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Abstract: In earlier papers the authors considered relations between general-
ized polynomials p of degree < n and functions P in n variables being Jensen
in each variable such that p is the diagonalization of P. Jensen in each variable
means that P is a generalized polynomial of degree < 1 in each variable. Here
we derive analogous results connecting functions of several variables which are
generalized polynomials of degree < f; in the i-th variable and generalized
polynomials (in one variable) of degree < 3 f3;.

We also discuss the question whether a function being a polynomial
separately in each variable has to be a polynomial jointly in all variables.

1. Motivating results and questions

Let V, W be vector spaces over Q and denote by A,: WV — WV
the difference operator with increment h, which for f: V' — W is defined

by (Awnf) () := f(z + h) = f(z).
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Definition 1. Let be n € Ny. A function p: V. — W is called a
generalized polynomial of degree < n if AZHp =0forall heV.
We denote the vector space of all generalized polynomials of degree
< n defined on V' and taking values in W by
PV, W) :={p: V — W |pis a generalized polynomial of degree < n}.
There is a large literature on generalized polynomials, see for exam-
ple [D] for a description of P™*(V, W) in an even more general situation.
In [PS] the generalized polynomials p € P™(V, W) have been described by
means of n-Jensen functions. The motivation was the blossoming method
which is used for calculating values of spline functions (see [R]).

Definition 2. 1. A function ¢: V' — W is Jensen if

0(55Y) = 5 a0+ o)

for all z,y € V.

2. A function P: V — W is called n-Jensen if the partial mappings
x;— P(x1,...,2i 1,2 Tiy1, ..., T,) are Jensen functions for all i.

As usual, we denote by S,, the symmetric group of all permutations
of the set

n:={1,2,...,n},
and call a function Q: V" — W symmetric if Q(Tx1), Tr(2),-- -, Trn)) =
= Q(x1,29,...,x,) for all (z1,z9,...,2,) € V" and all 7 € S,,. The
vector space of all n-Jensen functions defined on V" with values in W is
denoted by
J(V,W):={P:V — W |P n-Jensen},
and the subspace of all symmetric n-Jensen functions is denoted by
JIVW) ={P e J"(V,W)| P symmetric}.
Definition 3. 1. For n € N the diagonalization mapping 6,, : V. — V"™
is defined by
On(x) = (x,...,2),

with x in each of the n components on the right-hand side.

2. For P € P*(V,W) the diagonalization D of P is defined by
D(P) := Pod,.

It has been shown in [PS] that given P € J™(V,W) the diago-
nalization D(P) is contained in P™(V,W). So D maps J"(V,W) into

Pm(V,W). It has also been proved that the restriction D’ := D‘ Jrsym (V,IV)
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gives a bijection between J™*¥™(V, W) and P™*(V,W). For n > 1 and
p € P*(V,W) the inverse P := D'~1(p) is given by

(1) P(xy,z0,...,2,) = %Z(—l)"_s(r +|S])"p <y+ziesx> ’

' & T+ |S]

where |S| denotes the cardinality of S and (y,r) € V x Q either equals
(0,0) (with 0™p(0/0) := 0) or y is arbitrary and r € Q\ {0,—1,...,—n}.
Note that P € J™(V,W) if and only if all partial functions map-
pings
xi— Play, .o 1,2, Ty, -, Tp)
are generalized polynomials of degree at most 1, i.e., are contained in
PLV,W). Generalizing one may ask the following questions:

1) Let m € N, ﬂ: (617627-"751?1) € Nan with |6| = Zﬁlﬂl =N
and P: V™ — W be given such that

(2) (LUZ — P(Il, e L1, Lgy Lja 1y - - - ,LUm)) c Pﬁl(‘/, W)

forall 1 < i < m and all xy,z9,...,2, € V. Is it then true that P o
00y, € PY(V,W)?

2) Is it true that, given p € P*(V,W) and n, 3 as above, there is
some P satisfying (2) such that p = P o0,,”

3) If 2) is true, is there some “canonical” P with p=P 04,7 (In
the case m=n, f=(1,1,...,1), formula (1) gives a kind of canonical P.)

Before answering these questions we need some results on general-
ized polynomials in several variables.

2. Generalized polynomials in several vector vari-
ables, basic definitions and results

We will use some notions and results from [B, App., pp. 88-89],
adopt these notions for our situation of rational vector spaces and put
aside all topological aspects.

Throughout this paper let m € N and let V3, V5, ..., V,,, W be vec-
tor spaces over Q. For a=(ay,as,...,a,) € Ni* with |a]:=37", a;>0
the sequence s(a) € Nlol is defined by

3)  s(a):=1*,2%2 ..om*):=(1,....,1,2,....2,...,m,...,m).
3)  s(a) = ( )= ( )

a1-times  ao-times am-times
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Let Vi i= X% Vi), and let 6,2 Vi x Vo X ... X Vi, — Vi, be defined by
Oa (1,2, ..o, ) = (Ts(a) J1<i<la) =: (@71, 257, ..., 20m).

