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Abstract: In continuation of the survey, “Classes of semigroups with compat-
ible natural partial order I” (Math. Pann. 22 (2011), 165-198), the problem of
(right) compatibility of the natural partial order of a semigroup is dealt with
for the classes of E-inversive, of eventually regular, and of regular semigroups,
respectively. Again, as far as possible the structure of the resulting semigroups
is described and methods to construct them are given. Furthermore, gen-
eral observations concerning the natural partial order of strong semilattices of
semigroups, (iterated) inflations of semigroups, and generalized Rees matrix
semigroups are included.

Introduction

This is the continuation of the survey, “Classes of semigroups with
compatible natural partial order I” (Math. Pann.22 (2011), 165-198).
Recall that the natural partial order on a semigroup S is defined by

a<gb if and only if a=xzb=by, ra=a(= ay) for some x,y € S*([18]).
Also, <g is right (left, two-sided) compatible if a <g b implies ac <g bc
(ca <g ¢b, both) for any ¢ € S.
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In part I necessary and/or sufficient conditions for a semigroup S
were given in order that the natural partial order <g of S be right (two-
sided) compatible (Sec. 1). Furthermore, semigroups S for which <g is
trivial or total were considered (Sec. 2). Also several well-known classes
of semigroups with right (two-sided) compatible natural partial orders
were specified (Sec. 3). In particular, (E-)medial semigroups were dealt
with (Sec. 4). Throughout, sufficient conditions for right compatibility
of <g with multiplication by particular elements were given.

In this second part, we give answers to the compatibility problem
for the classes of E-inversive (Sec. 5), of eventually regular (Sec. 6), and of
regular semigroups (Sec. 7). In an appendix, (1) a criterion for the right
(two-sided) compatibility of <g for strong semilattices of semigroups, in
which every element has a right and a left identity, is proved, (2) iterated
inflations of a trivially-ordered semigroup are introduced, thus providing
a method for the construction of semigroups with an arbitrary number
of elements and a non-trivial two-sided compatible natural partial order
(the same can be achieved by strong semilattices of trivially-ordered semi-
groups, in which every element has a right and a left identity), (3) semi-
groups, in which every element has a right and a left identity, are dealt
with, and (4) generalized Rees matrix semigroups are considered in more
detail.

A list of semigroups S for which <g is right (two-sided) compatible
and which are dealt with in parts I and II, is given in the Introduction of
part I. The numbering of the sections in part II is continued from part I.

5. E-inversive semigroups

A semigroup S is E-inversive if for every a € S there exists z € S

such that ax € E(S) ([30]; see [3], EX.3.2(8)). Defining for any a € S:
W.(a) ={x € Slax € E(S)},W(a) = {x € S|z = xzax},

a semigroup S is E-inversive if and only if for every a € S : W,.(a) # ¢,

resp. W(a) # ¢. The elements of W (a) are called weak inverses of a € S.

For basic properties of E-inversive semigroups see [21].

Examples: Semigroups with zero; eventually regular semigroups,
in particular, regular or groupbound semigroups, hence periodic or finite
semigroups; simple semigroups S with £(S) # ¢ (ifa € S,e € E(S5), then
according to P.M. Higgins, e = zay for some z,y € S and a-yex € E(S));
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in particular, any Bruck-semigroup over a monoid; a generalized Rees
matrix semigroup S = M(I,T,A; P) is E-inversive if and only if T is
E-inversive (sufficiency: if (i,a, ) € S then for any j € I, u € A there is
r € T with x = x - pjap,; - x, hence (i,a,\)(j,x, u) € E(S); necessity:
if @ € T then a - pybp, € E(T) for j € I,b € T,u € A, given by
(i,a,\)(,b, ) € E(5)); inflations of an E-inversive semigroup; strong
semilattices S = (Y, Su; @a,5) of semigroups such that (Y, <y) has a
least element p € Y and S, is E-inversive.

First we indicate the E-inversive semigroups S whose natural partial
order is the identity relation which is evidently two-sided compatible.
Note that if S has a zero and <g is trivial, then S consists of one element
only (see Sec. 2).

Result 5.1 ([19]). Let S be an E-inversive semigroup. Then <g is the
identity relation if and only if S is completely simple.

Corollary ([20]). Let S be a finite semigroup. Then <g is the identity
relation if and only if S is simple.

Result 5.2. Let S be an E-inversive semigroup. Then <g s the identity
relation and E(S)a C aS* for any a € S if and only if S is a right group.
Proof. Sufficiency is clear. Necessity: By Res. 5.1, S is completely
simple, i.e., S = M(I,G,A; P) and E(S) # ¢. Since E(S)a C aS* for
any a € S, it follows that |I| = 1, thus S is right simple. Therefore, S is
a right group, by [3], Th. 1.27. ¢

For monoids we have
Result 5.3. Let S be an E-inversive monoid. Then <g is the identity
relation if and only if S is a group.

Proof. Necessity: Let e € E(S); then e <g 1g implies that e = 1g
and E(S) = {lg}. Thus for every a € S there exists a’ € S such that
aa’ = 1g. Therefore S is a group. ¢

By Res. 3.2, for a semigroup S satisfying Sa C aS* for every a € S,
<y is right compatible. If S is E-inversive we have more precisely:
Result 5.4. Let S be an E-inversive semigroup such that Sa C aS* for
every a € S. Then <g s right compatible and non-trivial if and only if
S is not a right group.

Proof. Necessity: For any right group S, <g is the identity relation —
see Sec. 2. Sufficiency: If <g was the identity relation then by Res. 5.2,
S is a right group. ¢
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Remark. In particular, for any finite commutative semigroup S which is
not an abelian group, <g is non-trivial and two-sided compatible (since
a commutative right group is an abelian group).

Result 5.5. Let S be an E-inversive monoid such that a <g b implies
a="0bf for some f € E(S). Then <g is right compatible and non-trivial
if and only if Esa C aS for every a € S and S is not a group.

Proof. Necessity holds by Res. 1.8(ii) and Res. 5.3. Sufficiency follows
from Res. 1.11 and Res. 5.3.

Remark. In particular, for any finite monoid S with central idempotents
which is not a group, <g is non-trivial and two-sided compatible.

Next we consider E-inversive semigroups S, which are F-unitary:
ea,e € E(S) implies a € E(S). Note that for an E-unitary semigroup S,
also ae,e € E(S) implies a € E(S): since eae € E(S) and eae-a € E(S),
it follows that a € E(S). Furthermore, if S is E-inversive and E-unitary
then E(S) is a subsemigroup of S: let e, f € E(S); then ef -z € E(S)
for some x € S; thus e- fx € E(S) implies fz € E(S), and therefore
x € E(S5); consequently, ef - x € E(S) implies ef € E(S).

For certain semigroups we have a characterization of E-unitariness,
which is known for inverse semigroups: following M. Petrich we call a
semigroup S pure if e <g a, e € E(5), a € S, implies a € E(S). Note
that for inverse semigroups the general conditions in (i) and (ii) of Res. 5.6
below are always satisfied.

Result 5.6. (i) Let S be a semigroup such that E(S)a C aS' for any
a €S. Then S is E-unitary if and only if S is pure.

(ii) Let S be an E-inversive semigroup. Then S is E-unitary if and
only if S is pure and E(S) is a subsemigroup of S.

Proof. (i) Necessity: Let e <g a, e € E(S). Then by [20], e = fa for
some f € E(S). Since S is E-unitary, it follows that a € E(S5).

Sufficiency: Let e,ea € E(S). Then the element f := ea = ax
(z € S') satisfies f <g a and f € E(S); therefore a € E(S).

(ii) Necessity: The first part is proved as in (i); the second holds
by the observation above. Sufficiency: Let e,ea € E(S),a € S. Then we
have for a’ € W,.(a) that aa’ € E(S) and f := ad’ - ea € E(S). Since
f = (ad'e)a = a(d'ea) and ad’ - e € E(S), we get f <g a and thus
a€ E(S). O
Remarks. (i) By the proof of necessity in Res. 5.6 (i) any E-unitary
semigroup is pure. (ii) Let S be a trivially-ordered semigroup such that
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E(S)a C aS! for any a € S; then S is E-unitary. In particular, any
trivially-ordered monoid is E-unitary (since E(S) = {lg}); more gen-
erally, any unipotent monoid is so. Furthermore, any inflation S of a
unipotent monoid 7" such that 17 € T is not inflated is E-unitary (since
E(S) = {1r}).

Result 5.7. Let S be an E-inversive E-unitary monoid. Then <g is right
compatible if and only if E(S)a C aS for every a € S. In particular, <g
is two-sided compatible if and only if aE(S) = E(S)a for any a € S.
Proof. We show that a <g b implies a = eb = bf (e, f € E(5)). Let
a <g b; then a = zb, za = a (x € S). Thus, for (any) o’ € W,(a),
z-ad = ad € E(S), so that x € E(S). Similarly, a = bf for some
f € E(S). The first statement now follows from Res. 1.12, the second
from Res. 1.13. (See also Res. 5.5.) O

Remarks. (i) For any E-inversive E-unitary semigroup S, the natural
partial order has the form: a <g b if and only if a = eb = bf for some
e, f € E(SY).

(ii) By [8], Th. 3.14, the E-inversive E-unitary monoids S are pre-
cisely the generalized F-monoids (i.e., there is a group congruence p on
S such that the identity p-class of S contains a greatest element with
respect to <g). Examples are given in [§].

By Remark (i) above we obtain the following

Corollary. Let S be an E-inversive E-unitary semigroup with central
tdempotents. Then <g s two-sided compatible.
Remark. All semilattices and groups satisfy the conditions of the Corol-
lary; more generally, any Clifford semigroup with injective linking homo-
morphisms (see [13], V. Ex. 10). Also, any inflation S of a group G such
that the identity of G is not inflated has these properties (if S # G then
S is not regular); concerning <g see Sec. 8(C).

