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Abstract: We shall present that it (X, S, 1) is a measure space with a non-
negative o-finite measure then for every set ¥ C X and every ¢ € [u.(Y),
#*(Y)] where pe and p* denote respectively the inner and outer measure
corresponding g, there exists and extension pe of g such that Y € dom p,. =
=o(SU{Y}) and 1.(Y) = . The cardinality of the sct of snch extensions is

also discussed.

Our paper is motivated by the results contained in paper [3], see
also [2]. Let (X, S, i) be an arbitrary measure space. Let Y C X be an
arbitrary subset of X. Then the functions

pi(Y) =sup {u(W):Y DW € S},
p*(YV)=mf{u(Z): Y C ZeS}

are called, respectively, inner and outer measure corresponding to p. By
the family o(K) we denote the smallest o-field generated by family K.
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If measure p is defined in a field we understand that u is additive
and in the case when p is defined in a o-field we assume that u is
o-additive.

The following results were established in [3].

Theorem A (cf. Th.1,4in [3]). Let (X, S, ) be an arbitrary measure
space where S is a o-field. Then for every set Y C X and ¢ = p,.(Y)
or c = p*(Y) there ezists an extension pc of p such that u.(Y) = ¢ and
dom p. =o(SU{Y}).

Theorem B (cf. Th.2, 4 in [3]). Under the hypotheses of Th. A and
p*(Y) < oo, for every ¢ € [u.(Y), u*(Y)] there exists an extension .
of p such that p.(Y) = c and domp, = o(SU{Y}).

And also
Theorem C (cf. Th. 3 in [3]). Let (X,S,u) be a measurable space
where S is a field, then for every ¢ € [u.(Y),u*(Y)] there exists an
extension p. of p such that p.(Y) = ¢ and dom p. is the field generated
by SU{Y}.

It was observed in [3], that Th. C does not work for the o-fields
and o-additive measures. We shall show that this fact is true for o-finite
measures in the o-fields. In fact Ths. A and B are proved in [3] via
canonical extensions. In the sequel we shall deal only with measures on
the o-fields.

Let us recall Marczewski theorem.

Theorem M (cf. [4]). Let (X,S,u) be measurable space and J be
o-ideal of subsets of X such that p(Y) = 0 for every Y € J. Then
there exists extension ' of measure p with domain SAJ = {AAY; A €
€ S,Y € J}, giving by formula p'(AAY) = u(A).

By this theorem it is easy to obtain Ths. A and B for the o-finite
measures.

Let W and Z be p-measurable kernel and p-measurable hull of Y,
respectivelly. Putting J = P(Y — W) we have that for every set A € J,
t+(A) = 0. Thus by Th. M, there exists extension y’ of measure u such
that p/(Y) = pu(W) = p(Y). Measure p. = p'/o(S U {Y}) has the
desired property for the case ¢ = p.(Y). In the similar way, considering
o-ideal J = P(Z —Y) we get the case for ¢ = p*(Y).

Th. B is the consequence of Th. A by considering the convex
combinations of two measures (cf. Th. 2 in [3])

Lemma 1. Let (X, S, pn) be an arbitrary measurable space and Y C X
be such that p.(Y) = 0 and p*(Y) = co. Then for every set Yy C Y
such that p*(Y1) < oo and for every extension u; of measure p such



Eztensions of o-finite measures 289

that dompy = o(S U {Y1}) with property pui1(Y1) < oo the following
conditions are satisfied:

1% (u)«(Y = Y1) =0,

2° (m)*(Y - Y1) = o0
Proof. Since o (SU{Y1}) = {(ANY1)U(B~-Y1); A, B € S} then every
set W € o(SU{Y1}) and W C Y —Y; has the form W = B—Y1, where
B € S.This implies that B C B—-Y,UY; = WUY; CY and thus
u(B) = 0. It follows that (uq1)«(Y — Y1) =0.

Let Z € o(SU{Y1}) be such that Z D Y — Y;. It suffices to
consider set Z of the form Z = B — Y7, where B € S. Since p*(¥1) <
< oo then there exists a set C € S such that Y1 C C and p(C) < oo.
Then BOB-Y1DY—-Y, DY —C and thus Y ¢ BUC. It follows
that (u1)*(Y — Y1) =00. 0

Now, we fix that (X, S, 1) is measurable space with o-finite mea-
sure 4.

