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Abstract: In this paper, we investigate the order and the hyper-order of
solutions of the higher order linear differential equation
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where P;(z) (j = 0,1,---,k — 1) are nonconstant polynomials such that
degP; =n > 1and A4;(2) (=0,1,--- ,k — 1) are meromorphic functions
of finite order such that max{p(4;):7=0,1,--- ,k—1} < n. Under some
conditions, we prove that every meromorphic solution f # 0 of the above equa-
tion is of infinite order. Then, we obtain an estimation of the hyper-order
and the exponent of convergence of zeros of the solutions. Finally, we give
an estimation of the exponent of convergence of zeros of the function f — ¢,
where ¢ # 0 is a transcendental meromorphic function of finite order, while the
meromorphic solution f of respective differential equation is of infinite order.
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1. Introduction and statement of results

In this paper, we use the standard notations of Nevanlinna’s value
distribution theory (see [17],[25]). In addition, we will use A (f) to de-
note the exponent of convergence of the zero-sequence of f, p(f) to
denote the order of growth of f. To express the rate of growth of mero-
morphic solutions of infinite order, we recall the following concept.

Definition 1.1 [19, 28]. Let f (2) be a meromorphic function. Then the
hyper-order ps(f) of f(z) is defined by

) loglogT'(r,
pal ) = tim sup B2 T )
r—s+o00 ogr
where T (7, f) is the Nevanlinna characteristic function of f.

For the second order linear differential equation
(1.1) "+e?f +AR)f =0,

where A (z) is an entire function of finite order, it is well-known that
each solution f of eq. (1.1) is an entire function, and that if fi, fy are
two linearly independent solutions of (1.1), then by [11], there is at least
one of fi, fo must have infinite order. Hence, “most” solutions of (1.1)
will have infinite order.

A natural question arises: What conditions on A(z) will guarantee
that every solution f # 0 of (1.1) has infinite order? Several authors,
such as, Frei [12], Ozawa [26], Gundersen [14], Langley [22], Amemiya
and Ozawa [1] have studied this problem. They proved that when A(z)
is a nonconstant polynomial or A(z) is a transcendental entire function
with order p(A) # 1, then every solution f # 0 of (1.1) has infinite order.
In [8], Chen considered eq. (1.1) in the case when p(A) = 1 and obtained
different results concerning the growth of its solutions.

Consider the second order linear differential equation
(1.2) F1+ AL () e"P fF 4 Ag (2) €9 f =0,

where P (z), () (z) are nonconstant polynomials, A; (z), A¢(z) (Z0)
are entire functions such that p(A;) < deg P (2), p(Ag) < deg@ (2).
Gundersen showed in [16, p. 419] that if deg P (z) # deg@ (z), then
every nonconstant solution of (1.2) is of infinite order. If deg P(z) =
= deg @ (2), then (1.2) may have nonconstant solutions of finite order.
For instance f(z) = €* + 2 satisfies f” + 1e*f' — 2e*f = 0.
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Chen [9] and Kwon [19] have investigated eq. (1.2) in the case when

deg P(z) = deg Q(z). Later, Chen and Shon [10], Belaidi [3, 4], Belaidi
and Abbas [5] extended the results of [9] and [19] for higher order linear
differential equations. After this work Xiao and Chen [27] improved the
results of [10] for a class of higher order linear differential equations and
obtained the following result.
Theorem A [27]. Let Aj(z) (j = 0,1,---,k — 1) be entire functions
with p(4;) <1 (j=0,1,---,k—1),a; (j=0,1,--- ,k —1) be complex
numbers (if A; = 0 we define a; = 0, otherwise a; # 0). Suppose
that there exist {a;,,ai,, -+ ,a;,} C {ao, a1, - ,ar_1} such that arga;,
(j =1, 2,---,m) are different from each other. Suppose further that for
each a; € {ag, a1, - ,ap_1} —{ai,, aiy, -+ ,a;, } and a; # 0, there exists
some a;; € {a;,, aiy, -, a, } such that a; = cl(lj)a,-j, where 0 < cl(lj) <1,
1€{0,1,---  k—=1},j=1,2,--- ,m. Then every transcendental solution
of the equation

(1.3) FE 4 Ay et fmD A mE o Age™ f =0

is of infinite order. Furthermore, if ag=a;;, or ag :c((]lj‘))a,-jo (0< c((fj“) <1)
and 0 < c((fjo) £ cﬁ”o), s €{1,2,--  k—1}, where a;;, € {ai,, @iy, - -+ , i, },
then every solution f # 0 of (1.3) is of infinite order.