In case that an E-inversive semigroup is rectangular (see Remark
(iii) following Res. 4.7) we have
Result 5.8. Let S be an E-inversive rectangular semigroup. Then <g is
two-sided compatible; more precisely, a <g b implies ac = bc and ca = cb
for every c € S.
Proof. By [3], Ex. 3.2(11), S is an inflation of a rectangular group 7.
Since <r is the identity relation on 7" (see Sec. 2), the claim follows (see

Sec. 8(C)). ¢

Remarks. (i) By [33], a semigroup S is E-inversive and rectangular if
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and only if S is an inflation of a rectangular group.

(ii) By [30], see also [3], Ex. 3.2 (9), an E-inversive semigroup S is
rectangular if and only if S is stationary on the right (and on the left) —
see Remark (iv) following Res. 4.7. Therefore, Res. 5.8 also follows from
Res. 4.8 and its dual.

Finally, we consider E-inversive semigroups S such that whenever
ar = a (a,r € S) then az’ = a for some x’ € W,.(z). Examples:

(1) Infinite monogenic semigroups with a zero adjoined, i.e., S =
= (¢)’; S is E-inversive since 0 € S. Let ax = a; if a # 0 then also
x # 0 and thus a = ¢, x = ¢" for some m,n > 0; therefore "™ = ¢, a
contradiction. Hence a = 0 and az’ = a for (every) 2’ € W, (x).

(2) Nilsemigroups: S is E-inversive since 0 € S. If ax = a, then
ar® = a for every k > 0, hence a = a0 = 0 if 2" = 0. Thus a2’ = a for
(every) o’ € W, (z).

(3) Completely regular semigroups: S is E-inversive since S is reg-
ular. If ax = a and x = a2’z for ' € S such that xa’ = 2’x, then
¥ eW,(zr)and ar’ =axr-2' =a-z2x' =a-2'v = ar - 2’z = ax = a.

(4) Groupbound semigroups: S is E-inversive since for any a € S
there is k>0 such that a* € G, (= subgroup of S with identity e € E(S5)).

If ax = a then az™ = a for every n > 0, hence for some k& > 0 : az® = a

where ¥ € G,. Thus ae = az*(2*)™! = a(2*)~! and so a = az* =
=a-ex® = a(aF)7! - 2F = ae. Therefore 2/ := 2*~1(2%)~! € S satisfies:
zx' =e € E(9), ie., 2/ € W.(), and ar’ = azx- 2" 1 (2¥)™1 = ae = a (for
k=1 take 2/ = 271).
Result 5.9. Let S be an E-inversive semigroup such that ax=a (a,x €5)
implies ax’ = a for some ¥’ € W,(x). If E(S)a C aS* for every a € S,
then <g s right compatible.
Proof. We show that a <5 b (a,b € S) implies a = bf for some f €
€ E(SY). Let a <g b; then a = by, ay = a, for some y € S. Thus
also ay’ = a for some y € W,.(y), and a = ay = byy = bf with
f=uyy € E(S). Hence the statement follows from Res. 1.11. ¢
Remarks. (i) For any E-inversive semigroup S satisfying the first con-
dition in Res. 5.9, a <g b if and only if a = xb = bf for some x € S*,
f e E(SY.

(ii) The condition “E(S)a C aS! for every a € S” is not necessary
for <g to be right compatible: let S = M(I,G, A, P) be a completely
simple semigroup with [I| > 1. If (¢,9,\)(j,z, ) = (4,9, A) then p = A
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and r = p;jl; hence (j,z, ) € E(S) and (j,x,u) € W,.(j,z, ). Further-
more, <g is the identity relation (see Sec. 2), hence is (right) compatible.
But for e = (i,py,,\) € E(S), a = (j,g,\) € S with i # j, we have
ea ¢ aS*. However, for monoids we get from Res. 1.8 (ii) and Res. 5.9:
Result 5.10. Let S be an E-inversive monoid such that ax = a (a,z € S)
implies ax’ = a for some ' € W,.(x). Then <g is right compatible if and
only if E(S)a C aS for every a € S.

With respect to compatibility of <g with multiplication by partic-
ular elements we have

Result 5.11. Let S be an E-inversive semigroup such that <g is right
(left) compatible with multiplication by idempotents. Then <g is right
(left) compatible with multiplication by all weak inverses of any element
of S.

Proof. Since for any ¢ € S, every ¢ € W(c) is a regular element of S,
the claim follows by Res. 1.14.

Remark. Let S be an E-inversive semigroup with commuting idempo-
tents such that ax = a (a,x € S) implies az’ = a for some 2’ € W, (a);
then by Remark (i) following Res. 5.9, <g is right compatible with mul-
tiplication by idempotents.

6. Eventually regular semigroups

A semigroup S is eventually regular (called: m-regular in [17]) if
for every a € S there is n > 0 such that a™ € S is a regular element.
Examples: regular semigroups and groupbound semigroups, in particu-
lar, periodic or finite or nil semigroups. Also, every inflation S of any of
these semigroups T is eventually regular (for every a € S,a? € T), but
not regular if S # T (aza € T for any a,x € ).

With respect to the form of the natural partial order of an eventu-
ally regular semigroup, we observe the following:

(1) Let Reg(S) be the set of all regular elements of an eventually
regular semigroup S. Then we have:

a <g b if and only if a = rb = bs, ra = a = as, for some r, s € Reg(S*).

Indeed, let a <g b, i.e., a = b = by, xra = a = ay, for some
x,y € S. Then a = z*b = x¥a for every k > 0. Since 2" € Reg(S) for
some n > 0, we get a = rb, ra = a, for some r € Reg(S). Similarly,
a = bs, as = a, for some s € Reg(.S). This gives the following
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Result 6.1. Let S be an eventually reqular semigroup. If Reg(S)aCasS*
for every a € S then <g s right compatible.
(2) Let CR(S) be the set of all completely regular elements of an
eventually regular semigroup S. If Reg(S) = CR(S) then we have:
a<gb ifand only if a=eb=>bf forsome e,fc E(S).
Indeed, let a <g b; then by (1), a = rb = bs, ra = a = as for some
r,s € Reg(S) = CR(S). Thus r = rr'r, r'r = r'r for some r’ € S and
a=ra=rr'r-a=rr'-ra=r'r-a=r"-ra=r"-rb=eb with e=r're E(9).
Similarly, a = bf for f = ss’ € E(S). This characterization of <g
yields (by Results 1.11, 1.12, and 1.13):
Result 6.2. Let S be an eventually reqular semigroup such that Reg(S) =
= CR(S). Then the following hold:
(i) If E(S)a C aS?! for every a € S then <g is right compatible.
(ii) If S is a monoid then <g is right compatible if and only if
E(S)a C aS for everya € S.
(iii) If S is a monoid then <g is two-sided compatible if and only if
aE(S) = E(S)a for everya € S.
Remark. By [17] (Theorem of Shevrin-Veronesi), an eventually regular
semigroup S satisfies Reg(S) = CR(S) if and only if S is a semilattice of
archimedean semigroups each of which contains a primitive idempotent.

For further characterizations of such semigroups see [17], Th. 1.5.7 and
Th. 3.5.4.

(3) Finally, we consider eventually regular semigroups S with cen-
tral idempotents. Their natural partial order has a very particular form:
a <gb if and only if a =eb for some e € E(S').

Indeed, such a semigroup S is groupbound: let a € S; then a" =
= a"za™ for some n > 0, z € S, and thus a" = z(a")? = (a")?z;
it follows from [25], IV.1.2 that a™ is contained in a subgroup of S.
Therefore, a <g b if and only if a = eb = bf for some e, f € E(S') (see
the Introduction). Since the idempotents of S are central, the statement
follows. This characterization of <g gives
Result 6.3. Let S be an eventually reqular semigroup with central idem-
potents. Then <g is two-sided compatible.

Examples of eventually regular semigroups with central idempo-

tents are given by:
(i) Nilsemigroups S (since E(S) = {0}); note that S is not regular.
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(i) Inflations S of a Clifford semigroup 7,5 = |J T,. If a € S,

acT
a € T, say, and e € E(S) = E(T), then e is central in T, hence ae =

= ae = ea = ea. Note that S is not regular and that <g is not trivial if
S # T (see Sec. 8(C)).

Two further classes of eventually regular semigroups should be men-
tioned in this context:

Result 6.4. Let S be an eventually reqular semigroup such that E(S)
forms a right zero semigroup. Then <g is right compatible.
Proof. Let a,b € S; then o = a"za™, b™ = by b™ for some m,n > 0,
x,y € S. Since a"z,b"y € E(S), we have a" = (b™y - a"x)a™ € bS.
Therefore, S is a right archimedian semigroup. It follows by Res. 3.11
that <g is right compatible. ¢
Remark. By [17], Th. 1.4.6, a semigroup S satisfies the conditions in
Res. 6.4 if and only if S is a nil-extension of a right group. For example:
any inflation S of a right group 7" (note that <g is not trivial if S # T
see Sec. 8(C)).

Together with its dual, Res. 6.4 gives

Result 6.5. Let S be an eventually regular semigroup containing exactly
one idempotent. Then <g is two-sided compatible.

Remark. By [17], Th. 1.4.7, a semigroup S satisfies the condition in
Res. 6.5 if and only if S is a nil-extension of a group G. If G is finite
then S is powerjoined (and <g is two-sided compatible, by Res. 3.16):
let a,b € S\G and k = |G|; then a™, 0™ € G for some m,n > 0 and
a™ =15 = b"*. For example: any inflation of a (finite) group.

