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Département de Mathématiques, Institut Supérieur Pédagogique,
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Abstract: In this paper, we characterize a new class of almost contact metric
manifolds in Kenmotsu geometry. One establishes the inclusions relations of
the new class with the well-known ones.

1. Introduction

In [9], K. Kenmotsu studied a particular class of almost contact
metric manifolds that is neither of Sasakian nor of cosymplectic type.
This class is defined by the warped product of the real line with a Kähler
manifold.

Following this formalism, many other classes were characterized in
[15]. Several authors have produced many papers such as [2], [4], [5],
[7], [8], [10], [11], [12], [14], [16] and [17], on what we can call Kenmotsu

Geometry.
This note intends to characterize a new class obtained as the warped

product of the real line with a Hermitian manifold.
The paper is organized as follows:
Sec. 2 is devoted to recall some fundamental notions of almost Her-

mitian and almost contact metric manifolds to be used in the sequel.
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At Sec. 3, we characterize the new class and construct an example.
Sec. 4 is concerned with the inclusion relations between this new

class and the known ones. In particular, we show that this class contains
the class of Kenmotsu manifolds; it is included in the class of semi-
Kenmotsu normal; in the class of G1−semi-Kenmotsu and in the class of
G1-Kenmotsu manifolds.

I am grateful to the referee for his judicious observations which
improved this paper and to Professor T. A. Batubenge who stimulated
me to pursue this study.

2. Almost Hermitian and almost contact metric

manifolds

An almost Hermitian manifold is a Riemannian manifold, (M, g),
furnished with a tensor field, J , of type (1, 1) satisfying the following two
conditions:

(i) J2D = −D, and
(ii) g(JD, JE) = g(D,E), for all D,E ∈ χ(M).

It is known that any almost Hermitian manifold, (M, g, J), is of
even dimension, say 2m, and possesses a fundamental 2−form, Ω, defined
by Ω(D,E) = g(D, JE).

Noting by ∇ the Levi-Civita connection of M , we recall some re-
markable identities

(∇DJ)E = ∇DJE − J∇DE;
(∇DΩ)(E,G) = g(G, (∇DJ)E) = −g((∇DJ)G,E).
Let {E1, ..., Em, JE1, ..., JEm} be a local J-basis of an open subset

of M , then the codifferential δ of Ω is defined by

δΩ(D) = −
m
∑

i=1

{(∇Ei
Ω)(Ei, D) + (∇JEi

Ω)(JEi, D)} .

From the classification of almost Hermitian structures, obtained by
Gray and Hervella [6], we shall be interested with the following:

(a) the Kähler manifold, defined by ∇J = 0;

(b) Hermitian or (W3⊕W4-manifold) if NJ = 0, where NJ denotes the
Nijenhuis tensor of J or equivalently

(∇DΩ)(E,G)− (∇JDΩ)(JE,G) = 0;

(c) G1-manifold if (∇DΩ)(D,E)− (∇JDΩ)(JD,E) = 0;
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(d) a G2-manifold or (W2 ⊕W3 ⊕W4-manifold) if
G {(∇DΩ)(E,G)− (∇JDΩ)(JE,G)} = 0 or
G {g(NJ(D,E), JG)} = 0, where G denotes the cyclic sum over D,
E and G.

An almost contact structure on a differentiable manifold, M , is a
triple (ϕ, ξ, η) where:

(i) ξ is a characteristic vector field,

(ii) η is a differential 1-form such that η(ξ) = 1, and

(iii) ϕ is a tensor field of type (1, 1) satisfying

ϕ2D = −D + η(D)ξ, for all D ∈ χ(M).

If in addition, M admits a Riemannian metric g such that
g(ϕD,ϕE) = g(D,E)− η(D)η(E),

then g is called a compatible metric. In this case, (M, g, ϕ, ξ, η) is an
almost contact metric manifold. These manifolds are of odd dimension
2m+ 1.

As in the case of almost Hermitian manifolds, the fundamental 2-
form, φ, of an almost contact metric manifold is defined by φ(D,E) =
= g(D,ϕE).

Among some remarkable identities we have:
(1) (∇Dη)E = g(E,∇Dξ);
(2) 2dη(D,E) = (∇Dη)E − (∇Eη)D.

3dΩ(D,E,G) = G {(∇DΩ)(E,G)} .

Let {E1, ..., Em, ϕE1, ..., ϕEm, ξ} be a local ϕ-basis of an open subset of
M , then the codifferential δ is given by

δφ(D) = −

m
∑

i=1

{(∇Ei
φ)(Ei, D) + (∇ϕEi

φ)(ϕEi, D)} − (∇ξφ)(ξ,D);

δη = −

m
∑

i=1

{(∇Ei
η)Ei + (∇ϕEi

η)ϕEi} .

