such that

(o (M) 0) o

and
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n Pk
{(M,g (M)) tk} — 0, as k — oo.
P2

Let p = max{p1, po}. The remaining proof follows from the inequality

o=
o (S5 o (2]}

Hence co{ M}, AL, p, q}Nco{ M}, AT p,q} C co{ M+ M, A" p,q}. Sim-
ilarly we can prove the other cases.
Theorem 2.6. (i) If 0 < infp, < pp < 1, then loo{M,A" p,q} C
C loo{ M, A" q}.

(ii) If 1 < pp < suppy < o0, then loo{ M, AL q} C lo{M, A" p,q}.
Proof. (i) Let z = (zx) € loo{M, A}, p,q}. Since 0 < infp, < 1, we
have

(o () o (252

and hence z = (xy) € loo{M, A, q}.
(ii) Let px > 1 for each k and sup p, < co. Let
k
T = (xk> S loo{M7 A?mQ}a

then for each €, 0 < € < 1, there exists a positive integer ng € N such

that
ATL
sup{Mk (M)} <e< 1.
k P
This implies that

([ (5 o epf (2252}

Thus z = (zx) € loo{M, AL, p,q} and this completes the proof. O
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