The main purpose of this paper is to extend the results of Th. A
to some higher order linear differential equations. In fact, we will prove
the following results.

Theorem 1.1. Let A; (z) (j =0,1,---,k—1) be meromorphic functions
that have finitely many poles and p=max{p(A4;) : j=0,1,--- [ k—1} < n.
Let Pj(z) = CLn,jZn + CLn_LjZn_l +-- 4 1,52 + Qo j (j = 0, 1, cee ,]{7—1) be
polynomials, where ag ;- ,a,; (j =0,1,---,k —1) are complex num-
bers (if A; = 0 we define ap; =0 (k= 0,1,---,n), otherwise ay; # 0
(k = 0,1,---,n)). Suppose that there exist {aniy,aniy,* s Anin} C

C {ano, 1, -+ s Gpp—1} such that arga,;, (j = 1,2,---,m) are differ-
ent from each other. Suppose further that for each
nt € {00, An1y 5 Gn—1} = {njiys Qnjins "+ 5 Gnggy b and Gy 7 0,
. 74
there exists some an;, € {Gn,, Uniyy -+ 5 Qni,, b SUCh that ay; = cﬁlfl)amj,

where 0 < c(ii) <1,1e{0,1,--- Jk—1}, 7=1,2,--- ,m. Then, every

transcendental meromorphic solution of the equation

(14)  fR A el B =l o 4P B AgeP B f =0
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s of infinite order. Furthermore if ano = Qn,ijy O Ano = cfffg)anvijo
(0 < c( ) < 1) and 0 < c 7é ciﬁso , s €{1,2,--+  k—1}, where a,;;, €
€ {an,“, Qpigs " ,amm}, then every meromorphic solution f Z 0 of (1.4)
s of infinite order.

Theorem 1.2. Under the hypotheses of Th. 1.1, the following statements
hold:

(i) Every transcendental meromorphic solution f of (1.4) satisfies

A(f) = n or pa(f) = n.

(i50) ( )

(ii) Furthermore, if ano = ay dsp OT @n0 = Cp( n,ij (0<ec,d <1)
and 0 < 0 2 s € {1,2,--+ k= 1}, where am-j0 €
€{anir, Aniys -+ 5 Any }, then every meromorphic solution f #0

of (1.4) satisfies N(f) =n or ps(f) =n.

Theorem 1.3. Under the hypotheses of Th. 1.1, suppose further that
©(z) # 0 is a meromorphic function with finitely many poles and p(p) <
< 00, then:

(i) If @(2) is transcendental, then every transcendental meromor-

phic solution f of (1.4) satisfies AN(f — @) = Mf — ¢) =
(i50) ( )

(ii) Furthermore, if a,o = Anijy O An,0 = Cp) Anis, (0<e,y <1)
and 0 < CS,JS) # c,(ffﬁ), s € {1,2,---  k— 1}, where anv% €
€{aniy, Aniys -+ 5 Anyy } then every meromorphic solution f %0

of (1.4) satisfies M(f — @) = Mf — @) =

Remark 1.1. Clearly, the method used in linear differential equations
with entire coefficients can not deal with the case of meromorphic co-
efficients. The present paper may be understood as an extension and
improvement of the results of the papers of Xiao and Chen [27], Belaidi
[4], Belaidi and Abbas [5] from entire solutions to meromorphic solutions.

2. Lemmas for the proof of theorems

By using the same proof as in the proof of Lemma 3.1 in [21], we
easily obtain the following lemma.

Lemma 2.1. Let f(z) be a meromorphic function having finitely many
poles all lie in {z:|z| <o}, and suppose that |f®) (2)| is unbounded
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on a ray argz = 0, then there exists a sequence z, = r,e tending to
infinity such f® (z,) — oo and

1
S (k=)

Lemma 2.2 [15, p. 89]. Let f (2) be a transcendental meromorphic func-
tion of finite order p. Let I' = {(k1,71), (ka,J2) -+, (km,Jm)} denote a
set of distinct pairs of integers satisfying k; > j; =2 0 (i=1,2,--- ,m)
and let € > 0 be a given constant. Then, there ezists a set Ey C [0,27)
that has linear measure zero such that if 1y € [0,27) — Ey, then there
is a constant Ry = Ry (Yo) > 1 such that for all z satisfying arg z = 1)y
and |z| = Ry and for all (k,j) € T', we have