In [13], S. Sasaki and Y. Hatakeyama have defined two tensors fields
N (1) and N (2) of type (0, 2) by setting

(a) N (1)(D,E) = Nϕ(D,E) + 2dη(D,E)ξ,
(b) N (2)(D,E) = (LϕDη)E − (LϕEη)D

where Nϕ is the Nijenhuis tensor of ϕ while L denotes the Lie derivative.
Recall that, in [14], the tensor Nϕ of a nearly Kenmotsu manifold

is obtained by
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Nϕ(D,E) = ((∇ϕDϕ)E − (∇ϕEϕ)D))− ϕ(∇Dϕ)E − (∇Eϕ)D)).

If N (1) = 0, the manifold is said to be normal and in this case
N (2) = 0.

Let us recall the well known structures in the topic of Kenmotu
manifolds. An almost contact metric manifold is said to be:

(1) almost Kenmotsu if dφ(D,E,G) = 2
3
G {η(D)φ(E,G)} ;

(2) Kenmotsu if dφ(D,E,G) = 2
3
G {η(D)φ(E,G)} , dη = 0 and

N (1) = 0;

(3) G1-Kenmotsu if
(∇Dφ)(D,E)− (∇ϕDφ)(ϕD,E)− η(D)φ(E,D) = 0 = dη;

(4) G1-semi-Kenmotsu if it is G1-Kenmotsu and δφ = 0;

(5) G2-Kenmotsu if
G {(∇Dφ)(E,G)− (∇ϕDφ)(ϕE,G)− η(D)φ(E,G)} = 0 = dη;

(6) G2-semi-Kenmotsu if it is G2-Kenmotsu and δφ = 0;

(7) nearly Kenmotsu if (∇Dϕ)D = −η(D)ϕD and dη = 0;

(8) semi-Kenmotsu normal if
(∇Dφ)(E,G)−(∇ϕDφ)(ϕE,G) = η(E)φ(G,D), δφ = 0 and dη = 0;

(9) quasi-Kenmotsu if
(∇Dφ)(E,G)+(∇ϕDφ)(ϕE,G) = η(E)φ(G,D)+2η(G)φ(D,E) and
dη = 0;

(10) almost trans-Kenmotsu if
G
{

(∇Dφ)(E,G)− 1
m
φ(D,E)δφ(ϕG)− 2η(D)φ(E,G)

}

= 0
and dη = 0.

3. Characterization of the new class

Let (M ′, g′, J ′) be an almost Hermitian manifold and M = R×f M
′

the warped product [1] where f is the warping function defined by
f(t) = cet with c ≻ 0. The vector fields of χ(M) are (t d

dt
, D′) where t ∈ R

and D′ ∈ χ(M ′).
On this warped product, the following formulae hold.

(∇Dϕ)E = f 2(t)(∇′

D′J
′)E ′ + g(ϕD,E)ξ − η(E)ϕD.(3.1)

(∇Dφ)(E,G) =f 2(t)(∇′

D′Ω′)(E ′, G′)+η(G)φ(D,E)+η(E)φ(G,D).(3.2)

δφ = f 2(t)δΩ′.(3.3)
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This warped product is characterized by the terms such as η(.)φ(., .)
which appear in (3.2). Hereafter, we admit that any almost contact
metric manifold furnished with this property is a warped product.

Definition 3.1. Let M̄ = R×fM
′ be the warped product of the real line

with an almost Hermitian manifold M ′. Then M̄ is called a generalized

Kenmotsu manifold if M ′ is Hermitian.

Theorem 3.1. Let (M2m+1, g, ϕ, ξ, η) be an almost contact metric man-

ifold. Then M is a generalized Kenmotsu manifold if and only if
(∇Dφ)(E,G)− (∇ϕDφ)(ϕE,G) = η(E)φ(G,D)

and dη = 0.

Proof. Suppose that M is a generalized Kenmotsu manifold. Thus, M
is the warped product of a real line with a Hermitian manifold. Since
η ◦ ϕ = 0, then (3.2) leads to

(3.4) (∇ϕDφ)(ϕE,G) = f 2(t)(∇′

J ′D′Ω′)(J ′E ′, G′) + η(G)φ(D,E).