The rational vector space of all mappings from V,, to W which are
Q-linear in each variable is denoted by
Hom,(V4, Vo, ..., Vi, W) :={f : V, = W | f additive in each variable}.

We also define

Pa(Vi, Vo, ..., Vi, W) i={f 0 da | f € Hom,(V4, Vo, ..., Vi, W)}
and the elements p € P, (Vi, Vs, ..., V,,, W) are called a-homogeneous
polynomials because of p(rixy, raxs, ..., ryTy) = rp(x1, T2, ..., xy) if
(x1,%2, ..., xm) EVi=VixVox...xVy, and r = (rq,r9,...,7n) € Q™
where r® = []2, ri.

There is a subspace of Hom,,(V1, Vs, . .., V,,, W) which may be iden-
tified with the space P, (Vi, Vo, ..., V,,, W). Let S, be that subgroup of
the symmetric group Sj, which contains those permutations m € Siy
which satisfy

7T({Oé1+...+0&i_1+1,...,041—|—...+Oéi}) =

:{041—|—...+Oéi_1+1,...,041—|—...+Oéi}
for all 1 <¢ < m. Here the number a; + ...+ a;_1 isequal to 0 if i =1
and the set {ag +...+ a1+ 1,...,01 + ...+ a;} is empty if o;; = 0.
Given m € S, and ¢g: V,, — W, we define ¢g": V, — W by
g’r(xl, To, ... ,:L'|a‘) = g(l’ﬂ(l), [L’W(Q), e ,:L’W(|a‘)).

Then g™ € Hom, (V1, Va, ..., Vi, W) if g € Hom, (V1, Va, ..., Vi, W). Let

Hom®»™(Vy, Vo, ..., Vi, W) :=

= {g € Hom,(V1, Va, ..., Vpu, W) ‘g” =g forall m€S,},
let p € Po(Vi,Vo, ..., Vi, W) and let P € Hom,(Vi, Vs, ..., V,, W)
be such that p = P od,. Put o = [[, a;! (= |S4|) and define
P .= % Zwesa PT.

Then P € Hom®™(Vi, Va, ..., Vi, W) and Po 8, = P o §,. Thus
Pa(Vi,Va, ..., Vig, W) = {P o6, | P € Hom¥™(Vy, Vo, ..., Vi, W) }.

We want to show that even more is true, namely that the mapping
given by Hom®»™(V}, Vo, ..., V,,,W)3 Pr— P o, €Po(Vi, Vo, ..., Vi, W)
is a (linear) isomorphism.

Definition 4. Let V = Vi x --- x V,,, let 1 < i < m and h €
€ V;. Denote by o;: V; — V the embedding of V; into V, o;(h) :=
:=1(0,0,...,0,h,0,...,0), where h is in the i-th component. The partial
difference operator Ay : WY — WV is then defined by

(Ainf)(z) = f(z + 05(h)) — f().
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Theorem 1. The rational vector spaces Hom>™(Vy,... V,,, W) and
PoaViy. .o, Vi, W) are isomorphic. An isomorphism is given by P +—
+— P od,. The inverse is given by p — p,

(4) ﬁ(x117" x10£17x217" x2a27---7xm17---7xmam) =
m o
0 (O O All‘z]) (yl>y2a"'7ym)a
05 i=1j;=1

where (Y1, Y2, - - -, Ym) € V may be chosen arbitrarily.

Proof. Clearly the mapping P — P o, is surjective and linear. If
m =1 and p € P,(V1, W) the formula for p is the classical polarization
formula (see for example [K, Lemma 2, p. 394], [D]) which states that a
given symmetric k-additive function I : V¥ — W may be reconstructed
from its diagonalization f := F o d;:

(5) é)lAmjf(y) (0, T, ).

Now let m > 2 and let P,(Vi,...,V,, W) 2 p = Pod, with P €
€ Hom®™(Vy,...,V,,,W). Then, using the case m = 1 and the prop-
erties of the difference operators A, , it is easy to show by induction
that for any k, 1 < k < m, for any (y1,¥2,...,ym) € V, and for any

(.CL’H,...,Ilal,...,l’ml,...,ﬂfmam) € Va
Q41 o .
(6) P(SL’H,.. s Tlary -+ Thls - s Thays Ypa1 ,...,ymm)—

1
1—[ o] (Ol O 21‘13) (y1>y2a--'>ym)~
i=1 Q- \i=1ji=1

The case k = m gives the desired result. ¢

We identify W with the space of constant functions defined on V' =

=V x Vo x...xV, and taking values in W and write
7)0(‘/, W) = P(0707m70)(‘/1, Vé, ey Vm, W) = W
Then homogeneous polynomials in one and in several variables are con-
nected to each other in the following way.
Theorem 2. For any k € Ny we have
PV.W)= €  Pa(ViVa,.... Vi W).
aeNg |al=k

Proof. We may suppose that £ > 1. Let a € NJ" with |a| = k. Then
PoVi, oo, Vi, W) C Pe(V,W). In fact, let p € Py(V4, ..., Vi, W) and
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p = Pod, with P € Hom>»™(V,...,V,,, W) and let m;: V' — V; be the
projection to the i-th coordinate. Define