Theorem 2. For every Y C X and every ¢ € [p(Y), p*(Y)] there
exists extension p. of measure p such that p.(Y) = ¢ and dom p. =
=a(SU{Y}).

Proof. In view of Th. B the case p*(Y) = oo is left. Let ¢ € [u.(Y),
p*(Y)], where p*(Y) = co. The case ¢ = p.(Y) or ¢ = p*(Y) holds by
Th. A. Let ¢ € (u(Y), #*(Y)) and suppose that p.(Y) = 0. By the o-
finite property of measure p there exists a y-measurable set C' of finite
measure such that p*(YNC) > c¢. By Th. B there exists extension p; of
measure 4 such that p1 (Y NC) = cand dom p; = o(SU{YNC}) = 5.
Let Y1 =Y NC. By Lemma 1 (1)«(Y — Y1) = 0. Then again by Th.
B there exists extension us of measure pq such that dom pug = o(S1 U
U{Y —Y1}) and pe(Y —Y7) = 0. Since 0(S1U{Y}) = a(S1U{Y -Y1})
we can put p. = pg and p. is the extension of the original measure
and pe(Y) = p2(Y) = p2(¥1) + p2(Y = Y1) = p (Y1) + p2(Y - Y1) =c.
In the case, when u.(Y) > 0 and ¢ € (u.(Y), u*(Y)) it is sufficient to
take set Y* =Y — W, where W is u-kernel of Y and apply the previous
result to finish the proof. ¢

Let p1 and ug be two extensions of measure p such that dom p; =
= dom pp = oc(SU{Y}) for some subset ¥ C X. It is obvious that any
extension of a o-finite measure is again o-finite measure. Let us pay
attention on the following
Lemma 3. The following conditions are equivalent

10 VAeg ,U,l(AﬂY):[le(AﬂY)
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2° Vaes m(A-Y)=p(A-Y)
Property 4. The measures u1 and pg are identical if and only if
Voaes wm(ANY)=pu(ANY)
p{A)<oco
Proof. Necessity is obvious. Sufficiency: Let B € ¢(SU{Y}). Then
B=(CNnY)uU(D-Y), where C,D € S. Hence in view of Lemma 3
and the fact of o-finite property u1, po
p(B) =m(CNY)+u(D-Y)=p(CNY)+ p2(D - Y) = pz(B).
It follows our assertion. {
Now we try to investigate how many different extensions of the
original measure p we may get to attach the value c equal to the measure

of the set Y. Some unicity problems are also contained in [1].
For every Y C X and ¢ € [p.(Y), u*(Y)] we denote

M(Y) = {p : i/ is extension of u with domain
S(SULYY) & 4 (¥) =,

IMM(Y) = {u': i is extension of y with domaing (S U {Y}).

We have that U(Y) = | {9(Y); c € [p(Y), u*(¥)]}.

Property 5. Ifc= pu,(Y) < 00 orc= p*(Y) < oo then card M.(Y) =
= 1.

Proof. Let us assume that ¢ = p.(Y) < oco. By Th. 2 card MM (Y) >
> 1. Let p1, ug € M(Y). Let W be p-kernel of Y. Then for every set
A € § we have that p1(ANY) = p(ANW). Similarly p2(ANY) =
= u(ANW). By Prop. 4 we have that y; = pg and card M (V) = 1.
The case ¢ = p*(Y) < oo can be proved similarly. ¢

Property 6. For every ci,ca € (p«(Y),p*(Y)) card 9. (V) =
= card M., (Y).

Proof. Let ¢; < c3. Let ¢3 > co and ¢3 € (p«(Y),p*(Y))). Let us
fix pe, € M, (V) and pe, € M, (V). There exists o € (0,1) such
that co = ac1 + (1 — a)cs. Putting pe, = ape, + (1 — @)y, we get
that pe, € M, (Y). Moreover, if pu, ,pl € M (V) and p, # py,
then pl, # pl . Hence card M. (V) < card M, (V). Analogously
card M, (V) < card M., (V). ¢

Remark. Example in [3] shows that Prop. 6 does not hold for the
segment [1.(Y), p*(Y))]. |
Property 7. For every ¢ € [p.(Y),p*(Y))] card M (Y) = 1 or
card 3.(Y) > c.
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Proof. Let ¢ € (u«(Y), u*(Y))). By Th. 2 card M.(Y) > 1. Suppose
that card 9.(Y) > 1. Let p1,p2 € M (Y) and py # pe. Then for
every a € [0,1] po = ap1 + (1 —a)pz € M (Y) and by Prop. 4 we have
that po 7# pg for every a # B such that o, 8 € [0,1]. It means that
card M.(Y) > ¢c. O

Corollary 8. For everyY C X, card (Y) =1 or card M(Y) > ¢
Property 9. If u*(Y) = oo, then for every ¢ € [p.(Y),u*(Y)]
card M (Y) > c.

