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Abstract: It is proved that if k is a fixed positive integer, then

1 i ,
xl_i_x):rgo;#{ngml f;fi(lr(zr)z) <aj, j=1,...,k} =Frloa,...,on)

exists and F}, is strictly monotonic in each variables in (1,00)*, where f;(n)
denotes the j-th iterate of the sum of exponential function ¢{(¢)(n) defined as
the multiplicative function which on prime powers p® takes the value o(®) (p?) =

= Zb|a pb'

1. The sum of exponential functions o(®)(n) is defined as that
multiplicative function which on prime powers p® takes the value
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c9(p) =3 p,

bla

where b Tuns over the positive divisors of a. It is clear that o{®)(n) = n
if n =1 or square-free, and o(®)(n) > n for the other integers.

Let 0\9(n) be the k-th iterate of o(®(n); also let oy(n), o%(n) e-
spectively denote the k-th iterates of o(n) - the sum of the positive di-
visors of n, and o*(n) - the sum of the unitary divisors of n. We are
interested in the limit distribution of the qualities a,(:) (n)/n. Some of
the properties of a,(:) (n) were earlier studied in [5] and [6]. We may re-
call that while o3(n)/o1(n) — oo on a set of density unity (Erdés [1]), we
have o3(n)/of(n) — 1 on a set of density unity (Erdés and Subbarao [6]).

Also Kétai and M. Wijsmuller [4] have recently showed that JE—% —1

on a set of density 1 and believe that the same holds for o7, (n)/o7(n)
for all r > 2 also.

In [6] several questions were raised and many of these are still open.
One of these questions is whether it is true that, on a set of density one,

( )/ a(e)( ) = 1. In response to this, Erdés proved [2] that this is not
so Actually, if S denotes the set given by {23-5-6}, where 8 varies over all
odd square-free numbers relatively prime to 5, clearly S has a positive
density. A simple computation shows that for any m € S, we have
ot (m) = 2-52.6 while o (m) = 2-30-0, so that o' (m)/o{? (m) = 6/5.

Erdés also stated without proof that it is possible to show that
o{?(n)/o!? (n) is dense in (1, 00) and has a distribution function which
is everywhere monotone.
| In this paper, we prove a more general result (see Th. 1).

2. To simplify the notation, we write fi(n) = 0(®(n), and f;(n) =
= a](.e) (n), fo(n) = n. Let P be the whole set of the primes. The letters
p,q, 7, p with and without suffixes always denote primes.

Our purpose in this paper is to prove the following
Theorem 1.Let k > 1 be a fized integer. Then

.1 fi(n) :
(2.1) zlggo z#{ n<z]| i) < aj, 1,...,k } = Felas,...,a)
exists, Iy, is strictly monotonic in each variables in (1, c0)*.

Proof. The existence of the limit (2.1) is obvious. Even we can give
an explicit form of Fy. Let S = Sy be the set of those integers n for
which the following assertion holds: for every prime divisor p of n for
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which p? { n, there exists some j € {1,...,k} such that plf;(%). Each
squarefull integer is considered to be an element of S as well.

The set S; is simple. We can write n as K -m, where K is squarefull,
m is square-free, and (K,m) = 1. Let m = ¢,...,¢.. Then n € S if
and only if ¢|f(K)f(%) (¢ = 1,...,7). Let K(n) be the product of
those primes 7 for which 7| f1(n) fo(n) ... fi(n), or what is the same, the
product of the distinct prime divisors of fi(n).

Each integer N can be uniquely factorized in the form N = n - h,
where n € S; and (h, K(n)) = 1, h square-free. We have f;(N) = f;(n)h
(j=0,...,k),1i. e

fi(N) fitn) .
(2.2) Fn @ = T (G=1,...,k).
Thus the values on the left hand side do depend only on the S-component
of n.
Let £(p) == 17177 (p € P), x(m) be strongly multiplicative. For

some integer A let M(z|A) be the number of those square-free integers
m < z which are coprime to A. Then

M(z]A) = (1 + 0(1))7%@4)95 (z = o)

holds uniformly at least in the range A < (log z)¢, say.
Let o; > 1 (j = 1,...,%) be arbitrary real numbers. Let J be the
set of those n € Sy for which

f3(n) :
<a; (U=1,...,k).
fralm) < )
We get almost immediately that
6 k(K (n
(2.3) Frlan, . yon) = — 3 %

neJ
To prove (2.3), it is enough to observe that

1
lim sup—#{ N <z, Spart f N>H } =0
T—00 T

as H — oo.
From (2.2) and the existence of the limit we get
Lemma 1. For every m > 0,

1 W) _ fitm)
xli)rgom#{Ngxl FalN) =~ Jyam)’ j=1,...,k}

ezists, and it is positive.