7 (2)
9 (2)

Lemma 2.3 ([6], [24, p. 254]). Let P(z2) = ap,2" + --- + ap, (a, =
= a+1if # 0) be a polynomial with degree n > 1 and A(z) Z 0 be
a meromorphic function with p(A) <n. Set f(z) = A(z)el®), 2 =
= re? §(P,0) = acosnf — Bsinnd. Then for any given ¢ > 0, there
exists a set Ey C [0,27) that has linear measure zero, such that if 6 €
€ [0,27m) — (Ey U E3), where E3 = {0 € [0,2m) : § (P,6) =0} is a finite
set, then for sufficiently large |z| = r, we have
(i) if 6(P,0) > 0, then

f(j) (Zn)
(2.1) ’fw o)

!(1+0(1))\zn\k_j (j=0,---,k—1).

(2‘2) < |Z|(k—j)(p—1+€) .

(23) exp{(1—¢e)d(PO)r"} <|f(2)| <exp{(1+¢)0(PO)r"},
(ii) if 9 (P,0) <0, then
(24)  exp{(1+e)d(PO)r"} <|f(2)] <exp{(1—¢)0(P,8)r"}.

Lemma 2.4 [10]. Let f(2) be an entire function with p(f) = p < oc.
Suppose that there ezists a set Ey C [0,27) that has linear measure zero,
such that for any ray argz = 6y € [0,27) — Ey, }f (rewo)} < Mr*, where
M = M (6p) > 0 is a constant and k (> 0) is a constant independent
of 0y. Then f(z) is a polynomial with deg f < k.

Lemma 2.5 [13, p. 30]. Let P, P,---,P, (n > 1) be nonconstant
polynomials with the degree in order dy,ds,--- ,d,, respectively. Sup-
pose that when i # j, then deg(P; — P;) = max{d;, d;}. Let A(z) =
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= ZBj(z)ePf(z), where Bj(z) # 0 are meromorphic functions satisfying
J:

1
p(BJ) < dj. Then

(2.5) p(A) = max {d;}.

1< j< n

Lemma 2.6 [17, 25|. Let f be a meromorphic function, and let k > 1
be an integer. Then

(26) o (r %) — 50 f).,

where S(r, f)=0 (log T(r, f)+logr), possibly outside a set E5C [0, +00)
with a finite linear measure m (E5) < +oo. If f is of finite order of
growth, then

f(k)
"

Lemma 2.7 [7]. Let Ag, A1,---, Ak—1, F # 0 be finite order meromor-
phic functions. If f is a meromorphic solution with p(f) = +oo of the
equation

(2.7) m< ):o®yy

(2.8) fO+ A fS Vv A f+ Af = F,

then A(f) = A(f) = p(f) = +oc.

Lemma 2.8 [23]. Suppose that k > 2 and Ag, Ay, -+, Ag—1 are mero-
morphic functions that have finitely many poles. Let p = max{p(A,) :
j=0,1,---,k—1} and let f(z) be a transcendental meromorphic solu-
tion of the equation

(2.9) O+ A fE 4+ A f 4+ Aof =0

Then ps(f) < p.

Lemma 2.9 [18, Th. 12.4]. Let f be an entire function with p(f)=oc.
Then f can be represented in the form f(z) = g(2)e"?), where g(z) and
h(z) are entire functions such that

(2.10) pa(f) = max {pz(g)a P2(€h)} )



Growth of solutions of higher order linear differential equations 177

loglog N (r, é) loglog N (r, %)
(2.11)  pa(g) = limsup = lim sup :
400 log r 400 logr

Lemma 2.10 [2]. Let g : [0,400) = R and h : [0,4+00) — R be
monotone non-decreasing functions such that g (r) < h(r) outside of an
exceptional set Eg C (0,400) of finite linear measure. Then for any
A > 1, there exists 71 > 0 such that g (r) < h (\r) for all v > ry.

