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Abstract: Let g = tan be the Iwasawa decomposition of the semisimple real
Lie algebra g, G a Lie group with Lie algebra g, G = K AN the correspond-
ing Iwasawa decomposition on the group level, ® the root system of the pair
(g, a), and II the base of ® that corresponds to n. In the structure theory of
semisimple Lie groups one attaches to every subset © of II a a parabolic sub-
group P(0©) of G, and a semisimple Lie subgroup G(©) of P(©). We describe
in terms of set of matrices, for every © C II, the structure of the subsemi-
groups of P(©) which contain both N and G(©) in the case of the special
linear group G = Sl(n, R).

1. Prerequisites

1.1. Actions of semigroups on ordered sets. Let S be a monoid
and (X, <) be an ordered set. A function ¢: S x X — X is called an
action of S on (X, <) if
(i) @(s1,9(s2,2)) = p(s182,x), for every s1,s9 € S, and every x € X,
(ii)) p(lg,s) =s, for every s € 5,
(iii) p(s,x) < ¢(s,y), whenever x <y in X and s € S.
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We denote by s - x := ¢(s,x). For every submonoid M of S and every
x e X let
M, ={seM|s -z <z}
It is clear that M, is a submonoid of S whose group of units H(M,) is
a subset of the stabilizer of x, i.e., H(M,) C{s€ S|s -z =x}.
1.2. Notations. Let n be a natural number. In what follows S will
be the semigroup End(R"™) of endomorphisms (linear maps) R” — R™
(endowed with the composition of functions), (X,<) = (S(R™), <),
where (S(R™), C) is the lattice of all vector subspaces of R™ augmented
by the empty set and ordered by inclusion, and the action of End(R"™)
on S(R™) is the natural action
(f,V) € End(R") x S(R™) — f(V) € S(R").
The R vector space End(R™) endowed with the Lie bracket [f,g] = f o
og—go fis a Lie algebra and is denoted with gl(n,R). The general
linear group Gl(n,R) of automorphisms (bijective endomorphisms) of
R™ is a Lie group with Lie algebra gl(n,R).
For V € S(R™) denote for simplicity
g[V = End(]R”)V, GIV = Gl(?’L, R)V
Observe that Gly is the stabilizer of V in S.

If G is a closed subgroup of Gl(n,R) then L(G) C gl(n,R) denotes
the Lie algebra of G. For a subspace h of gl(n,R) let Ng(h) = {g €
€ G| Ad(g)(h) C b} be the normalizer of h in G. (Ad: G — Aut(L(G))
denotes the adjoint representation of G.) Similarly, if g C gl(n,R) then
Ng(h) :=={X € g|[X,b] C b} is the normalizer of f in g.

1.3. Lemma. Let G be a closed subgroup of Gl(n,R) with Lie algebra
L(G) = g, and consider V€ S(R™). Then Gy is a closed subgroup of
GI(H,R) with L(Gv) =gv.

Proof. It is clear that Gy is a closed subgroup of Gl(n,R). The equal-
ity L(Gly) = gly, is a consequence of the properties of the exponential

function. (Recall that f(v) = lim;_q Etf(:)_”, for every f € gl(n,R)
and v € R™.) Since Gy = GNGly and L(Gy) = L(G) N L(gly,) the
assertion follows. ¢

1.4. Further notations. Let {e!,...,e"} be the canonical base of

R™. For every natural number k € {1,...,n — 1} put

Vi :=span{e’,... e*}.
For a Lie subalgebra g of gl(n,R), a closed subgroup G of Gl(n,R), and
a nonempty subset I C {1,...,n — 1} denote by
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gr = ﬂgvl, G[ :ﬂG%