P:=Po(m,...,T1, T2,y Ty Ty eees Tm)-
~ ~ ~ ” N———
a1-times ao-times am-times

Then P € Homy,(V,W) and P o, = P od, = p. Thus
Pa(‘/la ‘/27 SR Vma W) - Pk(‘/a W)
If p=Pody, € Pp(V,W) with P € Homy(V, W) we put, for given i
and z; € V;, as before o;(z;) := (0,0,...,0,2;,0,...,0) € V. Then V 3>

S x = (21,22, ...,Tpm) =y v, 0i(x;) and (by the multinomial theorem)
k!
p(w) = P(xk) - Z ap(al(l'l)al,dz(m)az, . .,Um(atm)o””).
aeNP |al=k
Put pa(l’l, T, ..., S(Zm) = %P (0-1(:(:1)0117 0'2(262)02, o O.m(xm)am)' Then

Pa is contained in PY™(Vy, Va, ..., V,,,, W) since p, = P, 00, where P, €
€ Hom®>™ (Vy, Va, ..., Vi, W) is defined by

Pa($11>--->551a1,9321,---,1'2a2>---,xml,---,xmmn) =

|
= ;!P(Ul(xll), ey 01(Z1ay )y s O (Tmd)s - o O (T, ))-
Sop= Zm‘:kpa with p, € Po(Vi, Vo, ..., Vi, W).
The sum is also direct since E‘a‘:k Po = 0 implies
0= Z Pa (111, oo, ") = Z TDa(T1, o Tn)
o=k jal=k
for all r = (rq,...,7n) € Q™. This implies that p,(z1,...,z,) = 0 for
all z = (xq1,...,2,) € V and all a € N with |a| =k. ¢
Remark 1. In the last part of the proof above we used the following
(see [L, chap. V, p. 121]): Let § € Nj* and let
Nﬁ = XZZIN@" Nk = {O,l,,k’}
Then, given a family (uq)aen, of elements u, € W, the relation
ZaeNﬁ ru, = 0 for all r = (ry,re,..., 1) € Q™ implies that all u,
vanish. In fact this is true even if ) _ N, " ta = 0 holds true (only) for
all r € X2, Q;, where each Q; C Q contains at least 3; + 1 elements.
Definition 5. For 5 = (81, (2, ..., Om) € NI* with |3] > 1 let

(7) PPV, Vo, Vi, W) =

= {p: VW ‘p: Zpa for some (pa)aen; € X Pa(V1, Va, ..o, Vin, W)}
aGNﬁ

OlENﬁ
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The functions p € P?(V4, Va, ..., Vi, W) are called generalized polynomi-
als of multidegree < (3.

PP(V1,Va, ..., Vi, W) is isomorphic to X gen, Pa(Vi, Va, ..., Vip, W)

by Rem. 1 since for p as above and r = (r1,...,7,) € Q™ we may write
P(riT1, . o TTm) = ZaeNﬁ Do (1, .., Tm). We want to characterize
the functions in P?(Vy, Va, ..., V,,, W) and the following is a first step in
this direction.
Theorem 3. Let m e N, m > 2, let V1, Vo, ..., V,,, V=V X... XV,
W as above. Assume that p: V —W has the property that for fixed 5’ =
= (b1, 02, -+ Bm-1) €N6”_1 and 3, €Ny all partial functions V,,dx,, —
= D(T1, ooy Tine1, Tn) are contained in Py, (Vi, W). Assume furthermore
that all partial functions Vi X ... X Vg = V' 3 (21,29, ..., Tppq) +—
= (T, ooy Tine1, Tm) are contained in Py (Vi,Va, ..., Vine1, W). Then
pE P(gl,,,,,5m71,57,L)(‘/1, s Vi1, Vi, W),

Proof. Fixing z,, € V,, we find by assumption some P, € Hom%y,m such
that
p(flfl,fﬁQ, ey Tm—1, xm) = me (flffl, x§27 s 7x§;n_711>

for all (z1,29,...,2m—1) € V'. By (4) we get

(8) me(xlla ce 7$151a CIEEES xm—l,la cee axm—l,ﬁmfl) -
1 m—1 0;
= _/| O O Ai,xiji p(y1>y2a"'>ym—1>$m)
B\ iS1 =

with arbitrary (yi,...,ym—1) € V'. By assumption the mappings x,, —
— p(21,. .., Zm—1, Tm) belong to Pg,, (V,,, W) for all (21, 22,..., 2m_1) €
€ V’. The right-hand side of (8) considered as a function of z,, is a
linear combination of functions of that type. So P: Vin — W, defined
by P(z,,) == P, (:L’fl,xéb, . ,xfn”ff), is contained in Pg,, (V;,, W), too.
Now let
P(:cll, s T8y e D11y - D18 15 Tl - - - ,.C(ngm) =
1 Bm _
= @jmzl m,:cmj7,LP(ym)

with arbitrary y,, € V,,. Then
P 6 Hom(ﬁ17...7ﬁm71,ﬁm)(%, ‘/27 ce Vm—la Vm> W)