156 I. Kdtai and M.V. Subbarao

Thus, for the strict monotonity of Fy it is enough to prove

Lemma 2. Let ay,...,a; > 1, € > 0 be arbitrary real numbers. Then
there exists an integer n for which
fi(n) :
a; < <aj+e (J=1,...,k).
J fj—-l(n) J ( )
3. Proof of Lemma 2. Let p(n) be the smallest, P(n) be the
largest prime factor of n. Let By, Bs,..., By be arbitrary positive even

numbers, A, be an arbitrary positive number. Let Ay ; = f(Ax)Bs,
Ak_z = f(Ak—l)Bk:—la ... ,Al = f(Ag)Bz, Y > B;... BkAl Ces Ak. Let
Y be an arbitrary large constant. We can find a sequence of primes
(Y <)m, < 7 < - -+ < m with the following properties:

(3.1) mi+1=Bm T (j=1,...,k),

Ty is square-free, p(T;) > m;—1. The existence of such a sequence follows
from the prime number theorem for arithmetical progressions and from

simple sieve results.
Let n = Ag - 72. Then f(n) = f(Az)(mp + )7 = Aprmp_ T,

fa(n) = F(Ar-1) Beorme 1T Th 1 Timi_y = Ap—ami_o(Tho1mkTk—1Tk).
Continuing, we obtain that for every j < k:
f](n) = Ak—jﬂ'lg_j(ﬂ'k—j+l ‘e Wka_j+1 o Tk)

Observe that the product in the bracket is square-free, and it is coprime
to Ag_;m,_;. We obtain that

f(n) _ f(4x) 1

e _E;:—(1+w_k)’
fa(n) — f(Ag-1) 1 fe(n)  f(A1) 1
filn) — Ag (1+7Tk—1),.“,fk—1(n) A (1+7Ta)'

Since 7, can be chosen to be arbitrarily large, it is enough to prove
that there exists such a choice of By, ..., B, Ax for which

f(A; E )
(3.2) —%fle(%ajﬂLi) (G=1,...,k).
J
Since > p1l/p = oo, therefore we can choose finitely many primes,

g1 < gz < --- < g for which

T
1 €
aq <H(1+—) <o+ =
PR 2

Let Ay =¢?...q2. Then
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Hu+

thus (3. 2) is satisfied for j = k. Let T be a large positive integer. We
shall write By, as UVj, where

Ue=2" [] 2" Vi=(pp2...ps)%
?|f(Ax)

where p; < ps < --- < p, is such a collection of pﬁmes for which p; >
> P(f(Ax)), and

s

€

Qg < H(l + l/pj) < oy + Z
Jj=1

We can write Ag_1 = (f(Ax)Ux)Vi. We have:
(f(AR)Ux, Vi) = 1.
Since forr >3, 1< f;—”:)— <1+ pf,z, therefore
FU (AU _ 1
PR IGOLOISRINE IR ) QAN NPy (P
/2
H(A)Uk 2 plf(Ax) pEP

The right hand side as a function of T is 140(1) for T' — oo. Thus, with
a suitable large T' we obtain (3.2) for j = 2. Repeating this argument,
we get (3.2) for every 7. ¢
Remarks. 1.) From Th. 1 we get immediately that

lim #{n <

lim T (n <o 22 < 0} = ()

ezists and G(c) is strictly monotonic in (1,00).
2.) By using our method we can prove that for everya > 1, > 1,

Jim — #{n< |f’°() € (o, +¢), f’“ff—ﬂ”é(ﬁﬁﬂﬂ

ezists and it is positive for € > 0.

T/2
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