iel icl
If I =0 put g7 := g and Gy = G. For simplicity let again

gly :=(aly,, Glr:={)Gl,.
il il
1.5. Remark. If I = {iy,...,ix} with 1 <i3 <--- <ip <n—1 then
we recall that the nested sequence of subspaces
{0ycV,,c...cV,, CR"
is called a flag in R™. Hence Gl; can be seen as the stabilizer of the
above flag.
1.6. Corollary. Let G be a closed subgroup of Gl(n,R) with Lie algebra
g, and I C {1,...,n—1}. Then G; is a closed subgroup of Gl(n,R)
with L(G[) = 9gr-
Proof. The assertion follows from 1.3 taking into account the fact that
the Lie algebra of the intersection of a family of closed subgroups of
Gl(n,R) is the intersection of the family of the Lie algebras of these
subgroups. ¢
1.7. Convention. Throughout this paper we identify every element
of End(R™) with its matrix relative to the canonical base of R™. Thus,
according to the context we are working within, we regard an element
of End(R™) either as a linear map or as a n x n matrix with real entries.
1.8. Remarks. 1) For every i,j € {1,...,n} with ¢ # j define the
matrix E;; € gl(n,R) be 1 in the (4, 7)*™® place and 0 elsewhere. If i > j
and k € {1,...,n — 1} then it follows easily that E;; € gly, if and only
ifk<jork>u.

2) If I = () then gl; = gl(n,R), and if I = {1,...,n — 1} then
gl; consists of all upper triangular matrices. If I C {1,...,n — 1} then
clearly every upper triangular matrix belongs to gl;.

3) Let I ={iy,...,ix} with1 <i; <---<ip<n—1. Putig=0
and i1 = n. Then every element X € gl; [X € Gl;] is a matrix of the
following type: Along the main diagonal there are k+ 1 block matrices,
denoted by Xi,..., Xp+1, such that for every j € {1,...,k + 1} the
matrix X; is an element of gl(i; — ¢;_1,R) [GI(4; — i;-1,R)]. [Note
that the determinant of X is the product of the determinants of these
block matrices along the main diagonal. Thus det X # 0 if and only if
det X; # 0, for every j € {1,...,k+1}.] The entries above these blocks
are reals, and those below the blocks are all equal to zero. Hence
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X1 % * *

0 X2 * *
S .

0 0 0 ... Xpn

where the stars *x stay for real matrices of suitable dimension. Define
the map
k+1
pr: Gl — H Gl(i; —ij—1,R) by pr(X)=(Xi,...,Xp+1),
j=1
where X € Gl; is a matrix of the type described above. It is clear that
pr is a group homomorphism.

For the next proposition we recall that Sl(n, R) is the special linear
group of n X n matrices with real entries and with determinant 1. Its
Lie algebra is sl(n,R) := {X € gl(n,R) | tr(X) = 0}.

1.9. Proposition. Let G € {Gl(n,R),Sl(n,R)} and g := L(G). If
I C{1,...,n— 1} then the following assertions hold:

a) gr is a self-normalizing Lie subalgebra of g, i.e., Ng(gr) = 91.

b) Gi = Nc(g1).
Proof. The assertions trivially hold if I = (). Assume that I # ().

a) We already know from Cor. 1.6 that g; is a Lie subalgebra of g.
Suppose now that there is an endomorphism f € Ng(gr) \ g7 Then
we find indices k,j € I with k < j such that f(e¥) ¢ V;. Let f(e¥) =
= tiel + - + t,e™ with ¢q,...,t, € R According to the choice of k
there exists an index jo > j such that t;, # 0. Define g € End(R™) by

0, ifle{l,...;n}\{k jo}
g =4 —e' ifl=k
e if £ = jg.
It is clear that ¢ € sl(n,R);. Also,
[f,9)(e") = Flg(e)) — g(f(e")) =
= —f(eF) +tpe® —tj, el = —2t; e + Z tie' ¢ Vj,
i#k,jo
which contradicts the fact that f € Ng(gr). Hence g; is self-normalizing.

b) We argue again by contradiction. Suppose that there is an
automorphism f € Ng(gr) \ Gy Then we find an index j € I and
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an element v € V; such that f(v) ¢ V;. Let f(v) = tie! + - +
+tpe”, t1,...,t, € R, and jo > j be so that t;; # 0. Since f is an
automorphism, the condition f(V;) € V; implies that V; \ f(V;) # 0.
Fix a vector w € V; \ f(V;), and define h € End(R") by