Moreover
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P(LL’H,. s T8y Tme1,1y - s T 1,81 Tmls - -+ y TmBm_ 1,5(76’”) =
:me(l'll,...,1’151,...,l’m_Ll,...,xm_lﬂmil).
Therefore
P(xfl,atéb,... am aom) =P, (:E?l,l’éb,... fn’"f):
= p(T1, T2, Tin1, Ty )

This means that p = P o g, 8,,..8,,_1,8.) With
P € Hom(517...75m7175m)(%, ey Vm—1> Vm, W)
and thus that p € P, g, 1.8 Vi) Vi1, Vi, W)L 0
The following theorem gives a characterization of generalized poly-
nomials of multi-degree < 3. The one-dimensional case of this theorem
may be found in [D] and [K, chap. XV, p. 378, pp. 393-397].
Theorem 4. Let m € N and § = (b1, P2, ..., 0m) € Ng*. Then the
following conditions on p: Vi x ... x V,, — W are equivalent to each
other.
1) pe PV, Vo, ..., Vi, W);
2) Qf’fll Zhi’l.jp:O for all 1<i<m and all by, hia, ..., hig,11 €Vi;
3) AlHp =0 forall1 <i<m and all h; € V;.
Proof. Let p € P’(Vi,...,Vi, W). Then p = ZaeNﬁpa with p, €
€ Po(Vi, ..., Vi, W). For fixed i, o the mapping

xiHpa(xh"'7Ii—17xi7xi+17’“7xm>7 x‘j E‘/j
fixed when j # ¢, is contained in P,,(V;,W). Thus (using the one-
dimensional case) Ojlfll A, hijPa = 0. Since «; < (; this implies

Qflfll i.hi;,Po = 0. And this holds true for all & € Njg. So condition 1)
implies condition 2). Condition 2) obviously implies condition 3). Fi-
nally we prove that condition 3) implies condition 1) by induction on m.
The case m = 1 is the “classical” one-dimensional case. Suppose now
that the implication 3) = 1) holds true for m — 1 where m > 2.

For fixed z,, € V,, we define p,,, : Vi x ... xV,-y — W by
Da,, (T1, T2y ooy Tin1, Tpy) :=p(T1, Ta, ..., Ty ). By assumption A@prm =0
for1 <i<m-—1and h; € V;. Thus by the induction hypothesm D, €
c PY(Vi,Va, ..., Vi1, W) where 8 := (81, B2, ..., Bm-1). This means
that there are ¢ = qu 4, € Por(V1, Vo, ..., Vi1, W) such that p,, =

= Za ENﬁ/ Qa
1
We also know that Afermp = 0. Writing Gu (21, .., Tim_1, T ):=
=qu/ 2 (1, - . ., Typ—1) and observing g ($121, S2%2, - - -, Sm—1Tm—1, Tm) =

!~ J—
= 5" Qo (T1, T2, ..., Ty, ) for all s = (51,82, ..., 1) € Q™! we get
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0= Aﬁm—l—lp(slxh 522, .+« Sm—1Tm—1, ,',Um) =
= Z s APt hn% (1, T2y o Tne1, Ton)
O/GNB/
for all s € Q™! and all (LUl,IZ)'g,.. T 1, Tm) € VI X ... X Viply X V.
Therefore A” ’”HqAa/ =0 for all &’ € Ny (and all h,, € V ).
This 1mphes that there exist mappings g Vi x Vo x ... XV, —

— W such that ¢ = Z " Qo a0d (T = Qo (21, T2, . .. ,xm_l,xm)) €
€ Py(Vins W), 0 < j < B
SO Qo (X1, T2, + oy X1, SmTin) = L, Qar (T1, T2y« oy X1, Ty) With
sm € Q and also
Bm

Qo (1, T, o 1, b)) = E CQ (1, T2, Tine1, Tin)-

Using the inverse of the Vandermonde matrix (#/)g<j<g, we may find
rational numbers b;, such that
/B’UL

Qo (T1, %2, oo, T, Tin) = E bieQu (1,2, . ., Tpe1, LTpy,).

Thus @ . as a function of the first m — 1 variables is a generalized poly-
nomial of multidegree < (3. By the previous theorem this implies that
aj,a’ S P(a’l,a’z,...,a’mfl,j)(‘/h ‘/Qa ey Vm—la Vm> W)

Thus p € PA(Vy, Va, ..., V,, W), as desired. ¢

This theorem immediately implies the following result.

Corollary 1. Let m € N and 8 = (61,P2,...,0m) € Ni'.  Then
p: X°\Vi — W is a generalized polynomial of multidegree < 3 if and
only Zf all partial functions x; — p(x1,. .., Ti 1, Ty Tix1, ..., Ty) Are gen-
eralized polynomials of (simple) degree < [3;.

3. Polynomials in several variables and multi-Jensen
functions

The characterization of polynomials in P?(Vi, Vs, ..., V,,, W) by
Th. 4 is done by a system of functional equations. In [PS, Thm. 6] the
connection between polynomials in one variable of degree < n and n-
Jensen functions has been used to show that given rational vector spaces
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U, W, a function ¢q: U — W is in P™(U, W) if and only if the functional
equation

(9) q(a:):%i(—w-j(?)(lﬂwq(yljjj), ryel

J=0

is satisfied. This may be generalized and as a result we get a characteri-
zation of the polynomials of multi-degree < (.

