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Abstract: The author establishes certain results concerning convolution or
Hadamard product of meromorphic univalent functions with positive coeffi-
cients. The study demonstrates, in some respects, properties analogous to
those possessed by the corresponding classes of univalent analytic function
with negative coeflicients. It is interesting to note that our results are valid
for the usual “Hadamard product” while “quasi-Hadamard product” has been
used to study analogous properties for univalent analytic functions with neg-

ative coefficients.
1. Introduction
Let T denote the class of functios of the form

d(z) =2z— chz", cn >0
n=2

that are analytic and univalent in the unit disc U = {z : |z| < 1}. A
function f € T is said to be in the class T*(A, B) if z¢'(2)/¢(z) has a
representation of the form
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LP(z) 1+ Aw(z)

“#z) ~ 1+ Bw()
where w(z) is analytic and |w(2)| < |z| in the unit disc U; A and B are
real constants satisfying —1 < A < B < 1. Let K(A, B) be the class of
functions ¢ € T such that 2¢'(z) € T*(A, B).

o0
The quasi-Hadamard product of two functions ¢(z) = z2— > cn2"
n==2

and ¥(z) = z — Y dn2" with ¢y, d, > 0 is defined by

n=2
o(2) *Y(z —z—chd 2"

Recently, Padmanabhan and Ganesan [2] have obtained several prop-
erties concerning quasi-Hadamard product for the classes T * (4, B)
and K (A, B) extending the corresponding results of Schild and Silver-
man [3]. '

Let ¥ denote the class of functions of the form

1 oo
2) = - + Z an2"
n=1

that are regular in D = {z : 0 < |2| < 1}, having a simple pole at the
origin. A function f € ¥ is said to be in the class ©(A4, B) if zf'(2)/ f(z)
has a representation of the form

zf’(z) 1+ Aw(z)

f(z) 1+ Buw(z)
where w(z) is analytic and |w(2)| < || in the unit disc U; A and B are
real constants satisfying —1 < A < B < 1. Let C(A, B) be the class of
functions f € ¥ such that —zf'(2) € £(A4, B).

Denote by X, the class of functions of the form

f()=1+Zanz, an >0

n=1
that are regular and univalent in D and let
$,(A4,B) =%, NX(4,B) and Cp(4,B)=35,NC(4,B).
Let us define the convolution or Hadamard product of two meromorphic
o0 oo
functions f(z) = 1+ Y anz™ and g(2) = £ + 3 bn2" with an, b, >0
n=1 ) n=1

by
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f(2)xg(2) = % + Z anbpz".
=1

Since to a certain extent the work in the meromorphic univalent case has
paralleled that of regular univalent case, the aim of the present paper is
to establish certain results concerning the convolution of meromorphic
univalent functions analogous to Padmanabhan and Ganesan [2]. The
results thus obtained generalize the corresponding results concerning
convolution of meromorphic starlike functions of order a(0 < a < 1)
obtained by Juneja and Reddy [1]. It is interesting to note that our
results are valid for the usual “Hadamard product” while Padmanabhan
and Ganesan [2] used in their results “quasi-Hadamard product” instead
of the usual “Hadamard product”.

In the sequel we make use of the following lemmas which can easily
be proved using similar arguments as given by Juneja and Reddy [1].

Lemma 1. A function f(z) =1+ 3 an2™, an >0 is in S,(A4, B) if
n=1

and only if
3 B +A+L
B-A
n=1
Lemma 2. A function f(z) = 2+ Y anz™, an > 0 is in Cp(A, B) if
n=1
and only if

S n{n(B+1)+A+1}
<1
z B4 a, <1

n=1

2. Convolution properties of functions in %,(4,B)
and C,(4, B)

Theorem 1. If f(z) = 1+ Z anz" and g(z) = L+ Z bn2™, Gp, by >0
are elements of ¥,(A, B), then the Hadamard p'roduct f(z) xg(z) = 1+
+ D anbp2z™ is an element of ¥,(A1, By) with —1 < A < B < 1 where

n=1
A; <1-2k, By > (A1 + k)/(1— k) with
2(B — A)?
(B+A+2)2+(B-A)?
and that the bounds for Ay and By cannot be improved.