0, ifkedl,..., '

h(ek) _ { 1 { n} \ {.70} '
w if k= j

Then h € sl(n,R); and (f~'oho f)(v) = tj,f~ (w) &V, hence f¢

¢ Ng(gr). The contradiction we have obtained yields the asserted

equality. ¢

2. Semisimple Lie algebras and semisimple Lie groups

In this section we recall some basic facts concerning the structure

of semisimple Lie groups and their Lie algebras (for details we refer, for
ex., to [1], [2] or [3]).
2.1. Some notation. Throughout this section g will denote a semisim-
ple real Lie algebra and G a connected Lie group with finite center hav-
ing g as Lie algebra. As usual, k: gx g — R denotes the Killing form of g,
and ad: g — gl(g) the adjoint representation of g. Let 7: g — g be a Car-
tan involution with the corresponding Cartan decomposition g = €@ s,
where ¢ and s are the +1, resp., —1 eigenspaces of 7. (Note that ¢ is a
subalgebra and s is a vector subspace of g.) In what follows g is assumed
to be equipped with the scalar product (-,-) : g x g — R defined as

(X,)Y) = —r(X,7(Y)), for all XY € g.
2.2. The root space decomposition of g. Fix a maximal abelian
subspace a of s. The definition of (-,-) implies that the set {ad(H) |
| H € a} is a commuting family of self-adjoint (hence diagonable) trans-

formations of g. Thus g can be written as the (orthogonal) direct sum
of simultaneous eigenspaces

s=g"@@Pg”, where aca,
acd
g*={Xeg|ad(H)(X)=a(H)X for all H € a},

and ® = {o € a*\ {0} | g* # {0}}. Any a € ® is called a root of
(g,a), g% is the corresponding root space, and ® is the root system of
the pair (g,a). In fact, ® is a root system in a* (when a* is equipped
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with the scalar product obtained by transferring to a* the restriction
() laxa)-
2.3. The Iwasawa decompositions. Choose a base II for ®. Let
&1 respectively, @~ be the set of positive, respectively, negative roots
relative to II, and define n = @ .4+ 9. Then n and a @ n are subalge-
bras of g with n nilpotent and a®n solvable, and the following so-called
Iwasawa decomposition holds for g

g=tPadn
Let K, A, and N be the analytic subgroups of G with Lie algebras ¢, a,
and n. Then K is compact, and A and N are simply connected. The
diffeomorphism (k,a,n) € K x A x N — kan € G gives rise to the
decomposition G = K AN, called the Iwasawa decomposition of G.
2.4. Parabolic subalgebras and parabolic subgroups. Let © be
a subset of II and consider the parabolic set P(0) in ® defined by

P(O) := T UP(O), where () := ® Nspan(O).

(We recall that span(©) stays for the intersection of all vector subspaces
of a* containing ©.) Define now

@) =" @ o PO):= No(p(®)).
a€P(O)

Note that p(0) = g° @ n and p(®) = g. For every © C II, the vector
space p(0©) is a self-normalizing subalgebra of g, and P(0) is a closed
subgroup of G with Lie algebra p(©). The subalgebras p(©), © C II, are
the parabolic subalgebras of g, and P(©), © C II, the standard parabolic
subgroups of G.

2.5. The subalgebras g(0) of g and the subgroups G(0) of G.
Let © be a subset of II. Write g(©) for the Lie algebra generated by the
root spaces g%, a € ®(0), where ®(0) is the set defined in the above
paragraph. An easy computation yields that

9(@>=( . 90‘)@( > [g“,g‘“])
acd(O) aEd(O)

The Lie algebra g(©) is semisimple and the corresponding analytic sub-
group G(0©) is closed in G.