With respect to compatibility of <g with multiplication by partic-
ular elements we have by Res. 1.14:

Result 6.6. Let S be an eventually regular semigroup such that <g is
right (left) compatible with multiplication by idempotents. Then <g is
right (left) compatible with multiplication by some power of any element
of S.
Remark. Let S be an eventually regular semigroup such that Reg(S)e C
C eS for any e € F(S); then <g is right compatible with multiplication
by idempotents (see observation (1) at the beginning of this section).
An important subclass of the class of all eventually regular semi-
groups is that of groupbound semigroups. Examples: nilsemigroups, pe-
riodic (in particular, finite) semigroups, completely regular semigroups,
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eventually regular semigroups with central idempotents (see the para-
graph preceding Res. 6.3), and every inflation S of any of these (since
a*> € T for any a € S).

Since the natural partial order of a groupbound semigroup S has the
particular form: a <g b if and only if a = eb = bf for some e, f € E(S)
(see the Introduction), the Corollary of Res. 1.1 gives
Result 6.7. Let S be a groupbound semigroup. Then <g is right com-
patible if and only if aeb € abS* for all a,b € S,e € E(S), such that
ae € Sta.

Furthermore we obtain (see Res. 4.7 and its dual)

Result 6.8. Let S be a groupbound semigroup with aeb = ab for all
a,b € S, e € E(S). Then <g is two-sided compatible; more precisely,
a <g b implies ac = bc and ca = cb for every c € S.

Remark. Let S be an inflation of a group G : S = |J 7,. Then S
geG

is groupbound (a? € G for every a € S) and satisfies aeb = ab for all
a,be S, ee E(Y),since E(S) = E(G) = {1g}. Note that any inflation S
of a completely regular semigroup 7" (that is, of a union of groups) is also
groupbound, but in general S does not satisfy aeb = ab for all a,b € S,
e € E(S): by [27], I1.1.4, T is a semilattice Y of completely simple
semigroups T, (a € Y); it |[Y]| > 1, a >y (3, a,b € T,,, and e € E(1p),
then ab € T, but aeb € Tz. However, if <p is right compatible then so
is <g (see Sec. 8(C)).

Again we have a sufficient condition, which for monoids is also
necessary (see Results 1.12 and 1.13):
Result 6.9. Let S be a groupbound semigroup. If E(S)a C aS?* for every
a € S then <g is right compatible.
Result 6.10. Let S be a groupbound monoid. Then <g is right com-
patible if and only if E(S)a C aS' (equivalently, E(S)a C aE(S)) for
every a € S. In particular, <g is two-sided compatible if and only if
aE(S) = E(S)a for everya € S.

7. Regular semigroups

Recall that for a regular semigroup S, a <g b if and only if a =
=eb=0bf forsomee, f € E(S). First, we indicate the regular semigroups
S for which the natural partial order is trivial. Since S is E-inversive,
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Res. 5.1 gives

Result 7.1. Let S be a reqular semigroup. Then <g is the identity
relation if and only if S is completely simple.

Corollary ([4]). Let B be a band. Then <p is the identity relation if
and only if B is a rectangular band (i.e., efe =e for any e, f € B).

With respect to the general problem of compatibility we first have,
by Res. 1.14:

Result 7.2. For a regular semigroup S, <g is right (left, two-sided)
compatible if and only if <g is right (left, two-sided) compatible with
multiplication by idempotents.
Remark. Let S be a regular semigroup such that aef €afS for any a €S,
e, f € E(S); then obviously <g is right compatible with multiplication
by idempotents. For example, let S =Y x G, where Y is a semilattice
and G is a group; thus the idempotents of S commute and the condition
is trivially satisfied (note that S is inverse — see Res. 7.8). Also, every
right group S has this property, since E(S) forms a right zero band
(see Res. 7.28, Corollary). Note that a regular semigroup S has this
property if and only if aeb € abS for all a,b € S, e € E(S) (necessity: if
b=>bb'b € S then aeb = (a-e-bb')b € a-b'Sb C abS) — see Res. 7.11
below.

Besides of this result there are three characterizations of regular
semigroups S, for which <g is right compatible.
Result 7.3. ([1]) Let S be a regular semigroup. Then <g is right com-
patible if and only if S is locally L-unipotent (i.e., for every e € E(S),
each L-class of eSe contains exactly one idempotent).

For monoids this yields a simple characterization of right compati-
bility.
Result 7.4. Let S be a reqular monoid. Then <g is right compatible
if and only if E(S) forms a right reqular band (i.e., efe = fe for all
e, feEDS)).
Proof. Necessity holds by Res. 1.8(i). Sufficiency: For any ¢ = ¢dc € S,
ac =e-bc=>bfc="b-fed -c=0b-cdfed -c=bc-z (2 € S); hence
ac <g be. O
Remark. By [32] (see also [27], II. 4.10), for a regular semigroup S,
E(S) is a right regular band if and only if S is L-unipotent. In [32] such
a semigroup is called right inverse. Since sufficiency in Res. 7.4 holds for
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any regular semigroup we obtain the following

Corollary. Let S be a right inverse semigroup. Then <g is right com-
patible.

Remark. Let S be a right inverse semigroup; then a <g b if and only if
a = eb for some e € E(S): necessity holds since S is regular; conversely,
a=¢eb=(e-bb)b= (bW -e-bb')b=bx (x € S) implies a <g b (note that
x € E(S) choosing b' € S such that b = bb'b, b’ = b'bb’).

In the case of a completely regular semigroup S, note first that
every local submonoid S, = eSe (e € E(S5)) of S is again completely
regular: for a € S, let a* = ed’'e € S, with o’ € S such that ad’a = a,
aa’ = d'a; then (since ae = ea = a) aa*a = a, aa* = aed'e = ad'e =
= dae = d'a = ad' = ead' = ed'a = ed’ea = a*a. By Res. 7.3 and the
Remark above, <g is right compatible if and only if for any e € E(S),
E(S.) is a right regular band. By [27], V.3.1 (dual), E(S.) is a right
regular band if and only if S, is a semilattice of right groups. Thus we
obtain
Result 7.5. Let S be a completely reqular semigroup. Then <g is right
compatible if and only if S s locally a semilattice of right groups.
Remark. For completely regular monoids S we have by Res. 7.4 that
<g is right compatible if and only if S is a right regular orthogroup. A
construction of the latter was given in [35] (see also [27], V.2.5).

With respect to two-sided compatibility, Res. 7.3 gives

Result 7.6. (/23]) Let S be a regular semigroup. Then <g is two-sided
compatible if and only if S is locally inverse.

Again, for monoids we obtain a simple characterization:

Result 7.7. Let S be a regular monoid. Then <g is two-sided compatible
if and only if S is inverse.

Proof. Necessity: By Res. 7.4 and its dual, F(.S) is a commutative band.
Hence S is an inverse semigroup. Sufficiency holds by Res. 7.8 below. ¢

By [27], IV.2.3, this result implies the following

Corollary. Let S be a completely reqular monoid. Then <g s two-sided
compatible if and only if S is a Clifford semigroup.

Result 7.8 ([31]). Let S be an inverse semigroup. Then <g is two-sided
compatible.

The second characterization of right compatibility is given in
Result 7.9 ([27],11.4.11). Let S be a reqular semigroup. Then <g is right
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compatible if and only if S satisfies L-majorization (i.e., if a,b,c € S
are such that a >g5 b, a >g ¢ and bLc, then b = ¢; equivalently, if
e, f,g € E(S) are such that e >5 f, e >5 g, then fgf = gf).

By [27], 11.4.14, for completely regular semigroups the conjunction
of £- and R-majorization is equivalent to D-majorization. Thus we ob-
tain by Res. 7.9 and its dual the following

Corollary ([27], IV.1.6). Let S be a completely reqular semigroup. Then
<g 1s two-sided compatible if and only if S satisfies D-majorization.

The third characterization of right compatibility follows from the
proof of the Corollary of Res. 1.1:

Result 7.10. Let S be a reqular semigroup. Then <g is right compatible
if and only if aeb € abS for all a,b € S, e € E(S), such that ae € E(S)a.

Using the last remark following Res. 7.2 we obtain the following
Corollary. Let S be a regular semigroup. Then <g is right compatible if
and only if aef € afS foranya € S, e, f € E(S), such that ae € E(S)a.

This result again allows to specify particular classes of regular semi-
groups, for which <g is right or even two-sided compatible.

Result 7.11. Let S be a reqular semigroup such that aeb € abS for all
a,be S, e € E(S) (equivalently, aef € afS foranya € S, e, f € E(S)).
Then <g is right compatible.

Remarks. (i) A regular semigroup S satisfies the condition in Res. 7.11
if and only if efg € egS for any e, f, g € E(S) — sufficiency: let a = ad'a,
b=>bbbe S, ec ES); then for some z € S, aeb = a(d'a-e-bb')b =
=a(d'a-bb - z)b € abs.

(ii) Every right inverse semigroup (see the Corollary of Res. 7.4)
satisfies the condition in Res. 7.11, by Remark (i): fg = ¢gfg. Further-
more, any rectangular group S (in particular, right or left group) satisfies
this condition — and its dual: aeb € Sab (note that in this case, <g is the
identity relation). Also, any regular semigroup with commuting idempo-
tents, that is, every inverse semigroup, satisfies the condition in Res. 7.11
and its dual — see Res. 7.8. More generally, every regular F-medial semi-
group, i.e., any generalized inverse semigroup, satisfies both conditions —
see Remarks (i) and (iv) following Res. 7.18 below. Finally, every com-
pletely simple semigroup S = M(I, G, A; P) satisfies both conditions;
note that in this case, <g is the identity relation (see Res. 7.1) and that
in general, E(S) is not a subsemigroup of S.

(iii) Let S be a regular semigroup; then S satisfies aeb € abS for
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any a,b € S, e € E(S) and E(S) is a subsemigroup of S if and only if
E(S) is right seminormal band (i.e., egefg=efg for all e, f, g € E(S)):
concerning sufficiency, let a = aa’a,b = bb'b € S,e € E(S); then aeb =
= a(d'a-e-bb')b = a(d'a-bb'-d’'a-e-bl') € abS; with respect to necessity, let
e, f,g € E(S); then for some z € S;efg =egx and eg-efg = eg - egx =
= egr = efg. It follows that the class of regular semigroups, for which
<g is right compatible, properly contains the class of regular semigroups
S such that F(S) forms a right seminormal band (see the last example
in (ii) above and Res. 7.27 below).