Theorem 5. Let Vi, Vs, ..., V.W be rational vector spaces and let 3 €
€ Ni*. Then a function p: V4 x Vo x ... x V,, = W 14s a polynomial of
multi-degree < [ if and only if the functional equation

(10)  plar, s,y am) = 5,Z<H ﬁj—aa@)aw)ﬂj)x

a€Ng \j=1 J
(y1 +onz1 Yoty ym+amxm)

1407 " 14+ay 7777 14+an,

is satisfied for all xj,y; € V; and oll 1 < j < m.

Proof. Let p € P?(V1, Vs, ..., V,,,W). By Cor. 1 this implies that p as
a function of the j-th variable is a polynomial of degree < 3;. Thus by
(9) we get

(11) p(a:l,.. L1 T Tty ey Tn) =
o (B , yi+o,T;
'Z :33 J(O; (1"‘04]-)6]]) ;Ul,...,xj_l,]l_i_i;j],l’j_i_l,...,xm
a;=0

for all 1 < j <m and all z;,y; € V;. This implies (10).
Conversely, let (10) be satisfied. (9) for the polynomial ¢ = 1 €
€ Q = W implies that

1 - 1)~ B 1 A—1
EPICU RS

Fixing j, putting y; = x; for [ # j and using the above identity we
derive equation (11) from (10). Thus p is a polynomial of degree < f;
in the j-th variable for all j. By Cor. 1 this implies the desired result
p PPV, Vo, .., Vi, W). O

For 3 = (1™) the space P?(Vy,Va, ..., V,,, W) is the space of all
functions ¢: V3 x Vo x ... x V,,, — W which are Jensen in each variable.
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Now let 3 € N be arbitrary. For convenience and generalizing the case
of a single variable we denote the space of all functions ¢: V3 — W which
are Jensen in each variable by

T Vi Vo, oo Ve W) = POV, VL Vo Vi Vi, Vi),

Vv Vv ~ Vv
B1-times [a-times Bm-times

and by
TPV, Voo Vi, W) 1=
={qe J°(Vi,Va,..., Vi, W) | q™ = q for all 7 € Sg}
the subspace of all symmetric q from J°(Vy, Vo, ...V, W).
Theorem 6. Let 3 € Ni* be given. Then
1) gods € PP(Vi,Vay ..., Vig, W) for all g € TP(V1,Va, ..., Vi, W).
2) For any p € PP(Vi,Va, ..., Vi, W) there is some
q € TPV, Vo, ..., Vi, W) such that p = q o dp.
Such a g may be written as

(12) q(l’ll,.. 1'151 T21y - - $252,...,l’m1,...,l’mﬁm) =
-5 1 (151 +1,)%) »
S1C61 j=1
4! + ZZ'1 €S xlil Ym _I_ Zimesm zmi7rz
L+ |S 77 14 |Sn| ’

where the choice of the y; € V; does not affect the values of q.
Proof. Let ¢ € J°(Vy,Va, ..., Vi, W). Then
((lea Ce 7xj,6j> — q( .. ,.flfjl, Ce ,ZL’jI@j, - )) jﬁj(‘/j, W)
By [PS, Cor. 1] (z; — q(...,zj,...,2;,...)) € PP (V;; W). Therefore
B;-ti

qods € PP(Vi, Vo, ..., Vin, W) by Cor. 1.

Now let p € PP(Vi, Vs, ..., Vi, W) be given. Take some y; € V,
[ =1,2,...,m, and define g by (12). For fixed j the right-hand side of
(12) may be written as

S (s,

S1CBLIF£T I#£]

1AI81(1 4 |8, @(
ﬁ], > (= 1S;)%p R

5,CB;
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Using (1) with 7 = 1 we may conclude that the inner sum does not
depend on y; and that it is Jensen in each of the variables zj;, 1 <i; <
< f3;. Since this holds true for all j the definition of ¢ does not depend
on the y;, 1 < j < m. Moreover ¢ is Jensen in each variable. Obviously
q" = q for all € Sg. Finally, putting z;; = xj2 = ... = x;5, = x; for all
J results in

(qoég)([lfl,l’g,.. Zlﬁ'm) =

: Siet ymt|Sul 7
1)~ (14]9;|)% kG =
=5 3 T ns)s S e

S51CB1 j=1

SmCﬁm

)85 ﬁ;) ‘ gj) (y1+a1181 y1+am:):m)
522%}1< (D) Jo (B, ),
This and Th. 5 implies go dg =p. O
Now we may generalize the result from the first section concerning
the relation between P™(V, W) and J™¥™(V, W).
Theorem 7. For given 3 € Ni' the mapping q — q o dg from
TPV, Voo Vi, W) to PP(Vy, Vi, .o Vi, W) s a linear isomorphism.
The inverse is given by (12).
Proof. By the considerations above we only must show that the mapping
g — qodg is injective. This is done by induction on m. For convenience
we also give the argument for m = 1. So let p = g o dg with ¢ €
e JPm(V,, W) and assume p = 0. We have to show that ¢ = 0.
By [PS, Th. 3] we know that there are M; € Hom;”™(V;, W) such that

Q(l’l,llfg,... 3) = Z 021<g1<g2< <iiep Mi(2j, )5, ... ;). Thus 0 =
p(z) = Z () :(z"). Therefore M; o d; = 0 for all . Thus by Th. 1
M =0 for all t. This means that ¢ = 0.