3. Proof of Theorem 1.1

Suppose that f is a transcendental meromorphic solution of (1.4).
Then z is a pole of f only if 2 is a pole of one of A;(z) (j=0,1,---, k—1).
Since A;(z) (j = 0,1,---,k — 1) have only finitely many poles, then f
has finitely many poles. We assert that any transcendental meromor-
phic solution of eq. (1.4) must have infinite order. Suppose that f is
a transcendental meromorphic solution of eq. (1.4) satisfying p(f) =
= a < oo. By Lemma 2.2, there exists a subset E; C [0,27) that has
linear measure zero, such that if 6 € [0,27) — E;, then there exists a
constant Ry = Ry(0) > 1 such that for all z satisfying argz = 6 and
|z| > Ry, we have

<™ (0<i<j<k).

f(j)(z)
(3.1 'W

We note
E,={0€0,2m):6(P;,0)=0, j=0,1,--- ,k—1}U
u{fe[0,2r):0(P;,,0) =0(P,.0), 1<d<j<m}.
Then Fj is a finite set. By Lemma 2.3, there are exceptional sets H; C
C [0,27) (j =0,1,--- ,k — 1), each of them has a linear measure zero,
. k-1
such that for all 2z =re? 0 € [0,27) — (B, U B, U E3) (B3 = 'UOHJ- is a
‘7:
set with linear measure zero) we have §(F;,6) # 0 (7 =0,1,--- ,k—1)
and §(F;;,0) # 6(Fi,,0) (1<d<j<m). Let
0y = 0(P;,,0) = max{6(F;;,0): j =1,2,--- ,m}.
Then §; > 0 or §; < 0 since (P}, 0) # 0. We consider two cases.
Case (i): &; > 0. Let 6 = max{0,6(P;,,0):j € {1, 2,---,m} — {t}}.
Then 0< 6 < ;. Set 6 = 0. Then 0 < ¢ < 1. By Lemma 2.3, for any

d?
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e1(0 < e < %), we have as r — +o0
(3.2) ‘Ait(z)epit(z)‘ > exp{(1 —¢e1)dr"}.

For A;e'®) (I # 4,), we have Apy = cf”)amt (0 < ) < 1) or a,; =

n,l
= amj (j#1t)or ap, = Ciz,l)alj (j#1t) (0< chl) < 1). Hence §(P,0) =
= W5(P,.0) = s, or 8(P,0) = §(P,.0) < & or §(P.0) =
= 1(171)5(}71-3.,9) < Sjl 5. Let ¢ = max{cnl ;
By Lemma 2.3, when r — 400, we have

}Alepl(z)‘ < exp{(l + 51)033)5,57"” },

c,cnlc} we have 0 < ¢ < 1.

or
‘Alepl(z)} <exp{(1+e1)or"},
or
}Ale i } < exp{(1+e1)c (i) gor” }.
Thus

(3.3)  |Ae"P| <exp{(L+e)edr™} (1€{0,1, -+, k—1}—{t}).

Now we affirm that ‘f(if) (z)‘ is bounded on the ray arg z = 6. If }f(“)(z)} is
unbounded on the ray arg z = #, then by Lemma 2.1, there exists an in-
finite sequence of points z, = r,e? such that as ¢ — +o0, we have
ry — +00, fi)(z,) — oo and

() 1 .
(3.4) ;(it)(éq)) < ol T o) =01, i),
Since £ £ 0, by (1.4), (3.1), (3.3) and (3.4) as 2z, — oo we have
(k) (k—1)
(3.5) \Ait(zq)epit(zq)}é';(i )E | Apor (z)e™1 )] J}f((:j)) ot
TR A )
+ | Ais1 (zg) e ( )“ £ (z,) ‘+
(i—1)
+}Ait_1(2q)epit*1(z‘1)‘ ffT(ij;) + .o+
T N P e (N

réHa exp{ (14¢& cétrq}
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We can take 0 < &y < min {15 e 1}, then (3.5) is a contradiction to (3.2).
Hence, }f(“ (z )} < M, on arg z = 6. Therefore

(3.6) [f(2)] < Mir*

holds on argz = 6.
Case (ii): 6, < 0. Let 6 = max {6(P;,,0) : j € {1,2,--- ,m} — {t}} . Then
0 < 0; < 0. It follows that, there exists a constant ¢’ such that ¢ > 1
and 0 = ¢d,. We have for all [ # i, the following cases for §(F},0) :
3(P,0) = 3(P,,0) = s, or 6(P,0) = 8(P;,,0) < 6 or §(F;,0) =
(23 Jo(P;,,0) < (Z)é. Set ¢; = mln{cgfl), c, cgfj)c’, 1}. Then ¢; > 0.
By Lemma 2.3, for any €5 (0 < ey < %), when r — +o0 we have
| A "] exp {(1 —e2)dr"},
and for [ # iy,
‘Alepl(z } < exp{ 1—e9)c 5tr"}
or
}Alepl(z)} < exp{(1 — &2)6r"},
or
‘Alepl(z)‘ <exp{(l- 52)0%)57""}.
Hence, for all j =0,1, --- k-1