As a particular case we obtain (see Res. 4.7):
Result 7.12. Let S be a reqular semigroup such that aeb = ab for all
a,b € S, e € E(S). Then <g is the identity relation; in fact, S is a
rectangular group.
Proof. We have for all e, f € E(S) : efe = € = e, thus E(S) is
a rectangular band. It follows by [25], IV.3.5 that S is a rectangular
group. Therefore, <g is the identity relation — see Sec. 2. ¢

Res. 1.20 implies for regular semigroups:
Result 7.13. Let S be a regular semigroup such that aeb = eab (aeb =
= abe) for all a,b € S, e € E(S) (equivalently, aef = eaf (efa = eaf)
foranya € S, e, f € E(S)). Then <g is two-sided compatible.
Remark. Let S be a regular semigroup satisfying aeb = eab for any
a,b € S, e € E(S). Then S is completely regular: for any a € S,
a=a-da=ald-ad - a) = alad -d -a) € a®S; it follows by [3],
Th. 4.3, that S is completely regular. Thus, S satisfies the identity
ax°b = x°ab, where z° € S denotes the identity of the subgroup of S
to which € S belongs. Hence we obtain by [27], IV.2.12 (dual), that
a regular semigroup S satisfies aeb = eab for every a,b € S, e € E(S5),
if and only if S is a strong semilattice Y of right groups S, (a € Y).
Note that <g is not trivial if |[Y'| > 1, since for o >y  and e € E(S,),
epap <s € (epap € E(Sp)). Observe also that S is E-medial — see
Res. 7.18 below.
Result 7.14. Let S be a reqular semigroup such that aba = ba for all
a,b € S. Then <g s right compatible; in fact, S is a right reqular band.
Proof. For every a €S, a=ad'a=d'a€ E(S), and for all e, f€ E(S) = S,
efe = fe. The statement now follows from Res. 1.9, Corollary. ¢

As a particular case of Res. 7.13 we get
Result 7.15. Let S be a reqular semigroup such that axy = ayx for
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all a,z,y € S (i.e., S is right commutative). Then <g is two-sided
compatible.
Remarks. (i) In Res. 7.15, “right” can be replaced by “left”.

(ii) By [26], IV.4.5(3) (]22], Cor. 10.1), a semigroup S satisfies the
conditions in Res. 7.15, if and only if S is a strong semilattice of left
abelian groups. Note that S is medial — see the following Res. 7.16.

Since every regular element of a semigroup has a right and a left

identity, we obtain from Res. 4.1 and its dual the following generalization
of Res. 7.15:

Result 7.16. Let S be a reqular medial semigroup (i.e., axyb = ayxb
for all a,x,y,b € S). Then <g is two-sided compatible.

Remarks. (i) By [26], V. 3.10(8) (see also [22], Th. 9.10), a semigroup S
is regular and medial if and only if S is a strong semilattice of rectangular
abelian groups.

(ii) A regular semigroup S is medial if and only if exyf = eyxf
for any e, f € E(S), z,y € S: concerning sufficiency we have for a =
= ad'a,b =0bb'b € S that d'a-xy-bb' = d'a-yx-bb (see Res. 4.12 and
Remark (iii) following it).

(iii) A regular medial semigroup S is completely regular (see also
(i)): foranya € S,a=ada=a-d -ad -a=a-ad -d -a € a9, hence
the claim follows from [3], Th. 4.3. Thus by [27], IV.2.16, (xii) (J), a
semigroup is regular and medial if and only if it is a normal orthogroup
with abelian subgroups. In particular, £(S) is a normal band, hence S
is a generalized inverse semigroup (see Res. 7.28, Remark, below).

A particular class of medial semigroups is that of externally commu-
tative semigroups (see [22], Lemma 11.1). Hence Res. 7.16 and Remark
(iii) following Res. 4.2 give
Result 7.17. Let S be a regular semigroup such that axb = bxa for all
a,b,x € S. Then <g is two-sided compatible; in fact, S is commutative.
Remark. By [22], Th. 11.4, an externally commutative semigroup S is
regular if and only if S is a commutative Clifford semigroup. Note that
such semigroups are inverse and have a two-sided compatible, in general
non-trivial, natural partial order.

Res. 7.16 still holds for the larger class of E-medial semigroups:
aefb = afeb for any a,b € S, e, f € E(S) — see Sec. 4. In fact, Res. 4.5
and its dual give

Result 7.18. Let S be a reqular E-medial semigroup. Then <g is two-
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sided compatible.

Remarks. (i) Every regular E-medial semigroup S satisfies aeb € abS
and aeb € Sab for all a,b € S,e € E(S). Hence Res. 7.18 also follows
from Res. 7.11 and its dual.

(ii) In Res. 7.18, regularity of S is not necessary. Let S = |J T,
acT
be a proper inflation of a rectangular group 7. Then S is non-regular

and E-medial (since T is), but still <g is two-sided compatible since <r
is the identity relation (see Sec. 8(C)).

(iii) Any inverse semigroup S is regular and E-medial and <g is
two-sided compatible (see Res. 7.8). Also every rectangular (non)abelian
group is regular and E-medial; in this case, <g is the identity relation.

(iv) A regular semigroup S is E-medial if and only if E(S) is a
normal band (i.e., efgh = egfh for all e, f, g, h € E(S)): with respect to
sufficiency, for any a = aad’a, b=00'b € S, d'a- fg-bb' =d'a-gf - bb for
all f,g € E(S). Equivalently, S is a generalized inverse semigroup (see
Remark and Corollary following Res. 7.28, below).

As a particular case of Res. 7.18, we obtain (see Res. 4.10):
Result 7.19. Let S be a regular semigroup such that axeb = aexb for
all a,xz,b € S;e € E(S). Then <g is two-sided compatible.

Remarks. (i) The converse of Res. 7.19 holds for certain semigroups. In
fact, we have: Let S be a regular semigroup such that £(S) is an ideal
of S and the semilattice Y of rectangular bands E, (a € Y); then <g is
two-sided compatible and for any a,b,x € S there is a € Y with azeb,
aexb € E,, if and only if azeb = aexb for any a,b,z € S, e € E(S) (see

Res. 4.11).
(ii) Let S be a regular semigroup satisfying the condition in Res. 7.19.
Then first, S is completely regular: for any a € S, a = ad - a =

=a-d-ad-a=a-ad-d - a € d’S; it follows by [3], Th. 4.3, that
S is completely regular. Thus, S satisfies the identity azy®a = ay°za,
where y° € S denotes the identity of the subgroup of S, to which y € S
belongs. Hence we obtain by [27], IV.2.7, that a regular semigroup S
satisfies axeb = aexb for all a,z,b € S, e € E(S), if and only if S
is a strong semilattice of rectangular groups (equivalently, S is a nor-
mal orthogroup). In this case, S is a generalized inverse semigroup (see
Res. 7.28, Corollary and Remark, below).

Corollary ([27],1V.2.7. and IV.1.6). Let S be a normal orthogroup (i.e.,
a completely reqular semigroup such that E(S) is a normal band). Then
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<g 1s two-sided compatible.
Result 7.20. Let S be a regular semigroup such that eaf = afe (eaf =
= fea) for any a € S,e, f € E(S). Then <g is two-sided compatible.
Proof. Every idempotent e € E(5) is central in S, since for any a € S :
eca =e-a-da=a-da-e = ae. Hence S is a Clifford semigroup; in
particular, S is inverse and so <g is two-sided compatible (by Res.7.8). ¢
Remark. By the proof of Res. 7.20, a regular semigroup S satisfies
eaf = afe for any a € Sje, f € E(Y), if and only if S is a Clifford
semigroup.

As a particular case we obtain (see Res. 1.22):

Corollary. Let S be a reqular semigroup such that abe = bea (eab = bea)
foralla,b e S, e € E(S). Then <g is two-sided compatible.

Remark. By the proof of Res. 1.22, a regular semigroup S satisfies
the condition in the Corollary if and only if S is commutative, that
is, S is a strong semilattice of abelian groups. For the particular case
that S is regular and satisfies axy = xya for any a,x,y € S (i.e., S is
(1,2)-commutative), the characterization of S as commutative Clifford
semigroup is known (see [22], Cor. 15.9).

Concerning a generalization of regular medial semigroups, different
from the E-medial case, we obtain from Res. 1.24 and its dual:

Result 7.21. Let S be a regular semigroup such that axyb € aySxb for
all a,z,y,b € S. Then <g is two-sided compatible.

Remarks. (i) Every regular medial semigroup S satisfies the condition
in Res. 7.21 since any y € S has a right (and a left) identity in S. Also,
any regular F-externally medial semigroup S has this property — but in
this case S is already medial (see Res. 4.12 and Remark (iii) following
it).

(ii) Let S be a regular semigroup satisfying the condition in Res. 7.21.
Then again, S is completely regular: for any a € S, a = ada =
=a-ad-ad -a €a-ad-S-d-aC a5, hence a is completely reg-
ular by [3], Th. 4.3. Thus we obtain by [25], IV.4.9(1) that a regular
semigroup S satisfies axyb € aySzb for all a,z,y,b € S if and only if
S is a strong semilattice of completely simple semigroups. Note that
the condition given in Res. 7.21 does not characterize the regular semi-
groups S for which <g is two-sided compatible. For example, any inverse
semigroup S, which is not a Clifford semigroup, has a two-sided natu-
ral partial order; but S does not satisfy the indicated condition (if so S
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would be an inverse union of groups by the above — see [3], Lemma 4.8).

Corollary ([27], IV.1.6). Let S be a completely reqular semigroup. Then
<g 1s two-sided compatible if and only if S is a strong semilattice of
completely simple semigroups.