Now let m >2 and assume that the assertion holds true for m—1.
Since 0 = p(x1, T2, ..., Tp) = q(:zl ,9352, ...,2%) and since ¢ as a func-
tion of the last (,, variables is multi-Jensen and symmetric by using the
case m = 1 we get that

gy, 25, Tty ey Tng,,) =0
forall z; € V;, 1 <7 <m—1, and all z,,; € V,,,. Using then the induction
hypothesis we may conclude that ¢ = 0. ¢
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4. Diagonalizations of multivariate polynomials

In this section we give answers to the questions posed in the intro-
duction. Let Vi =Vo=... =V, = U
Theorem 8. Let n € N, let § € N, assume |3| = n. Then for any
P € PA(U,...,U,W) the diagonalization p = P o6, is contained in
——

m-times

P(UW)
Proof. Choose ¢ € J°(U,U,...,U,W) = JIP(U, W) such that P =
————

m-times

=gqodg. Thenp=gqod, € P*(UW). O
Theorem 9. Let p € P"(U, W), let 8 € N, and assume |3| =n. Then
there is some P € PP(U,U,..., U, W) such that P o 0, =

— ——

m-times

Proof. Let ¢ € J"(U, W) with p = qoJ,. Define P: U™ — W by
P = qoodg, i.e, Plxy,x9,...,2m) = q(xfl,xgz,...,xan). Then the
partial functions

xi— Py, @, i1, T, X1y -, T

are generalized polynomials of degree < ;. Thus P is a generalized
polynomial in m variables of multi-degree < 3. Obviously P o 9, =
=4qo Op = b- O

Theorem 10. Let us denote the P constructed in Th. 9 by ps. Then
pn = p and pg may be constructed from p by

(13) pﬁ(xlaléa .. '7xm) =

= %agﬁ(—l)"_m' (;1_[1 (@)) (r+ laf)"p <yr++%z:1;fj) ;

where (y,r) € U x Q either equals (0,0) (with 0"p(0/0) := 0) or y is

arbitrary and r € Q\ {0,—1,..., —n}.
Proof. Note that pg = q 0z with ¢ = pany. (1) thus reads as
n-lsi( Y+ Dies Wi
q(wy,wy, ..., w,) = 7’—|-|5|) (— .
n! szc;l r+ 15|
Let M; ={01+...+8j1+1,....01+...+ 5;}. Then n is the disjoint
union of the M;. Moreover pg(x1, 22, ..., Tm) = q(wy, wo, ..., w,) where

w; = x; for all i € M;. The sum over S C n may be written as a sum
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over Sy C My, S5 € M, ..., Sy € M,,. Doing so we get y + Y, qw; =

=y+ 27:1 |S;| x; which only depends on the cardinality of the S;. This

finally gives (13). ¢

Definition 6. For given p € P*(U,W) and § € Ny with |5| = n the

mapping pg: U™ — V defined by (13) is called the 3-blossom of p.
Thus additionally to the original blossom p ;... 1) we have a whole

bunch of such blossoms.

Theorem 11. Let 3 € NI, v € N} satisfy |3| = |y| = n. Then given

p € P"(U,W) the blossoms ps and p, are related by

(14) pp(x1, %9, ... Ty) =
i (H (ﬁ)) (r-+ 1] (p, 0 6) <y++zzm“j> ,

j=1
where r and y are as in Th. 10.
Proof. This is obvious since p = p, 0 ;. ¢

Of course (13) is the special case of (14) with [ = 1 and v, =
= n. In the case m =l and §; = v, i = 1,2,...,m, (14) renders a
functional equation for the S-blossom pg of p € P"(U,W). In particular,
the functional equation (23) of [PS] may be read as the special case m =
=1=1of (14).
Remark 2. Given p, 3 as above one cannot expect uniqueness of P €
c PXU,U,...,U,W) with p = Pod,,. Let, for example, U = W =

m-times

=Q, n=4,0=(22),and m = 2. Then p € PYU,W) iff p(z) =
= Y0 paia’ and P € PRA(U U W) iff P(z,y) = o, Z?:O aijx'y’
with some a;, a;; € Q. But p = P o dg is equivalent to
(gp = Ag, @10 + Qo1 = A1, G20 + Q11 + Ao2 = A2, A21 + G12 = A3, U2 = (4
showing that there are four coefficients a;; which may be chosen arbitrar-
ily.