(37) ‘AJ( Fi (Z)‘ exp{ 1 — 82)01(5157" }

If ‘f(k)(z)‘ is unbounded on the ray arg z = #, then by Lemma 2.1, there
exists an infinite sequence of points z; = r;ew such that as ¢ — 400,

we have 1, — 400, f®(z]) — oo and

G 4
(3.8) iGIER < ) |z (1 +0(1) (j=0,1,---,k—1).
Since f*) £ 0, by (1.4), (3.7) and (3.8), when 1, — +00, we have
FE (=) ()
< Pp1(zg)||7_ \"q/ Pr_o(2))
(3:9) 1<|Aa(z))e FoIm + A (zp)e f(k RN
ol | L Zq) )eFo0) (%)
™ ‘Al(zcﬂe ‘f(k) 2) ‘AO 'f(’f>(2{1) =

(
< (T;)k exp {(1 — 52)01515(7‘:1)"} .
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Since ()" exp {(1 — &2)(r})"c16,} — 0 as 7, — +00 we obtain a con-
tradiction with the left term of the inequality (3.9). Hence | f®(2)| < M,
on argz = 6 (M, is a positive constant). Thus

(3.10) |f(2)] < Myr*.

In the both cases (3.6) and (3.10), we have

(3.11) |f(2)| < Mr*
holds on argz = #. Since f(z) is a meromorphic function with finitely
many poles, then we can write f(z) on the form f(z) = g(é)) with

(Q)(z) is a polynomial and g(z) is an entire function. We know that for
all 2 = re?® and r > rg, there is a natural number s (s > deg Q) such
that

(3.12) Q)] <.

From (3.11) and (3.12), we have |g(2)| < Mr? (3 = s+ k) for all r > rg
and 0 € [0,27) — (Ey U Ey U E3). By applying Lemma 2.4, we find that
g(z) is a polynomial of degree deg g < . Then f(z) is a rational function,
this contradicts the assumption that f(z) is a transcendental function.
Hence p(f) = oc.

Furthermore, if ay;;, = ano With a,;, € {niys Qnsigy -+ 5 Aniny }s
then we assume that the solution f(z) of eq. (1.4) is a rational function.
Since we have Ay fef® # 0 and we write

(AsePs(z)—an,sz” f(s) + AtePt(z)—an,tz”f(t))eanysz"
instead of
A feP + A fWe
when a, s = anyt (Gps, Ane € {An1,an2, - ,ank-1}). Consequently we
can write eq. (1.4) in the form

(3.13) Ap(2) f(2)e™E) + 3 "By (2)e*" =0,

70
where Bj(z) are meromorphic functions with finitely many poles and
of finite orders p(B;) < n. We have arga,; # arga,o or arga,; =
= arga, o but |a, ;| < |anol, and that a, j—a,; # 0 when i#j (j#0). By
Lemma 2.5, we find that the order of growth of the left side of eq. (3.13)
is m, this contradicts the zero order of the right side of eq. (3.13).
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Suppose that a,o = cfffg)anvijo (0 < cgfg) < 1) and 0 < cgfg) #
# c,(ffﬁ), s€{1,2, -+ k—1}and ani; €{@niy; Qniss """, An,iy, }, We assume
that the solution f(z) of eq. (1.4) is a rational function. Thus, we have
Aofel® # 0 and eq. (3.13) also holds. From the fact arga, ; # arga,o
Or arga, ; = arga,o but 0 < c((]ljo) # cﬁ”o), s €{1,2,---,k— 1} which
means that |a, ;| # |a,o| and by Lemma 2.5 the order of growth of the
left side of eq. (3.13) is n, this contradicts the zero order of the right

side of eq. (3.13). Consequently, when nizy = Gn0 O Gpo = cgfg)amjo

(0 < cgfg) < 1)and 0 < cgfg) # cgf;?), s €{1,2,---,k—1} and a,;;, €
€ {aniy, Qnigs G, |, @y meromorphic solution f # 0 of eq. (1.4) is

of infinite order.