These semigroups are also characterized in the Corollary of Res. 7.9
and the following

Result 7.22 ([27], IV.1.6). Let S be a completely reqular semigroup.
Then <g is two-sided compatible if and only if S is a normal cryptogroup
(i.e., H is a congruence on S such that S/H is a normal band).

For a particular class of semigroups considered in Res. 7.21 we have

Result 7.23. Let S be a reqular semigroup such that axy € aySz (rya €
€ ySza) for all a,x,y € S. Then <g is two-sided compatible.

Remark. By [25], IV.4.9(2), a semigroup S satisfies the conditions in
Res. 7.23 if and only if S is a strong semilattice of left (right) groups.

Another sufficient condition for right compatibility follows from
Res. 3.2:

Result 7.24. Let S be a regular semigroup such that Sa C aS for every
a € S. Then <g is right compatible.

Remarks. (i) By [25], IV. 3.10, a semigroup S satisfies the conditions
in Res. 7.24 if and only if S is a semilattice of right groups (equivalently,
S is completely regular such that F(S) is a right regular band). A con-
struction of these semigroups was given in [35] (see also [27], V.2.5). Note
that <g is non-trivial if the semilattice Y has more than one element: if
a<y f,e€ E(S,),be Sp, thena:=eb<gb (a€sS,).

(ii) Examples of semigroups considered in Res. 7.24 are given in the
following way: let H be a commutative semigroup with E(H) # ¢, I and
A sets with |I| = 1, |A] > 1, P = (px1) with py; = e for every A € A,
e € E(H) fixed, and T'= M(I, H, A; P) the Rees matrix semigroup over
H. Then S = Reg(T) # ¢, since (1,e,\) € E(T) for every A € A. S'is a
regular semigroup by [10], since fg € S = Reg(T) for all f,g € E(S) =
=FE(T) (fg-x- fg= fgwith z = (1,e,\) € T)). Clearly, Sa C aS for
any a € S.

(i) Generalizing Res. 7.24, let S be a (regular) semigroup such
that E(S)e C eS for any e € E(S). Then E(S) is a right regular band
(if e, f € E(S) then fe = ex for some = € S, hence efe = fe). Since
the converse is evident, we obtain that a regular semigroup S satisfies
E(S)e C eS for any e € E(S) if and only if S is a right inverse semigroup
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(see Remark and Corollary following Res. 7.4). In particular, if S is a
regular semigroup satisfying Se C eS for any e € E(S), then S is right
inverse.

Result 7.25. Let S be a regular semigroup such that aS = Sa for every
a € S. Then <g is two-sided compatible.

Remarks. (i) By [25], I1.4.10, a semigroup S satisfies the conditions in
Res. 7.25 if and only if S is a Clifford semigroup.

(ii) Generalizing Res. 7.25, let S be a (regular) semigroup which
satisfies eF/(S) C Se, E(S)e C eS for any e € E(S). Then the idem-
potents of S commute (if e, f € E(S) then ef = ze, fe = ey for some
x,y € S, hence ef = efe = fe). Since the converse is evident, we obtain
that a regular semigroup S satisfies the indicated conditions if and only
if S is an inverse semigroup.

In the following we consider in a general setting regular semigroups
S, for which E(S) forms a subsemigroup, that is, orthodox semigroups.
For example, right (left) inverse or inverse semigroups, more generally
S = B x T where B is a band and T an inverse semigroup, orthogroups
and regular F-medial semigroups are orthodox. First, we have with
respect to trivially-ordered semigroups of this kind:

Result 7.26. Let S be an orthodox semigroup. Then <g is the identity
relation if and only if E(S) is a rectangular band (equivalently, S is a
rectangular group).

Proof. Necessity holds by Res. 7.1, Corollary.

Sufficiency: Let a <g b (a,b € S); then a = eb = bf (e, f € E(S))
and thus for b = bb'b, a = bf = bb'-bf =bb'-eb="bb"-e-bb/ -b = bl -b = b.

The statement in the parenthesis holds by [25], IV.3.5. {
Remark. Let S be a regular semigroup such that E(S) is a trivially-
ordered subsemigroup; then S is trivially-ordered (by Res. 7.1, Corollary,
and Res. 7.26).

Result 7.27 ([9]). Let S be an orthodox semigroup. Then <g is right
compatible if and only if E(S) is a right seminormal band (i.e., eg-efg =
=efg foralle, f,g € E(S)).

Proof. Necessity holds by Res. 1.6(i).

Sufficiency: If b = bb'b and ¢ = ¢c’c € S then ac = e-bc = bfc =
=b('b-f-c)e=0bb-cc-Vb- f-cc')e =be-z (2 € S); hence ac <g be. ¢
Corollary ([26], I11.3.15.1, I1.3.8). For a band B, <g is right compatible
if and only if B 1s right seminormal.
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Concerning two-sided compatibility we have

Result 7.28 ([12], p. 48). Let S be an orthodox semigroup. Then <g is
two-sided compatible if and only if E(S) is a normal band (i.e., efgh =
=egfh foralle, f,g,h € E(S)).

Proof. Necessity holds by Res. 1.7(i).

Sufficiency: If b = bb'b and ¢ = cc’c € S, then ac = e-bc = bfc =
=b('b-f-cc-cc)e=bb'b-cc - f-cd)e=be-x (x €8), ca=cb- f=ceb=
=c(dc-de-e-bb)b=c(dc-e-dc-bb)b=1y-cb (y € S); hence ac <g bc
and ca <g cb. O
Corollary ([13], Ex. IV.12). For a band B, <p is two-sided compatible
if and only if B 1s normal.

Remark. Regular semigroups S, for which F(S) forms a normal band,
are called generalized inverse semigroups in [34] (see also [12]). Hence we
get the following

Corollary ([12]). Let S be an orthodox semigroup. Then <g is two-sided
compatible if and only if S is generalized inverse.
Remark. In the Corollary, the condition that E(S) is a subsemigroup
can not be dropped — see the paragraph preceding Res. 1.6 (also, compare
with Res. 7.6).

In the lattice of subvarieties of the variety of all bands, the class of
right seminormal bands has several interesting subclasses (see [26], p. 29).
In particular, we obtain from Res. 7.27 that for a regular semigroup S,
<g is right compatible in the following cases: FE(S) is a right zero, a
rectangular, a right normal, a right regular, or a right quasinormal band
(i.e.,, efgf = egf for all e, f,g € E(S)). More precisely, we have by
Res. 7.26:
Corollary. Let S be a reqular semigroup such that E(S) forms a rect-
angular band (in particular, a right zero band). Then <g is the identity
relation.
Remark. By [25], IV. 3.9, for a regular semigroup S, E(S) is a right
zero band if and only if S is a right group. Note that in the Corollary
“right” can be replaced by “left”.
Result 7.29. Let S be a regular semigroup such that E(S) is a right
normal band (i.e., efg = feg for all e, f,g € E(S)). Then <g is two-
sided compatible.
Proof. Since a right normal band is normal, the statement follows form
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Res. 7.28.

Remarks. (i) In Res. 7.29, “right” can be replaced by “left”.

(ii) Let S be a regular semigroup with E(S) a right normal band,;
then a <g b if and only a = eb for some e € E(S) (a right normal band is
right regular, hence S is right inverse — see the Remark following Res. 7.4,
Corollary).

(iii) For a regular semigroup S, E/(S) is a right normal band if and
only if S satisfies the identity efa = fea for any e, f € E(S),a € S
(necessity: ef - aad’ = fe-ad for a = ad'a).

(iv) A completely reqular semigroup S satisfies efa = fea for any
e,f € E(Y), a € S, if and only if S is a strong semilattice of right
groups, equivalently, S is a right normal orthogroup (by the duals of
[27], IV.2.16(xiii) and IV.2.12).

(v) More generally, let S be a regular semigroup satisfying efg €
€ fSg for any e, f,g € E(S). Then we still have: a <g b if and only if
a = eb for some e € E(S) (sufficiency: a = eb = e-bb'-bb'-b = bl -s-b = by
for some s,y € S). Note that a (regular) semigroup S satisfies the
indicated condition if and only if E(S) is a right regular band (S is
right inverse): concerning necessity, ef = eff = fsf(s € S) implies
fef = f2sf =ef for any e, f € E(S); sufficiency: if e, f,g € E(S) then
efg= fef-ge€ fSg (see Res. 7.4, Corollary and Remark).

As a particular case of Res. 7.29 we have

Result 7.30. Let S be a reqular semigroup such that eaf = aef (efa =
=eaf) foralle, f € E(S),a € S. Then <g is two-sided compatible.
Remark. Let S be a semigroup satisfying the conditions in Res. 7.30.
Then S satisfies eab = aeb for any e € E(S),a,b € S: if b =bb'b € §
then ea - bb' = ae-bb'. Since the converse is evident, a characterization of
such semigroups S as strong semilattices of right groups is given in the
Remark following Res. 7.13. Note that S is completely regular (by [3],
Th. 4.3): for any a € S,a = ad'a = ad’-a-d'a = a-ad' -d'a € a®S. Hence
this characterization of S also holds by Remark (iv) following Res. 7.29.
Summarizing we obtain by Res. 7.27 and its Corollary (resp., their
duals) and Res. 7.28 and its Corollary, the following sharpening of Res. 7.2:

Corollary. Let S be an orthodox semigroup. Then <g is right (left,
two-sided) compatible if and only if the natural partial order on E(S) is
right (left, two-sided) compatible with multiplication by idempotents.

Remark. If S is a monoid (not necessarily regular) such that the natural
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partial order on FE(S) is two-sided compatible with multiplication by
idempotents, then E(S) is a commutative subsemigroup of S, ie., a
semilattice: indeed, let e, f € E(S); since e <g 1g we have ef <g 1lgf =
= f <g 1g; hence by [20], Lemma 2.1, ef € E(S). It follows by Res. 7.28,
Corollary, that E(S) is a normal band; hence (because of 15 € S) ef = fe
for any e, f € E(S). In particular, we obtain that a regular monoid
is inverse if and only if the natural partial order on F(S) is two-sided
compatible with multiplication by idempotents (see Res. 7.8).