Even the consideration of symmetric functions P, which makes
sense here since [3; = [, still leaves room for one free parameter. As-
suming p(z) = P(x,z) and P(x,y) = P(y,x) for all z,y is equivalent
to

ai .
agp = ag, Gpy = a19 = —-, G11 arbitrary,

2
a2 — a1 a3

Q20 = Qo2 = —7——, A12 = 491 = §>

Q99 = A4.
2
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The following theorem will give some final answer to all three ques-
tions from the introduction.
Theorem 12. Let n € N, let § € Nj* and assume |5| = n. Then
for any P € PP(U,U,...,U,W) the diagonalization p = P o 6, is con-
————
m-times
tained in P"(U,W). If p € P™(U,W) is given, there is exactly one
PePSUU,...,U W) such that P o dz = p and such that
—_———

m-times

(15) P(xq1,x9,...,Tp) =
!

= LSy (H (§)> (r-+1al)"(P 0 5,) (y++zzm“a) ,

for all xq,x9,...,2, € U with y and r as in the previous theorems.
Proof. This follows from the previous results by taking into considera-
tion that (15) is the same as (13) but formulated in terms of P only. {

The question if functional equation (15) also has other solutions
than that of the previous theorem can be answered negatively:
Theorem 13. Let € Ni*, let P: U™ — W be an arbitrary function
which satisfies (15) with some r € Q\ {0,—1,...,—n} for ally € U.
Then P € PS(U,U,... .U, W).

—_————

m-times

Proof. The function p = P o §,, satisfies
1 el (T7 (B y+lafz
— —1)" || J n )
pa)= = 3 (1) <H <aj))<”'a'“’<r+|a|

) OLENg j=1
Note that || < || = n for o€ Ng. Thus we have p(x)=>",_, axp (yrtka)

with @ = SV S e TTm (2). So by [S, Th. 9.5, p. 73],
which has also been used in to prove Th. 6 of [PS| we conclude that
p € P*(U,W). So (15) becomes (13) with P instead of ps. Therefore
P = pg with p € P"(U,W). This implies the desired result since pg €
e PA(UU,...,UW). O

N—_———

m-times

Remark 3. It is obvious that any P satisfying (15) is symmetric pro-
vided that all §; are equal to each other. Continuing the example from
the previous remark we see that in fact this condition is stronger than
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symmetry: P € P22(U, U, W) satisfies P(x,z) = p(x) for all x and (15)
if and only if

aq 2&2
Qoo = Qg, Qo1 = Q10 = ?’ ap = —3 )
a2 a3
Q20 = Qo2 = E’ a12 = A21 = 5, Q22 = G4,

which also demonstrates that P is determined uniquely by p if (15) is
satisfied.

5. Functions being polynomials separately in each
variable

In this section we consider arbitrary fields K and (classical) poly-
nomial functions f: K™ — K which for K = Q are just generalized
polynomials of some multi-degree (3.

In [K, Lemma 4, p. 397] one finds the following assertion:

If a function f: R" — R, f(x) = f(&, ..., &) is a polynomial

separately in each variable &, i = 1,...,n, then f is a poly-

nomial jointly in all variables.
In the proof it is (implicitly) assumed that the partial degrees of f are
bounded by p independently of the concrete variable and independently
of the values of the other variables. This makes the proof rather easy;
in fact what is used in the theorem following this Lemma 4 is this result
under the mentioned stronger assumption.

In [C] the author proves what the title of the paper states in the
case of functions from R? to R. Problem E 2940 of the Amer. Math.
Monthly asks the question whether, given a function f: R x R — R
which is a polynomial separately in each variable is a polynomial jointly
in both variables. The solution to this problem (Amer. Math. Monthly
91 (1984), p. 142) was a reference to [C].

But it turns out that the situation is quite interesting if the ques-
tion is asked for an arbitrary field K instead of R. The answer to this
generalized Problem E 2940 depends on the cardinality of the field K.
Theorem 14. Let K be a field and n € N. Suppose that f: K™ — K is
a polynomial function separately in each variable. Then

1. f is a polynomial function in n variables provided that K 1s finite
or uncountable.
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2. For every countable infinite field K there exists a function
f: K? — K which is not a polynomial in both variables jointly.
Proof. If K is finite any function f: K" — K is a polynomial function.
(For completeness we give the arguments: Given a = (ay,as,...,a,) €
€ K™ we consider the Lagrange polynomial f,(x) = f,(x1,22,...,2,):=
= Iisi [y pita, iz—:lgl Then f =3 cxn fla) fa')

For uncountable K we use induction on n and the ideas from [C].
The case n = 1 is trivial. So suppose n > 2. Fixing x, we get by the
induction hypothesis that f is a polynomial in xy,xs,...,2,_1. Thus
there are functions A,: K — K, a € NJ~' such that I(§) = {a €
€ Nj ' Aa(€) # 0} is finite for all £ € K and such that

floy, . Ty g, y) = Z Ag(zp) Pt as? o aim
aEN371
for all (z1,...,2n—1,2,) € K". Given p € N we define F, := {£ €
€ K|I(¢) € {0,1,...,p}""'}. Since K is the union of the countably
many sets [, and since K is uncountable there is some m such that F,
is uncountable and thus infinite. Therefore

