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Abstract: We give a simple construction of an infinite dimensional, closed
subspace E of C[0,1] such that every non-zero element of E has no finite
one-sided derivative anywhere.

This note is motivated by the recent paper [2] where a closed,
infinite-dimensional subspace E of C[0,1] is constructed with the fol-
lowing properties:

(1) Every element of F except the zero function is nowhere differ-
entiable, and

(2) there is a set A of Lebesgue measure 1 such that every non-

zero element of F has no finite one-sided derivative except possibly on
the set A.
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This result generalized earlier constructions where only non-dif-
ferentiability, resp. non-existence of one-sided derivatives almost every-
where was demanded. It was left open if a space exists where every
non-zero element has no one-sided derivative anywhere.

This question can be answered using the methods which I have
~ developed in [3] and [4], and via a construction similar to (but shghtly
simpler than) the one given in [2].

Theorem. There ezists a closed, infinite-dimensional subspace E of
C[0,1] such that every non-zero element of E has no finite one-sided
derivative anywhere.: :

Proof. We begin by reviewing some of the methods of [3] and [4]. The
classical Faber-Schauder system is the system of continuous functions

{oim:n€N, i=0,...,2"" " =1},

where the function o; , linearly interpolates the points

7 2041 141
(0,0), (’zﬁ())(‘%"l) (5-5_—10) (1,0).

The Faber-Schauder system is a basis of the space {f € C[0,1] : f(0) =
= f(1) = 0}, more precisely: Every continuous function f : [0,1] = R
with £(0) = f(1) = 0 has a unique, uniformly convergent expansion of the
form

oo 2711

=2 2 tnlDounl@)
where the coefficients 7; (f) are given by

=1
wnlh) = 1 (252) -3 () - 34 (55)-

Now, Th. 3 in [3] says that there are simple criteria for non-
differentiability of a function f in terms of its Faber-Schauder coef-
ficients: Let f have a finite one-sided derivative at some point in [0,1].
Then 8; n(f) := 2" ;o ([) satisfies
(1) lim _NGina(H] =

n—o0 ;=0,.

This is a generalization of a theorem by Faber, [Fal0], about two-sided
derivatives.
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Now, similar to the construction in [2], define uy(z) = dist(z,Z),
and um (z) = 27Mm=1 y,; (2m~1 ) for m € N. Further, for p € Ny let
op = {k-2P : k € N} and ¢p(z) := Y un(z), where this sum is of

meoy ’
course uniformly convergent. Now it can be computed, directly from

the definition of y; ,,(f), that

: , 0,’ if n # m,
Yin(Um) = Lociwge s
§m—+‘1‘, un=m,
for all 1 = 0,.. .,2*“1 — 1. Because of the continuity of the Faber-
Schauder coefficients it follows that

1
—, ifn € oy,
Yin(©) = D Vin(um) = { ontl P
meo(p) 0, otherwise,

again independently of . Here the condition n € op is equivalent to
the condition n = k - 2P with some k € N.

As in [2], it can be proved, along the lines of the proof of the corre-
sponding statement for lacunary trigonometric series, that the sequence
(¢p)pen, is a basis for its closed linear span, E = span{y, : p € Ng}.
Thus every element ¢ € E can be written in the form

oo
= E :ap ¥p
p=0

with uniform convergence. Take such a 1) # 0 and assume that in this
representation we have ap = --- = ag_; = 0 and a, # 0.

For j € N, let n; = (2j + 1) - 29. Again using continuity of the
Faber-Schauder coefficients, we get

1
’Yz',nj(w) = Zap')’i,nj(‘PP) = GQq- 17

again for all ¢, and where we have used that Yin; 7# 0 if and only if
n; = (2§ +1)-27 =k - 27 for some k € N, and because of p > ¢ this is
equivalent to p = ¢ and k = 25 + 1.

This shows that d;,,(¢) = aq/2 for all i = 0,...,2%~1 — 1, so
that for the subsequence n; we have miin 6:,n; (f)| = aq/2. Thus con-

dition (1) cannot be satisfied. ¢
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