8. Appendix

(A) In Sec. 7, particular classes of regular semigroups for which the
natural partial order is two-sided compatible were specified. Besides of
these there are two easy methods constructing such semigroups. Both of
them yield locally inverse semigroups (see Res. 7.6).

(1) Regular Rees matrix semigroups S = Reg(T), where T =
= M(I,U,A; P) is a Rees matrix semigroup over an inverse semigroup
U (see [16]).

(2) Regular semidirect products S = U X, C, where U is an inverse
semigroup and C' is a completely simple semigroup (see [14]).

(B) Strong semilattices of semigroups

At several points in the above considerations, strong semilattices of
semigroups have appeared. With respect to their natural partial order,
a general observation can be made. Denoting by <, the natural partial
order on the semigroup S, (« € Y) we have

Result 8.1. Let S = (Y, Sa;@ap) be such that for any o € Y, every
a € S, has a right and a left identity in S,. Then <g is right (two-sided)
compatible if and only if <, is right (two-sided) compatible on S, for any
a€cY.
Proof. First we show:
a<gb(aesS,be Ss) if and only if o <y # and a <, bpg,.
(For the particular case that each S,, a € Y, is a monoid, see [20]).
Suppose that a <g¢ b, a € S,, b € Sz. If a = b then o = 3 and
a = bpae. If a # bthen a = zb = by, xza = a, for some z,y € S.
For x € S,, y € S5 say, a = xb implies that o = v3 <y 7, 3; further-
more, a = b = (29y5) (bsqp) = (T9r.a) (bpga), (TPya)a = (TPya)-
(0Pan) = (39300)(APaan) = 20 = a, and similarly, @ = (b o) (y@sa),
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ie., a <, bpg. (note that xp, o, ypsa € S4). Conversely, let a € S,,
b € Ss, be such that a <y 3, a <, bpg.. If a = bpg, then by hy-
pothesis, a = xa = ay for some z,y € S,. Thus a = za = x(bpg.) =
= (2¢a.0)bpsa) = (TPa.as)(bs.as) = xb, and similarly, a = by; there-
fore a <g b. If a <, bpga, then a = x(bpsq)=(bpsa)y, xa = a, for
some z,y € S,. Hence a = (2¢a.0) (b9,0)=(T¢0a,a8) (09sa,ps)= b, and
similarly, a = by; therefore a <g b.

The proof of Res. 8.1 now follows.

Sufficiency: If a <g b, a € S,, b € Sg, and ¢ € S, say, then o <y 3
implies ay <y B7, and a <, bpg, implies apq.ay <ay (09s0)Paay =
= bygs oy (because any homomorphism is order-preserving). Since <, is
right compatible on S,, we get

ac = (aSoa,aw)(aP%av) <ay (bwﬁ,av)(qoma'y) =
= [(64%767)906%@“/} : {(C‘P%ﬁw)wﬁmav} =

= [(b05,81) (c01,87) | 07,070 = (b) P70

that is, ac <g bc. Necessity is obvious. ¢

Remarks. (i) Note that for S = (Y, S4; ¢ap), <a (a € Y) is the re-
striction of <g on S to S,: let a <g b with a,b € S,; then a = xb = by,
ra = a = ay for some z,y € S,x € S,, y € S5 say; hence a = ya =
— a6 and @ = (39y0) (Waa) = (el U9se): (T0ra)(aFaa) = 0 =
= (aPa,a)([YPsa), 1.6, a = 2'b = by, ¥’a = a = ay’ for 2’ = zp,,,
y, =YPsa € Sa-

(ii) In particular, it follows from Res. 8.1 that under the hypothesis
of the existence of left and right identities, <g is two-sided compatible
if each <, (o € Y) is the identity relation. Note that <g is not trivial
if Y| >1: for o <y fand b € S, a := bps, <s b (see the proof of
sufficiency in (iii) below).

(iii) As can be seen from the characterization of the natural partial
order, candidates for comparable elements in general strong semilattices
of semigroups S = (Y, Sa; ¢¥a,3) are elements and their images. For these
we have: If b € Sg and o <y (3, then a := bpg, <g bif and only if a € 5,
has a left and right identity in S,. Necessity: If a <g b then a = xb = by,
ra = a = ay for some z,y € S, x € S,, y € Ss, say. Hence ya = a = ad
and (2@ 4a)(@Paay) = @ = (APa,06)(YPssa), 1€, ¥'a = a = ay’ for
T = 2Qya, YV = Ypsa € Sa. Sufficiency: If za = a = ay for some
T,y € Sy then xb = (20n.as)(bpssa) = (T@aa)(bpsa) = va = a and
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similarly, by = a, i.e., a <g b; since a € S,, b € Sg and a <y 3 we get
a<g b.

(C) Inflations of semigroups

Throughout the text particular inflations S of semigroups T have
occurred. Again, general observations concerning their natural partial

order can be made. Let S = J T, be such that any o € T" has a right
acT
and a left identity in 7. Then by [5] Lemma 4.1,

a<gb(aeT,beTp)ifandonlyifa=bora=a<rp.
Note that if S # T then <g is not trivial: for x € T,, * # a, we have
a<g .

If T is any semigroup then <g is right (two-sided) compatible if and
only if < is so (on T): concerning sufficiency, let a <g b,a € T,,b € Tp;
then a = oo <7 f3, hence for any c € S, ¢ € T}, say, ac = ay <p By = be;
thus also ac <g be. In particular, it follows that for any trivially-ordered
semigroup T, <g is two-sided compatible on S; more precisely, a <g b
implies ac = bc and ca = ¢b for every c € S.

(D) Iterated inflations of semigroups

Recall that a semigroup S = |J T, is an inflation of the semigroup
acT
T over U C T if T, = {a} for any v € T\U (that is, only elements in

U may be inflated; see [25]). Iterated inflations of this kind provide a
method to construct semigroups S with an arbitrary number of elements
and a nontrivial two-sided compatible natural partial order, with a pre-
assigned number of layers in its diagram and a given number of minimal
elements:

Starting with a trivially-ordered semigroup Sy let S; be any infla-
tion of Sp; define S5 to be an inflation of S; over S;\Sy (that is, only the
new elements in S; may be inflated, those in Sy are not); generally: define
Spt1 to be an inflation of S, over S,\S,_1, and let S = Sy (k € N). In
this way, if |Sp| = 1 then (5, <g) is a directed rooted tree. Generally, for
any a € Sy let T, be the set of all elements in S obtained from « € Sy by
the iterated inflations performed. Then T, is a directed rooted tree and
T, NTg = ¢ for all « # B in Sy. Hence, if a,b € S then a € T,,,b € Tp,
say, and ab = af (by definition). Furthermore a <g b (a € T,,b € Tp)
implies o = 3 (see (C) above and (F) below). Thus, if a <g b and c € S,
then a,b € T, ¢ € T, for some a,y € Sy, so that ac = oy = bc and
ca = ya = cb.
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(E) An other method for the construction of semigroups having
the properties mentioned in (D) is that of forming strong semilattices of
semigroups:

Let S = (Y, Sa;¢a ) be such that (Y, <y) is a chain (with least
element) and each S, (a € Y) is a trivially-ordered semigroup such that
any a € S, has a left and a right identity in S,. Then by Remark (ii)
in (B) above, <g is two-sided compatible. Note that completely simple
semigroups, in particular groups, provide examples of semigroups S, of
this kind (and of arbitrary size).

(F) Elements with right (left) identity

In the study of the natural partial order, elements having a right
(left) identity play an important role — see, in particular, Res. 2.2: a
necessary condition for <g to be non-trivial is that there are elements in
S having a left and a right identity. Examples: Any element of a monoid
has a right (and left) identity. Also, every regular element of a semigroup
has this property. Furthermore, let S = M(I,T,A; P) be a Rees matrix
semigroup over a semigroup T’; then every element of S has a right (left)
identity if and only if for any a € T,\ € A (i € I), there exist j € [
(k € A) and ¢t € T such that apy; t = a (tpga = a). For example, this
occurs if for any @ € T, A € A (i € I) there exists j € I(k € A) with
apy; = a (pria = a). In particular, this holds if 7" is a monoid and each
row (column) of P contains 1p € T. In this case, every element of S
has an idempotent right (left) identity. Note that in a semigroup S, for
which a <5 b iff a = eb = bf (e, f € E(S')) and such that (S, <g) has
no maximal elements, any element has both an idempotent left and right
identity.

More generally, if S is a semigroup without maximal elements then
every element of S has a right and a left identity (see the proof of
Res. 2.2). If in a semigroup S, every element has a right and a left
identity then S is weakly reductive (by [25], II1.1.14(1)), i.e., ax = bz,
xa = xb for all x € S implies a = b. This can be proved using the
natural partial order of S: if d’a = a = aa” for some a’,a” € S then
a =da=aba=ad’ = ba", hence a <g b; similarly, b <g a, so that
a = b. It follows that any semigroup without maximal elements is weakly
reductive. With respect to the construction of semigroups without max-
imal elements we mention infinitely iterated inflations S = S, (see (D)
above). Also we have the following

Result 8.2. Let S = (Y, S, vap) be a strong semilattice of semigroups
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Sa such that (Y, <y) has no mazimal elements and each linking homo-
morphism is surjective. Then (S, <g) has no mazimal elements if and
only if any a € S, a € S, say, has a right and a left identity in S,.
Proof. Necessity: Let a € S, a € S, say. Then a <g b for some
be S, ie, a=u1zb=by, vza =a = ay, for some z,y € S. If v € S,
say, then a = za implies a = ya <y 7; therefore a = za = (v¢4,0y):
(aPaay) = (9ya) (apa) = da for a = xp,, € S,. Similarly if
y € S5, a = aad” for a”" = yps 0 € Sa.