3. Applications in the case of sl(n, R) and Sl(n, R)

Sl(n,R) is a connected semisimple Lie group with finite center and
with Lie algebra sl(n,R). Our first task is to identify within sl(n,R)
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and Sl(n, R) the elements presented in the previous section for arbitrary
semisimple Lie algebras and Lie groups. Throughout this section the
letter g will stay for the Lie algebra sl(n,R), and G for the Lie group
Sl(n,R). We start by specifying a Cartan involution in g: Define 7: g —
— g by 7(X) = — X", where X" is the transpose of X. For showing
that 7 is a Cartan involution we need a little preparation.
3.1. Lemma. The map o:g X g — R defined by o(X,Y) = tr(XY?)
has the following properties:
(i) o is a scalar product on g.
(i) (ad X)* = ad(X?"), where (ad X)* denotes the adjoint of ad X
relative to the scalar product o.
Proof. Assertion (i) is a direct consequence of the properties of the
trace function tr: its linearity, tr(XY) = tr(Y X), tr(X) = tr(X?), and
tr(XX*) = 0 if and only if X = 0.
(ii) The following equalities hold for every X,Y,Z € g
c(ad X(Y),Z) =tr(XYZ' - YXZ") =tr(YZ'X ~YXZ") =
=tr(Y(X'Z — ZX")") = o(Y ad(X")(2)).
Thus (ad X)* = ad(X?). ¢
3.2. Lemma. Let k:g x g — R be the Killing form of g. The map
Kr:g X g — R defined by k- (X,Y) = —r(X,7(Y)), for every X,Y € g,
1$ a scalar product.
Proof. The bilinearity of . follows from that of x. Since
k(p(X),p(Y)) =r(X,Y) forevery X,Y €g
and every Lie algebra automorphism ¢ of g, we get that
kr (Y, X) = =6(Y, 7(X)) = —s(7(Y), 7(7(X))) =
= _E(T(Y)a X) = _R(Xa T(Y)) = HT(X7 Y)
for every X, Y € g. Thus k; is symmetric. Pick now an arbitrary
X € g. According to Lemma 3.1 we have that

ko (X, X) = tr(ad X ad(X")) = tr(ad X (ad X)*).
Hence k,(X,X) > 0 and k,(X,X) = 0 if and only if X = 0, showing
that x, is a scalar product. ¢

3.3. Corollary. The map ng—g, X — —X?, is a Cartan involution. ¢
The Cartan decomposition corresponding to 7 is

g=s0(n,R) s,
where so(n,R) = {X €eg | X +X'=0}, s={Xeg| X = X"}
The subset a C s consisting of all diagonal matrices of trace 0 is a
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maximal abelian subspace of 5. (Note that every matrix X € g having
the property that [X,a] = {0} belongs to a.) The dimension of a is
n — 1. For simplicity we write (dy,...,dy), di,...,d, € R, for the
diagonal matrix X = (z;;) with z;; = d;, i = 1,n. Fori € {1,...,n}
let f; € a* be defined by
fildy, ... dy) = d;.

For each H € a and every i,j € {1,...,n} with ¢ # j we have that

ad H(Ey;)=(fi(H) — f;(H))Ej;,
so I;; is a simultaneous eigenvector for all ad H, H € a. It follows that
the root system of the pair (g,a) is

O={fi—fili,je{l,....,n}i#j}.
The corresponding root spaces are gfi—fi = RE;;. Also, g° = a. We
thus get the following root space decomposition of g
g=ad @ RE;;.
i#]
Foreveryi € {1,....,n—1} let o; := f;—fiz1. Theset IT = {aq,...,an_1}
is a base of ®. Indeed, II is a vector space base of a* since it consists

of n — 1 linearly independent elements. Also, if i,5 € {1,...,n} are so
that ¢ < 7 then

j—1
(*) fi= 1= a
o

It follows that
T ={fi—fili,je{l,....,n}i<j},
o ={fi—fili,ie{l,...,n},i>j}.
So, n = P, cqe+ 8¢ is the subspace of g consisting of all strictly upper
triangular matrices, and
g=s50(n,R)Gadn

is the Iwasawa decomposition of g. The corresponding Iwasawa decom-
position of G is G = KAN, where

K =SO(n,R) = {g € G| gg' = 1},
A:{(dlaudn)€G|d’L>Oal:17—n}7

and N consists of all upper triangular matrices with real entries and
with 1 on the main diagonal.
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3.4. Lemma. For a nonempty set J C {1,...,n — 1} the following
assertions hold:

(i) There exist nonzero real numberst;, j € J, such that ZjGJ tjaj €

€ ® if and only if J consists of consecutive natural numbers.

(ii) If ZjeJ tiaj € ® for some nonzero real numbers t;, j € J, then
eithert; =1 for allj € J, ort; = =1 forall j € J.
Proof. The assertions follow from (%) and from the fact that II =
={a1,...,an_1} is a base of &. §
3.5. Notation. For every nonempty subset J C {1,...,n — 1} denote
by ©5 = {a; | j € J} and by ®(J) := ®(0©;) = & N span(O,).
Put ®(0) := 0. Also, let p(J) [P(J)] stay for the parabolic subalgebra
[subgroup| p(© ;) [P(©,)]. Similarly, g(J) [G(J)] denotes the set g(© ;)
[G(©)] defined in 2.5.
3.6. Definition. Let () # I C N. A partition I = UY_ Ij; of I into p
disjoint nonempty subsets is called the partition of I into maximal sets
of consecutive numbers if the following conditions are satisfied:

(i) For every k € {1,...,p} the set I}, consists of consecutive natural
numbers.