4. Proof of Theorem 1.2

(i) Suppose that f is a transcendental meromorphic solution of
(1.4). Since Aj(z) (j = 0,1,---,k — 1) have only finitely many poles,
then f has finitely many poles. Assume that f satisfies A(f) < n. Then,
we can write f in the form f = %eh, where 7 is an entire function
with A(f) = A(7m) < n, his a transcendental entire function and Q is a

polynomial. Put g = f?’ then by using Lemma 2.6, we have

=1 () 2 (D) o ()
=0 (logT (r, f)) + O (logr) + N (T’ fTI)

holds for all  outside a set F5 C [0,+00) with a finite linear measure
m (Fs5) < +00. We know that

N(r.g) = N (r, f7) — N, )+ N (7’, %) — O(logr) + N (n %) ,

hence
— 1
(4.1) T(r,g) <O logT (r,f))+ O (logr)+ N (7’, ?) , 1T ¢ FEs.

By Lemma 2.8, we have po(f) < n. It follows from (4.1), Lemma 2.10
and the fact A (f) < n that p(g9) < n. We assert that p(g) = n. By
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!
g= f77 we obtain (see [20, Lemma 2.3.7])

N ey .
(42) fT - gj + 5](] - 1)gj 29 + Gj—2(g) (] = 2a3> T 7k)7

where G_2(g) is a differential polynomial of the meromorphic function g
with constant coefficients and the degree no more than j—2. If p(g) < n,

then by (4.2) we have
fU)
() <n Gersny

(i) . :
We have A;, (z)L fj is transcendental and we can write the

eq. (1.4) in the form

(4.3) iz‘lij (2) f(lj efis ZBI Jetni=" =0,
j=1

where Bj(z) are meromorphic functions with finitely many poles and of
finite orders p(B;) < n. We have arg a,, i; are different from each other in
{Gni), niyy -+ s On, + and if arga,; = arg an;;, then |a, | < ‘an ZJ‘ By
Lemma 2.5, we find that the order of growth of the left side of eq. (4.3)
is n, this contradicts the zero order of the right side of eq. (4.3). Hence

plg) = n.

Since py(f) = pa(me™), then by Lemma 2.9 we have py(me) =

! / /
= p(h) <n. Suppose that p(h) <n. Then, it follows from f? = ?_§+h/
that
7)<r(:5) Q)

4.4) T|r=)<T(r,—|+T +T(r,h)+0(1) =
an r(nd " 2)+ 16 +00)

o (r, %) LW (ﬁ) + 0 (logr) + T(r, 1) + O (1) =
=0 (logr)+ N <r, %) + O (logr) +T(r,h)+0 (1) =

_N (n %) +T(r 1) + O (log ).
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!/

By (4.4) and the fact A\(7) < n, we get p(i) = p(g) < n, a contradiction
to p(g) = n, hence p(h) = n, then ps(f) = n.

(ii) By Th. 1.1, every meromorphic solution f # 0 of eq. (1.4) is tran-
scendental, by using the same reasoning as in (i), we obtain A(f) > n or

p2(f) =n.

5. Proof of Theorem 1.3

(i) Set Hj(z) = Aj(2)efi® (j = 0,1,--+ ,k —1). Assume that f
is a transcendental meromorphic solution of eq. (1.4) and suppose that
©(z) # 0 is a transcendental meromorphic function with finitely many
poles and p(p) < co. By Th. 1.1, we have p(f) = co. Set g = f — ¢, then
p(g) = oo, substituing f = g + ¢ into eq. (1.4) yields

(5.1) g™ + Hy 1g®™ Y+ + Hig + Hyg =

= — (" + Hpeo® ™D + -+ Hi' + Hop) .
We assert that
™ + Hy_1o* D - + Hip' + Hop #0
because if ®) + Hy_1o* =V 4. ..+ H o'+ Hyp = 0, then ¢ is a transcen-
dental meromorphic solution of eq. (1.4), by Th. 1.1 we have p(¢) = oo
and this contradicts the fact p(¢) < oo. Hence

(5.2) — (6™ + Hy o + -+ Hi! + Hoyp) # 0.

By (5.1), (5.2) and Lemma 2.7, we obtain A (g) = A(g) = p(g) = oo.
Therefore A\(f — ) = A(f — ¢) = c0.

(i) We have by Th. 1.1, every meromorphic solution f # 0 of
eq. (1.4) is transcendental, by using the same reasoning as in (i), we

obtain A(f — @) = A(f — ¢) = oc.
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