Sufficiency: Let a € S, a € S, say; then d'a = a = aa” for some
a',a" € S,. Since there exists § >y «, and there are b,z,y € Sz with
a="Dbpga, ¢ =208, " =Ypsa, we have: a = d'a = (x9p,4)(bpsa) =
= b, a = ad” = (bpga) (YPsa) = by, a = (2Pp,.08)(aPa,0p) = (TPp.a)-
(apan) = d'a = a; hence a <g b; since a # 3, we get a <g b. O
Remarks. (i) Note that the two general conditions on S are used only
in the proof of sufficiency. Hence in any strong semilattice of semigroups
without maximal elements each component is weakly reductive (by the
observation made prior to 8.2).

(ii) Concerning inflations S of a semigroup 7', no element a € S\T
has a right or a left identity (since az,xa € T for every z € S). Therefore
any two elements in S\7T are incomparable, by Res. 2.2.

(G) Generalized Rees matriz semigroups

At several occasions in the text Rees matrix semigroups S =
= M(I, T, A; P) over semigroups 7" with (A x I') — sandwich matrix P =
= (pxi), pxi € T, have occurred. Recall that S = I xT x A endowed with
the operation: (i,a, X)(7,b, ) = (i, apy;b, ). Some general observations
concerning their structure and their natural partial order will be made.

(i) S = M(I,T,A; P) is commutative if and only if |I| = |A] =1
and P = (p11) satisfies ap11b = bpyya for any a,b € T'; in this case, <g is
two-sided compatible. In particular, S = M(I,T,A; P) is commutative
for any P if and only if |I| = |A| = 1 and T is externally commutative (see
Res. 4.2). (This is one of the rare cases that S has a stronger property
than T'.)

(ii) S is right (left) cancellative if and only if apyrc = bpukc (cpria =
= cp,;b) implies A = p (i = j) and a = b; in this case, <g is the
identity relation (see Sec. 2). For instance, this occurs if T is right
(left) cancellative and |A] =1 (|I| = 1). Conversely, if S is right (left)
cancellative and 7" is a monoid such that 17 € T is an entry of P, then
T is right (left) cancellative. On the other hand, if P contains a right
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(left) zero of T then S is not right (left) cancellative.

(iii) S is right (left) simple — for any P — if and only if |I| = 1
(JA| = 1) and T is right (left) simple; in this case, <g is the identity
relation (as is <7) — see Sec. 2. In particular, S is a right (left) group
if and only if |[I| =1 (|A| = 1) and T is a right (left) group (sufficiency:
since T is right simple and left cancellative, so is S — see above; necessity:
T is right simple since S is so, and E(T') # ¢, because E(S) # ¢ implies
that a = apya for some a € T)i € I,\ € A, whence apy; € E(T) — see
[3], Th. 1.27).

(iv) S is simple if and only if T" is simple.

(v) S admits a primitive idempotent if 7" has a primitive idem-
potent e that is an entry of P: if e = py, say, then (k,e, k) € E(S); let
(i,a,\) <g (k,e, k), where (i,a,\) € E(S),i.e., a = apy;a; then (i,a, \) =
= (i,a,\)(k,e,k) = (k,e,k)(i,a,\), hence i = k, A\ = k, and a = apy;-e =
= e pxa; since apy; € E(T) it follows that a <7 e; therefore a € E(T),
by [20], and a = e; thus (k,e, k) € S is a primitive idempotent. Since
every idempotent of a completely simple semigroup is primitive (see [25],
IV.2.4) we obtain by (iv):

Result 8.3. Let S = M(I,T,A, P) be such that T is completely simple
and P contains an idempotent of T. Then S is completely simple (and
<g is the identity relation).

Remarks. (i) If 7" is a group then P can be normalized (see [3], §2.7);
hence the (unique) idempotent 1 € T' can be chosen to be an entry of P.

(ii) By the Rees theorem it follows from Res. 8.3 that S is isomor-
phic with a Rees matrix semigroup over a group.

(iii) Let I and A be finite sets and T be a finite simple semigroup
(i.e., T is completely simple); then (for any P) S is completely simple,
too (since S is simple and also finite). It follows that the converse of
Res. 8.3 does not hold with respect to the property of P.

(iv) If T is any semigroup and if there is e € E(T') which is an entry
of P,e = py say, then (k, f, k) € E(S) for any f € E(T) with f <r e,
and (k, f, k) <s (k,e, k).

Recall that a Rees matrix semigroup S over a group G is isomor-
phic with a rectangular group S’ = B x G if and only if E(S) forms a
subsemigroup of S (see [25], IV. 3.3). Analyzing the proof we obtain the
following generalization:

Result 8.4. Let S = M(I,T,A; P) be a Rees matriz semigroup over a
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unipotent monoid T' such that P contains a row and a column, each of
which consists of invertible elements only. Then S is isomorphic with
S"= B x T, where B is a rectangular band, if and only if E(S) forms a
subsemigroup of S.

Proof. Sufficiency: First, E(S) = {(i,a,\) € S | px; € T is invertible,
a = py;'} since apya = a implies apy;,pya € E(T) = {1r}. By hy-
pothesis, there are k € I, k € A, such that pyx, p.; € T are invertible
for any A € A, i € I (hence E(S) # ¢). We have pyxp, . pej = p»; for
any A\ € A, j € I, since (k,py,}, \), (j,p;jl,ﬂo) € E(S), hence by hypoth-
esis, (k:,p)_\klp,\jp;jl,/ﬁ) € E(S) and p;klp,\jp;jl = p_.. Giving I resp. A
the multiplication of a left resp. right zero semigroup the direct product
B =1 x A is a rectangular band. It follows that ¢ : S — 8" = B x T,
o(iya,\) = ((i,\),piPwi- @ prx), is an isomorphism: if (a,a) € S’
with o = (i, \), then ©(i, ' parapsy, A) = (a,a); ¢ is injective since
Daks Pri € T are cancellable for any ¢ € I, A € A; ¢ is a homomorphism
because of the above equation of any py; € P.

Necessity: Since E(S’) = {(a, 17) € §’'|a € B}, E(S’) is a subsemi-
group of S’. It follows that F(S) is a subsemigroup of S, too. ¢
Remarks. (i) If S = M(I,T,A; P) is of the above kind then <g is
determined by the natural partial order of 7' (that on B is the identity
relation, by Res. 7.1, Corollary): (a,a) <g (6,b) & a =0, a <r b. In
fact, if S = A x B is the direct product of two semigroups A and B, then
(a1,b1) <s (ag,bs) if and only if a; <4 as and by <p by. In particular,
< is the identity relation if and only if <, and <pg both are so.

(ii) In Res. 8.4, the general conditions are satisfied for example if
T is a unipotent monoid and every element of some row and some col-
umn of P is equal to 14 € T (i.e.,, P is “normalized”). In this case,
E(S) is a subsemigroup of S if and only if each entry of P is 1p€T:
necessity holds by the proof of Res. 8.4; sufficiency is evident since
E(S) = {(,10,\) € S| i € I,A € A}. In this way we obtain two
reminiscents of the completely simple case:

(1) If T is a unipotent monoid and if each entry of P is equal to
17 € T, then S is isomorphic with S = B x T, B a rectangular band. If
T is a group then S is a rectangular group.

(2) If T and P are as in (1) and if |A] = 1 then S is isomorphic
with S” = I x T giving I the multiplication of a left zero semigroup. If
T is a group then S is a left group. Generalizing we have
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Result 8.5. Let S = M(I,T,\; P) be such that T is a semigroup and P
satisfies: apy;b = ab for anya,b € T,1 € I, X € A. Then S is isomorphic
with S’ = B x T, where B is the rectangular band I x A.
Proof. Giving I resp. A the multiplication of a left resp. right zero
semigroup, B = I x A is a rectangular band. The mapping ¢ : S — 5,
o(i,a,\) = ((i,\),a), is an isomorphism. ¢
The condition in Res. 8.5 says that each entry of P is a “middle
unit” for T'; this is satisfied for example if T" is a monoid and if each
entry of P is 10 € T. It is also fulfilled by any semigroup 7' such that
arb = ab for any a,b,z € T (by Res. 4.6, Remark, T" is an inflation
of a rectangular band). In this case, Res. 8.5 holds for any matrix P.
Evidently, any semigroup 7" with zero multiplication has this property,
too. Note that for any Rees matrix semigroup S considered in Res. 8.5,
<g is determined by <7; in particular, <g is the identity relation resp.
is right (left) compatible if and only if <7 is so.
For the natural partial order on generalized Rees matrix semigroups

S = M(I,T, A; P) we have by [5]:

(1,a,\) <g (j,b,u) & i=7,A=pu, and

a=bora=xp,b="bpny, rpyia = a (= apny),

for some z,y € T\l €I, veA.

In particular, if T is trivially-ordered then so is S. The converse holds in
case that T is a monoid and 17 € T is an entry of P: in fact, if a <p b
and 17 = pu, say, then (k, a, k)<g (k,b, k) and thus a = b. Furthermore,
if T'is an F-inversive monoid without zero and 17 € T is an entry of P
then S is trivially-ordered if and only if 7" is a group, i.e., S is completely
simple (see [5]). Finally, if (i,a,\) <g (4,0, ) for some i € I, A € A, then
a <7 b. The converse holds, for example, if P contains a middle unit of T’;
in particular, if 7" is a monoid and 17 € T is an entry of P. With respect
to right (left) compatibility we have the following characterization:
Result 8.6. Let S = M(I,T,A; P). Then <g is right (resp. left) com-
patible if and only if for any a,b,c € T,k € I,k € A, either apyrc = bpypc
(resp. cpria = cpy;b) or there are m € I (resp. 0 € A) andt € T such
that ap e = bpxxCPemt (T€SP. CPri@ = tPpyrCPrib) whenever a = xp,;b =
= bpny, Tpyia = a (resp. apny = a), for somex,y € T)i,l € I,v,\ € A.
Proof. (Right compatibility). Necessity: Let a,b,c € Tk € I,k € A,
and a = xp,b = bpny, xpia = a for some z,y € T, i,l € I, v, € A.
Then (i,a,\) <g (i,b, ), and thus (i,a,\)(k,c,k) <g (i,b,\)(k, ¢, k),
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ie., (i,apac, k) <g (i,bprrc, k). Therefore either apypc = bpxc or there
are m € I,t € T, such that apypc = bppC.Pum-t, since (i, apyic, k) =
= (i, bpyrc, k) (m, t, k) for some (m,t, k) € S.