(ii) For every k € {1,...,p—1} the inequality min(/j41) — max(I)) >
> 2 holds.

3.7. Example. If I = {1,2,3,7,9,10} then I = {1,2,3}U{7}U{9,10}
is the partition of I into maximal sets of consecutive numbers.
3.8. Proposition. Let ) # J C {1,...,n—1} and J = U_,J be
the partition of J into mazximal sets of consecutive numbers. Then the
following equality holds
P
o) = |J{fi — fj | 1,4 € [min(Jy), max(Jx) + 1] AN, i # j} .
k=1
Proof. Consider an element o« = f; — f; € ®(J), 4,5 € {1,...,n},
i # j. Then there exist a subset Z of J and nonzero real numbers ¢,
z € Z, such that « =) _,t.a.. According to Lemma 3.4, we find an
index k € {1,...,p} such that Z C Jy and 4, j € [min(Jy), max(Jy)+1].
This proves the inclusion

P
o) C |J{fi — £ 11,4 € [min(Jy), max(Ji) + 1] AN, i # j}.
k=1
For the converse inclusion pick k& € {1,...,p} and i,j €
€ [min(Jy), (max Ji) + 1] with ¢ < j. Then f; — fj =a; +--- + a1 €
e ®(J)and f; — fi € (J). O
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3.9. Corollary. Let ) # J C{1,...,n—1} and i,5 € {1,...,n—1}
with i > j. Then f; — f; € ®(J) if and only if NN [j,i —1] C J.
3.10. Lemma. Let J be a nonempty and proper subset of {1,...,n—
—1}, J = U)_,Je the partition of J into maximal sets of consecutive
numbers, and I = {iy,...,ix} = {1,...,n— 1} \ J with iy < --- < i.
Put ig =0 and i1 = n. Then the following assertions hold:

(i) For every ¢ € {1,...,p} there exists exactly one indexr m €
€ {1,...,k + 1} such that min(Jy) — 1 = 4,,—1 and max(Jy) +
+1=1,,.

(ii) If m € {1,...,k + 1} is such that i,, —

1 Z 2 then there
exists an index £ € {1,...,p} such that mm( ?) —

= {1 and
max(Jy) + 1 = ip,.
(iii) The equality
p k:l
((max(J;) — min(Jy) + 2)? —ipme1)? — 1)
(=1 m:l

holds.
Proof. (i) Pick ¢ € {1,...,p}.

Case 1. If min(Jy) = 1 then obviously ¢ = 1 and max(Jy)+1 = i;.
Thus, in this case, we can choose m = 1.

Case 2. If min(Jy) > 1 and max(Jy) < n—1, then we find an index
m € {2,...,k—1} such that min(Jy) — 1 = i,,—1 and max(Jy) +1 = ip,.

Case 3. If max(Jy) = n — 1 then i = min(Jy) — 1. Hence m =
=k+1.

(ii)) If m = 1 then J; = {1,...,i1 — 1}, thus ¢ = 1 satisfies the
required conditions. If 2 < m < k then there exists an index ¢ €
€ {1,...,p} such that Jy = {i;p—1 +1,...,4,, — 1}. Finally, if m = k +
+ 1 then J, = {ix +1,...,n — 1}, hence ¢ = p satisfies the required
conditions.

The equality (iii) follows from (i) and (ii). ¢

In the next theorem we first establish the connection between the

parabolic subalgebras p(.J) [parabolic subgroups P(J)] of g [G] an the
subalgebras [subgroups] introduced in the first section. Afterwards we
characterize g(.J) [G(J)] as a suitable set diag, (/) [diagg(1)].
3.11. Notation. For a subset I C {1,...,n — 1} we define the set
diag,(I) [diagg ()] in the following way: If I = ) then diag,(]) = g
[diago(I) = G]. T # 01let I = {i1,...,ix} with 1 <ip < -+ <ip <
<n-—1. Putig =0, igr1 = n, and define diag,(I) [diags (/)] to be the
set consisting of all matrices
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X, 0 0 0
0 X, 0 0
0 0 Xs 0
0 0 0 ... Xpu

where X; € sl(i; —i;-1,R) [X; € SI(4; — i;-1,R)], for every j €
€ {l,...,k +1}. It is clear that diag,(/) is a subalgebra of g, and
that diag([) is a subgroup of G. Note that for I = {1,...,n — 1} the
set diag, () [diags (1)] consists only of the zero [identity] matrix.