On the other hand, on a Hermitian manifold, we have
(∇′

D′Ω′)(E ′, G′)− (∇′

J ′D′Ω′)(J ′E ′, G′) = 0.
Subtracting (3.4) from (3.2) we get the required relation.
Conversely, assume that

(3.5) (∇Dφ)(E,G)− (∇ϕDφ)(ϕE,G) = η(E)φ(G,D)

This equation shows that we are in the case of a warped product of a
real line with an almost Hermitian manifold. We have to show that we
have a warped product of a real line with a Hermitian manifold. In fact,
equation (3.2) leads to

(3.6) (∇ϕDφ)(ϕE,G) = f 2(t)(∇′

J ′D′Ω′)(J ′E ′, G′) + η(G)φ(ϕD,ϕE)

because η(ϕE) = 0; since φ(ϕD,ϕE) = φ(D,E), then (3.6) gives rise

(3.7) (∇ϕDφ)(ϕE,G) = f 2(t)(∇′

J ′D′Ω′)(J ′E ′, G′) + η(G)φ(D,E).

Calculating (3.2)–(3.7) and using (3.5) we get
(∇′

D′Ω′)(E ′, G′)− (∇′

J ′D′Ω′)(J ′E ′, G′) = 0,
which is the defining relation of a Hermitian structure. ♦

Example. It is known that any odd dimensional sphere is furnished with
the Sasakian structure. But any Sasakian manifold is normal. Corollary
of Proposition 3.5 of Capursi [3, p. 78], states that the direct product
of two odd dimensional spheres is Hermitian. Thus, the warped product
M̄ = R×f (S

2p+1 × S2p′+1) is a generalized Kenmotsu manifold.
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4. Inclusion relations

Now, let us turn to the inclusions relations with the well known
structures.

Proposition 4.1. A generalized Kenmotsu manifold is G1-Kenmotsu.

Proof. Putting E = D in the defining relation of a generalized Kenmotsu
manifold, one obtains

(∇Dφ)(D,G)− (∇ϕDφ)(ϕD,G) = η(D)φ(G,D),

which is the defining relation of G1-Kenmotsu. ♦

Proposition 4.2. A generalized Kenmotsu manifold is G2-Kenmotsu.

Proof. Consider the defining relation of a generalized Kenmotsu mani-
fold; if we consider a cyclic sum over D, E and G, we get

G {(∇Dφ)(E,G)− (∇ϕDφ)(ϕE,G)− η(E)φ(G,D)} = 0,

which defines a G2-Kenmotsu structure. ♦

It is clear that Prop. 4.1 and Prop. 4.2 show that a generalized
Kenmotsu manifold is both G1 and G2-Kenmotsu. This is true because
Hermitian manifold is the intersection of a G1 and a G2-manifold.

Proposition 4.3. A generalized Kenmotsu manifold is semi-Kenmotsu

normal.

Proof. It suffices to add δφ = 0 to the defining relation of a generalized
Kenmotsu structure to obtain the defining relation of semi-Kenmotsu
normal. ♦

Proposition 4.4. A Kenmotsu manifold is a generalized Kenmotsu.

Proof. If M is Kenmotsu, then (3.2) gives

(4.1) (∇Dφ)(E,G) = η(G)φ(D,E) + η(E)φ(G,D),

which implies (∇ϕDφ)(ϕE,G) = η(G)φ(ϕD,ϕE) + η(ϕE)φ(G,ϕD) and
this can be transformed in

(4.2) (∇ϕDφ)(ϕE,G) = η(G)φ(D,E).

Subtracting (4.2) from (4.1) we get
(∇Dφ)(E,G)− (∇ϕDφ)(ϕE,G) = η(E)φ(G,D)

which defines a generalized Kenmotsu structure. ♦
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Propositions 4.1, 4.2, 4.3 and 4.4 lead to the following inclusions
relations.
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Figure 1. Diagram of the strict inclusions
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J. 13 (1961), 281–294.

[14] TRIPATHI, M. M. and SHUKLA, S. S.: Semi-invariant submanifolds of nearly
Kenmotsu manifolds, Bull. Calcutta Math. Soc. 95 (2003), 17–30.

[15] TSHIKUNA-MATAMBA, T.: Nouvelles classes de variétés de Kenmotsu, An.
Stiint. Univ. “Al. I. Cuza” Iasi, Mat. (N.S.) 38 (1992), 167–175.

[16] TSHIKUNA-MATAMBA, T.: Submersions métriques presque de contact sur les
nouvelles variétés de Kenmotsu, An. Stiint. Univ. “Al. I. Cuza” Iasi, Mat. (N.S.)
40 (1994), 117–126.

[17] TSHIKUNA-MATAMBA, T.: A note on nearly α-Kenmotsu submersions, Riv.
Mat. Univ. Parma (7) 7 (2007), 159–171.