Sufficiency: Let (i,a,\) <g (j,b,1); then j = i,u = X (a # b)
and a = xp,b = bpyy,xpLia = a, for some z,y € Tl € I,v € A.
Let (k,c,k) € S; then either apypc = bpygc or there are m € It € T,
such that apyrc = bppcpemt. It follows also in the second case that
(i,a, \)(k,c, k) = (i,apaec, k) <g (i,bpakc, k) = (i,0,\)(k, ¢, k), since
a.PAC = TPuib.PAKC, TPLia.pakC = a.paxpC, Whence (i,xz,v)(i,bpapc, k) =
= (i, api¢, k) = (i, bprre, k) (M, t, k), (i, 2, V) (i, apa¢, K) = (1, aprpc, £). O

By this result we obtain examples of generalized Rees matrix semi-
groups S = M(I, T, A; P) with right compatible natural partial order:

(i) T is a right simple semigroup — note that <z is the identity
relation (see Sec. 2), hence <g is so, too (see [5]). More generally,

(ii) T is a semigroup such that o7 = 0T for any a,b € T for
instance, T is a semigroup with zero multiplication (in this case, <g is
even two-sided compatible).

(iii) T is a semigroup containing one or more right zeros and each
entry of P is a right zero in T'; in this case apy.c = bpyc and A <g B
implies AC' = BC' for any C' € S.If in addition in each column of P
all entries are equal (i.e, for any k € I, p\p = per for any A\, k € A)
then S satisfies AXB = AB for any A, B, X € S; thus by Res. 4.6
and the Remark following it, S is an inflation of the rectangular band
E(S) and <g is even two-sided compatible (more precisely, we also have
that A <g B implies CA = CB for any C' € S). Note that <g is not
the identity relation if there are b € T,py; € P, such that pyb # b:
in fact, (i,a,\) <g (i,0,A) for a := pyb since (i,a,\) = (i,pri, )
(1,0, ) = (4,0, \)(43,0,\), (i,prnis N)(,a,\) = (i,a,\) (observe that
(1,b, \) ¢ E(S) since bpy;b = pab # b, hence S # E(S): see (C) above).

A somewhat stronger (and more illuminating) sufficient condition
is given by
Result 8.7. Let S = M(I,T,A\; P) be such that for any a,b,c € T,
k,lel, \,k € A, either apypc = bpyrc (cpria = cpuib) or there are m € I
(0 € N) and t € T salisfying: a.pyb.paxxC = a.pPrpC-Premt (CPx-bPw-a =
= tpor-cpn-a). Then <g is right (left) compatible.

Proof. (Right compatibility). Following the proof of sufficiency in
Res. 8.6, we have in the case that apyic # bpypc:
A.PAKC = TPyib-PAkC; TPyiG.PAKC = APARC,
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and by hypothesis,
a.prrC = bpy.praxC = bprrCPemt, for some m € It € I
and this implies right compatibility of <g. ¢

From this result we can deduce further examples of generalized Rees
matrix semigroups S = M(I, T, A; P) for which <g is right compatible:

(i) Evidently, the condition is satisfied if P is the zero-matrix or if
T is a semigroup with zero-multiplication. In both cases, S is isomorphic
with the direct product S’ = B x T”, where B = I x A is a rectangular
band (giving I resp. A the multiplication of a left resp. right zero semi-
group) and 7" =T (endowed with the zero-multiplication if P = 0): the
mapping ¢ : S — 5, p(i,a,\) = ((i,A),a), is an isomorphism. There-
fore, <g is even two-sided compatible since (o, a) <g (3, b) if and only if
a = f3,a = 0; <g is non-trivial if |T’| # 1.

(ii) T is a left zero semigroup; in this case, <7 is the identity
relation, whence so is <g (and <g is even two-sided compatible).

(iii) T is a commutative semigroup and any two rows of P consist
(up to permutations) of the same elements (i.e., for any \,x € Al € I,
there exists m € I such that py; = pup); in particular, in each column of
P all entries are equal; more specifically, all entries of P are equal — note
that in the last case, <g is two-sided compatible. More generally:

(iv) T is a right commutative semigroup and any two rows of P
consist (up to permutations) of the same elements — note that <r is
right compatible by Res. 3.6.

(v) T is an externally commutative semigroup and any two rows
of P consist (up to permutations) of the same elements (a.pybpig.c =
= a.p,\kbp,\l.c = apAk.cpr = ap,\kc.p,.;mt with ¢ = b) — note that ST is
two-sided compatible by Res. 4.2.

(vi) T is a semigroup satisfying azb = ab for any a,b,z € T —
in this case, <g is even two-sided compatible. Note that by the Re-
mark following Res. 4.6, such semigroups 1" are precisely the inflations
of a rectangular band, and <7 is two-sided compatible. Furthermore by
Res. 8.5, S is isomorphic with S = B x T where B is a rectangular band.

(vii) T is a semigroup, each entry of P is a left zero of T', and in
each row of P all entries are equal (i.e., for any A € A, py = px for all
[,k € I). In this case, we have again AXB = AB for any A, B, X € S.
Therefore, as in example (iii) following Res. 8.6, S is an inflation of the
rectangular band E(S), and A <g B implies AC = BC, CA = CB for
any C' € S (see (C) above).
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(viii) 7" is a monoid satisfying T'c C ¢TI for any ¢ € T and each
entry of P is 1 € T — note that <r is right compatible by Res. 3.2.
Furthermore, S is isomorphic with S’ = B x T where B is a rectangular
band (by Res. 8.5).

In several examples above the natural partial order of the under-
lying semigroup 7T was right compatible and also that of the resulting
semigroup S = M(I, T, A; P). There is no relation between these prop-
erties, in general:

(i) If <g is right compatible, then <7 is not necessarily so: let
T = L', where L is a left zero semigroup with at least two elements, and
consider T°; then <o is not right compatible (for e, f € L : e <7 1 and
ef =e Zpo f=1f); but for S = M(I,T° A; P), where each entry of P
is 0, <g is right (and left) compatible. But note that in case that 7" has
a (right, left) identity e € T', which is an entry of P, right compatibility
of <g implies that of <7: if p.r = e say, then a <7 b implies a = xpb =
= bpery, Tpera = a, for some x,y € T; hence (k,a,k) <g (k,b,K), so
that (k,ac,k) = (k,a,k)(k,c,k) <g (k,b,k)(k,c,k) = (k,bc, k) for any
¢ € T; thus ac = bc or ac = wp,.bc = be.pz, wpyr.ac = ac, for some
w,z €T v e\l el; therefore ac <r bc for any c € T.

(ii) Conversely, right compatibility of <; does not imply that of

<g: for example, if T is the semilattice 0 <y e <p f, I = A = {1,2},
and P is given by p11 = e,p12 = f,p21 = p2e = 0, then <r is even two-
sided compatible, but <g is not right compatible (see the first Remark
in Sec. 4). A sufficient condition for the implication to hold is given by
Result 8.8. Let S = M(I,T,A; P) be such that <r is right (resp. left)
compatible. If for any a,b € T,k € I,k,X € A (resp. i,k € I,k € A)
there exists m € I with apybT C aprxebpemT (resp. € A with Thp.a C
C Tpuibpria), then <g is right (resp. left) compatible.
Proof. (Right compatibility). Let (i,a,A) <g (j,b,u). Then i = j,
A=, a #b, and there are z,y € T, [l € I, v € A, such that a =
= zp,i-b = b.pny, xpi.a = a; hence a <rp b. Let (k,z,k) € S; then we
have: a.pyrc = xp,ib.prxc and xp,;a.pypc = a.pyc. Furthermore, a <7 b
implies that a.pyrc <7 b.pypc. If apare <7 bpypc then apyrc = bpypc.z for
some z € T. If follows by hypothesis that there are m € I,¢t € T, such
that bpypcz = bprpCPrmt; thus apyic = bparcpamt. Consequently,

(1,a, \)(k, e, k) = (i,apae, k) <g (i, bpaec, ) = (1,0, N)(k, ¢, k),
since (i, z, V) (1, bprrc, k) = (i, apric, k) = (i, bpkc, £)(m, t, k), and

(i, z,v) (i, aparc, k) = (i, aprpc, K).
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If apyxc = bpkc, then clearly (i, apxpc, k) = (i, bpapc, k). O

This result yields some classes of semigroups 7' such that right
compatibility of <; implies that of <g. The first example is independent
of Res. 8.8.

(i) T is a semigroup for which <r is the identity relation (see Sec. 2);
then <g is the identity relation, by [5].

(ii) T is a semigroup and each entry of P is a left zero of T — in this
case, <g is also left compatible: in fact, A <g¢ B implies CA = CB for
any C' € S. In particular, for any left (right) zero semigroup 7' and any
matrix P, S = M(I,T,A; P) has a trivial, hence two-sided compatible
natural partial order, since < has this property. In fact, by Res. 8.5, S
is a rectangular band: S = 5" = (I xT') x A, where I x T is a left, and A
a right zero semigroup. Note that S is not a left (right) zero semigroup
if |[A] # 1 (] #1).

(iii) 7" is a monoid and each row of P contains 17 € T'. In this case,
< is the identity relation if and only if <t is so (by [5]). More generally,

(iv) T is a monoid and each row of P contains an invertible element
of T
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