In the next theorem we first establish the connection between the
parabolic subalgebras p(.J) [parabolic subgroups P(J)] of g [G] an the
subalgebras [subgroups] introduced in the first section. Afterwards we
characterize g(.J) [G(J)] as a suitable set diag, (/) [diagg(1)].

3.12. Theorem. Let J C {l,....,n—1} and I ={1,...,n—1}\ J.
Then the following assertions hold:

(i) »(J) =g (iii) g(J) = diagg(1).
(i) P(J)=Gr. (iv) G(J) = diage(I).

Proof. (i) If J = () then p(J) = a@®n, and if J = {1,...,n — 1}
then p(J) = g. Thus, in both of these cases, according to 2) of 1.8,
the equality p(J) = g; holds. Assume now that J is a nonempty and
proper subset of {1,...,n — 1}. By definition,

p(J) = (a®n) + (Baca8”)-

We prove first that p(J) C g;. Since a@n C gy (by assertion 2) of 1.8),
we have only to prove that E;; € sl(n,R); whenever 4,5 € {1,...,n —
— 1} are so that ¢ > j and f; — f; € ®(J). Pick k € I and indices
i,j €{1,...,n—1} so that i > j and f; — f; € ®(J). It follows from
Cor. 3.9 that NN [j,i — 1] C J. Hence k < j or k > i, so E;; € Vj
by assertion 1) of 1.8. This proves the inclusion p(J) C g;. For the
converse inclusion pick an element X € g;. According to the root space
decomposition of g we find Xy € a and X, € g%, a € ®, such that
X = Xo+ > pco Xa- We show that X, = 0 for every a € &~ \ ®(J).
Pick an element o € &~ \ ®(J). Let 4,5 € {1,...,n— 1}, 7 > j, be so
that « = f; — f;, and ¢t € R so that X, = tE;;. Applying once again
Cor. 3.9, we find an index ¢ € (NN [j,7 —1]) \ J. It follows that ¢ € I,
thus X € gy,, so X(e’) € V,. On the other hand,
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X(e7) € Re? + te' + Z Re*,
k>j, ki

hence t = 0 (note that ¢ < i), i.e., X, = 0. Since a € &~ \ &(J) was
arbitrary, we finally obtain the converse inclusion g; C p(J).

(ii) By definition, P(J) = Ng(p(J)), so the equality follows from
(i) and from assertion b) of Prop. 1.9.

(iii) If J = 0 then I = {1,...,n — 1}, and g(J) = {0} = diag,(I).
If J={1,...,n—1} then I = @ and ®(J) = ®. Since ) 4[0% 9 ] =
= a, it follows from the formula in 2.5 that g(J) = g, thus g(J) =
= diagg(I ). Suppose now that J is a nonempty and proper subset of
{1,...,n—1}, that J = U}_, J; is the partition of J into maximal sets of
consecutive numbers, and let I = {iy,... i} with 1 <iy <+ < i <
<n—1. Put ig =0 and i1 = n. For every me {1, ..., k+1} denote by
I .= L, _1+1,...,im}. Pick now an arbitrary index j € J. Then we
find a natural number m € {1,...,k -+ 1} such that j € I(™). Since j ¢
¢ {i1,...,ir41}, the natural number j+1 lies also in the set 1™ hence

g% =REj ;1 C diagg(]).
It follows that g(J) C diag, (), because diag, (/) is a Lie subalgebra of g.