(16)  flon.gena) = S Adleafagt. .ol

ae{0,1,...,m}n—1

for all (z1,2s,...,2,-1) € K" ! and all z, € F,,. Let us choose subsets
Q; of K with |Q;| = m + 1. By Rem. 1 for K instead of Q the linear
system

n—1
0= Z Uy Yo% Ynt s (Y1 Y2 Yno1) € Q= i>_<1Qi
ae{0,1,...,m}—1
with (m + 1)"! equations for the (m + 1)"~! variables u, has only the
trivial solution u, = 0, @ € {0,1,...,m}"'. Thus (16) may be solved
for the A, (xy,), ©, € Fyu:

Aa(xn> = Z Ca(y17y27"’7yn—1>f(y17y27‘”7yn—17xn)'
(Y1,Y25-,Yn—1)€Q
The mapping =, — (y1,¥2, - - -, Yn_1,T,) is a polynomial in z,. Thus a,
defined by
aa(z) = > caY1, 92, Y1) f(Y1, Y20 - - -, Y1, @)

(Y1,Y2,-Yn—1)€EQ
is a polynomial in z such that a,(z) = A.(z) for all z € F,, and all
ae{0,1,...,m}" ' Sog: K" — K,
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g1, Ty, T) = Z ao(Tn) Pt as? it
ae{0,1,...,m}n—1
is a pé)lynomial in n variables and thus of the form g(xy,...,x,_1,2,) =
= > a1, .., xy_1)zl, for some positive integer k and certain poly-

nomials ¢; in n — 1 variables. But

fx1, .. T, ) = Z filzy, ..,y

1eNp
where for each fixed (x1, ..., z,_1) only finitely many fi(z1,...,z,_1) are
different from 0. Since f(z1,...,2n_1,2,) = g(x1,...,Tp_1,x,) for x, €

€ F,, and F,, is infinite we may conclude that f; = g; for [ < k and that
fi = 0 for [ > k. This means that f = ¢g. So f is a polynomial in n
variables since this is the case for g.

Finally suppose that K is countably infinite, K = {xo, 21,...} with
mutually distinct ;. We define f: K* — K by f(z;,x;) := 22:0 apy
such that with certain a;, b, € K we also have f(z;,z;) =3 7_, brat
and a; = 1 for all <.

These coefficients may be constructed by induction: agg := bgg := 1.
If, for n > 0 we have already found a;;, b;;, 0 <4, < n such that

7 J

> awak = buat, 0<ij<n,
k=0 k=0

we put ap41,+1 = 1 and determine the a,41 4 as the unique solution of

the interpolation problem

n j
k __ k n+1 .

E An1,T; = E bjkTpi1 — Gnp1n1zy , 0<j<n.

k=0 k=0

Similarly the b,,41 %, 0 < k < n+1 are constructed as the unique solution
of

n+1 7

anﬂ,kxf = Zaikxﬁﬂ, 0<i:<n+1

k=0 k=0
Then by construction f is a polynomial in the first or second variable
if the value of the other variable is kept fixed. If f were a polynomial
in both variables jointly we would have f(z,y) = > > ™ cija'y’ for
all z,y € K where m is some positive integer and where ¢;; are certain
elements of K. But this would imply

m—+1 m m
> st = f(@m,y) =) <Z cikxi,m) v, yeK,

k=0 k=0 \1=0
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a contradiction since ap,11m+1 = 1. O

Remark 4. It is a kind of mathematical folklore that the finite fields are
exactly those finite commutative rings R with unit for which all functions
f: R — R are polynomial functions. Even something more is true:

1. For any finite field F' and any positive integer all functions from
EF™ to F' are polynomial functions.

2. Let R be a commutative ring with unit, not necessarily finite.
Assume that for some n € N all functions from R" to R are polynomial
functions. Then R is a finite field.

The proof of the first part is contained in the proof of the previous
theorem. If R satisfies the hypotheses we get immediately that we may
assume n = 1. Consider any R 3 a # 0 and take f: R — R with
f(0) = 0 and f(a) = 1. Since f is a polynomial function there are
€0, €1y -+, Cm € Rsuch that f(z) = > c;a? for all # € R. Accordingly
co = f(0)=0and 1 = f(a) = alc; + cea + ... + ¢pa™t). Thus a is
a unit and therefore R is a field. Assume that R is infinite. Then we
consider f: R — R with f(1) = 1 and f(a) = 0 for all @ # 1. Thus
there is a polynomial ' € R[X] with f(x) = F(z) for all z € R. Since
F(a) = 0 for a # 1, F is divisible by [}, (X — a;) where m € N is
arbitrary and aq, as, . . ., a,, are m mutually distinct elements of R\ {1}.
So F'is divisible by polynomials of arbitrary high degree which means
that /' = 0. But this contradicts F'(1) = 1 # 0.

Acknowledgement. The authors are indebted to Wolfgang Desch, who
contributed substantially to the formulation and proof of Th. 5.

Note added in proof. Recently the authors became aware of the fact
that Th. 1 from the paper [FH] is closely related to Th. 4 presented here.
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