Proof. Case 1. Let ¢ = p*(Y). By Th. 2 there exists measure p. €
€ M(Y). Let d € (p(Y), u*(Y)) and pg € M4(Y). Putting for every
a € (0,1] po = apc+ (1 — a)ug we get that p, € M(Y) and for every
o, € (0,1] po # pp. Hence card 9.(Y) > c.

Case 2. Let ¢ € (p«(Y), p*(Y)). We suppose, by the same tech-
nique as in proof of Th. 2 that p.(Y) = 0. Let ¢1, ¢a, c3, ¢4 be positive
numbers such that ¢; + ¢ = ¢3 + ¢4 = ¢ and ¢ # c3. Since p*(Y) =
= oo there exists S-measurable set C such that ¢ < p*(Y7) < oo, where
Y{ = Y NC. By Th. 1, there exist extensions p,, te, of measure
p such that dom p., =dom p. = o(SU{Y¥1}) and p., (Y1) = ¢
and pc, (Y1) = cs. According to Lemma 3 (p., )«(Y — Y1) = 0,
o, (Y = Y1) = 00, (ftc )« (Y — Y1) = 0, u5, (Y — Y1) = o0o. There ex-
istsaset De S such that for the set Yo = DN (Y — Y;) we have

¢ < pe, (Y2) < 00 and ¢ < pe, (Ya) < 0.

Applying Th. 2 we get extension p., of measure p., and extension
e, of measure p, such that dom p., =dom p., = o(S1 U{Ys}) =
= Sy and i, (Y2) = cp and p,(Y2) = c4. By Lemma 1 we have
(Bes)«((Y = Y1) = Y2) = 0 and (pe,)«((Y — Y1) — ¥2) = 0. Applying
Th. 2 we get extension ul of measure p., and extension p! of mea-
sure p, such that dom p, = dom p! = o(Sy U{Y — (Y1 UY2)}) and
po(Y — (Y1 UYs)) = pl(Y — (Y1 UY3)) = 0. Taking into account the
form of the sets Y7 and Y, we conclude that o(S; U{Y — (Y1 UY2)}) =
=0 (SU{Y}) and po(Y) = pe(Y1UYa) + (Y — (Y1 UY3)) = (V1) +
+ pp(Ya) = pie, (Y1) + pie, (Y2) = 1 + ¢z = c. Also p/(Y) = c. Hence
pr, 1wy € IM(Y). Simultaneously p. # pl because ,uc(Yl) = ¢; and
pl (Y1) = ¢a. The convex combination of measures . and pl makes
inequality card 9M.(Y) > ¢. O
We finish with the following property.

Property 10. If W and Z are p-kernel and p-hull of set Y, respec-
tively, then the following conditions are satisfied:
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19 card MY ) =1<=pu(Z-W)=0

20 card M(Y) > c < u(Z - W) > 0.
Proof. It is sufficient to show that if u(Z—W) = 0 then card M(Y) =1
and if u(Z — W) > 0 then card M(Y) > ¢. By Th. 2 card DY) > 1.
If g, pe € MY) and p1(Z — W) = pg(Z — W) = 0 then by Prop. 4
p1 = po and card M(Y) = 1. Let pu(Z — W) > 0. Suppose firstly that
p(W) < p(Z). Since p(Y) = p(W) < p(Z) = p*(Y) we conclude by
Th. 2 that card (YY) > c¢. Suppose secondly that p(W) = p(Z) = co.
By Th. A there exist measure p1, ug € MM(Y) such that p1 (V) = p(W),
p2(Y) = p(Z) and py (Y — W) =0, pa(Z —Y) = 0. Hence we obtain
that 0 < p(Z —W)=p1(Z-W) =pm((Z-Y) +p2(Y = W) = (2 -
—Y). Thus u1(Z —Y) > 0. It means that p; 7# pa. By Cor. 8 we get
that card M(Y) > ¢. O
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