We prove next that the (real) vector spaces g(.J) and diag, (/) have the
same dimension. It follows right from the definition of diag,(I) that

k+1
dim(diagy (1)) = Y ((im — im-1)> — 1).
Note that "
dim( 3 fat0) > dim ( Sla 771 = card()

a€d®(J) acJ

hence, according to the formula in 2.5 and to the fact that the root
spaces g%, a € ®, are one-dimensional, the inequality

dim(g(J)) > card(®(J)) + card(J)
holds. In view of Prop. 3.8, we obtain further that

card(®(J)) = _(max(Jy) — min(Jy) + 2) (max(Jy) — min(Jy,) + 1) =

o~
Il
—

I
NE

((max(Jx) — min(Jx) 4+ 2)* — 1) — card(J),

o~
Il
—_

thus
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P
dim(g Z max(.J;) — min(J;) +2)* — 1).

Using assertion (iii) of Lemma 3.10, we conclude that dim(g(J)) >
> dimg(I), hence g(J) = diag,([).

(iv) This equality follows from (iii) and from the fact that the
analytic subgroup corresponding to diag, (/) is diagg(7). O
3.13. Notation. Let I = {iy,...,ix} C{1,...,n— 1} with 1 <i; <

< - <1 < n—1. Put i9p = 0 and ixy1 = n. We consider the
semigroup R**1 endowed with componentwise multiplication. Define
k+1

or: HGl —ij-1,R) = R by 67(Xy,.. ., X)) =

(det Xl, Ce ,det Xk—|—1)~

An easy computation yields that §; is a homomorphism. Let

k+1
Dy, := {(wl,...,xk+1) c R | H T, = 1}.

i=1
Obviously Dy, is a submonoid of R¥*! and (§; o pr)~(Dy) C G.
3.14. Theorem. Let I = {iy,...,ix} be a nonempty subset of
{1,....,n =1} and M C Gy. Then M is a subsemigroup which con-
tains N and diag(I) if and only if there exists a submonoid S of Dy,
such that M = (67 o pr)~1(S), i.e.,

M = {(pr) (X1, o, Xp1) | (X1, 0, Xig1) €671(S)},

where pr is the map defined in remark 3) of 1.8.
Proof. (<) Denote by 1j the identity of Dj. Since Hk+1 S1(4;
—i;_1,R) = 671 (14) it follows that diagg(I) C M. Tt is also clear that
N C M and that M is a subsemigroup of G7.

(=) Let M=pr(M). This set is a subsemigroup of [[;Z i 1 GI(%;
ij—1,R), hence S = §;(M) is a subsemigroup of Dj. We Show ﬁrst that
M = 5;1(8). Consider (Z1,...,Zxy1) € 51_1(8) and (Xq,..., Xpy1) €
€ M such that det X; = det Z; for every j € {1,...,k + 1}. Thus, for
every j € {1,...,k+ 1}, the matrix Xj_le belongs to Sl(i; —i,;-1,R).
Since

k+1

HSl —ij-1,R) = pr(diagg (1)) € M,

we conclude that
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(Z17 .- ';Zk-l—l) = (Xla s 7Xk+1)(X1_1Z17 s 7Xk__|}1Zk+1) e M.
This proves the equality M = 6;'(S). Finally we have to prove that
M = {(pr)_l(Xl,. .. 7Xk+1) ’ (le- . .,Xk+1) € M}

For this it suffices to show that if (X1,..., X41) € 6;'(S) and if Y €
€ Gy is so that pr(Y) = (X1,...,Xk+1), then Y € M. Let X €¢ M
be so that pr(X) = (X1,..., Xps1). It follows that X~V € N C M,
hence Y = X(X~Y) e M. ¢

3.15. Remark. The proof of the above theorem shows in particular
that a subset S of Gl(n,R) is a subsemigroup containing Sl(n,R) if
and only if there exists a submonoid D of the multiplicative group of
nonzero reals such that S = det™ (D).

3.16. Examples. We keep the notations of Th. 3.14 and show how
one can construct subsemigroups M of G; with k£ ‘independent factors’
on the main diagonal: For every j € {1,...,k} consider a subsemigroup
S; of Gl(i; —ij_1,R) containing SI(i; — i;_1,R) (by the above remark
we know how one obtains such subsemigroups). Consider now M to be
the set of all matrices of the following type

). SR * .. *
0 X2 * e *
0 0 Xs
0 0 0 ... Xpp
where XJ € S], ] = 1,—]{3, Xk-+1 S det_l(m), and the stars *

stay for arbitrary real matrices of suitable dimension.
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