P —
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Proof. Suppose f(z) and g(z) are in %,(4, B). In view of Lemma 1
we have

(1)

and
~n(B+1)+A+1
(2) P T B

n=1
We wish to find values of A;, By such that -1 < A; < B; <1 for
which f(z)*g(z) € £,(A1, B1). Equivalently we want to determine A;,
B satisfying

an, <1

> B+1+A+1
>

b, < 1.

n(By+1)+ 4 +1
: nbn < 1.
® SeB A, <
Using the Couchy-Schwarz inequality together with (1) and (2) we get
L

[oe] 2

n > uartn < (Z u) (z ubn> <1
n=1

where .

n(B+1)+A+1
B-A )
The inequality (3) is satisfied if

U1 bn < uv/anby,

where
n(B1+1)+ A +1
Bl — A1 ’
for n > 1, that is if
U1V Gpby < u.
But from (4) we have
1
. nb, < —, u>1.
U
Thus it is enough to find u; such that
(5) ur < ul.

The inequality (5) is equivalent to
(Bl+n4uh+4. <MB+J)+A+1>2_U2 o1
- A = B-A S e

This yields
(6) A <

Now (6) gives on simplification

ZB]_—’I'L(Bl—f-].)—].
u? +1
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~ A 1
(") Ly 2

Bl + 1 ’U.z + ].
The right-hand member of (7) decreases as n increases and is maximum
for n = 1. Thus (7) is satisfied provided

n > 1.

— A, 2(B - A)?
> = .
(&) Bl+1 S BIA+oP+(BoAp & S
Obviously £ < 1 and fixing A; in (8), we get
k +A1
Bz
It is easy to verify that —1 < Ay < By < 1. If we take
B-A
= _ B
 HR) =90 = 2+ g € T4, B)
we see that
_1, (B-4)
f(2)xg(z) = =+ mz
Then

Bi+Ai+2 (B+A+2)?
Bi—4;  (B-A)? °

Showing that f(z) * g(z) € £,(1 — 2k, 1), with k as in (8). ¢
Remark. Putting A = 2o — 1, B = 1, the class ¥,(4, B) reduces to
the class ¥, () of meromorphic starlike functions of order @, 0 < o < 1
with positive coefficients and our result yields the corresponding result
obtained by Juneja and Reddy [1] on the convolution of two functions
in ¥p(a).
‘Corollary. Let f(z) and g(z) as in Th. 1. Then the function

h(z) = = —|— Z Vanbn2" € (A, B).

Proof. The result follows immediately from (4) using the Cauchy-
Schwarz inequality. For the same functions as in Th. 1, the result
is best possible. ¢
Theorem 2. If f(z) € X,(A,B) and g(z) € X,(A', B'), then f(z) *
* g(z) € £,(A1,B1) where Ay <1~ 2k and By > ‘%1_';1 with
2(B—-A)(B' - A"

(B +A+2)(B'+ A +2)+(B—A)(B' - A’
The result is best possible.
Proof. Proceeding exactly as in Th. 1, we require to show that




52 : M.L. Mogra

n(Bl+1)—|—A1+1 <

B, — Ay T
n(B+1)+A+1 n(B'+1)+ A" +1

< =C

- B-—A — Al
for all n > 1. This on simplification yields

—_ A]_ i + 1
2 _

(9) Bi+1 —C+1

The function (n + 1)/(C + 1) is decreasing with respect to n and is
maximum for n = 1. Thus (9) is satisfied provided
By — Ay 2(B—-A)(B' -4 :
Bi+1 “(B+A+2)(B'+A +2)+ (B A)(B — 4)
Clearly k < 1. Fixing A; in (10) we get By > 4FE. As we requn"e
B; <1, we immediately obtain A; <1 — 2k.

It is easily seen that the result is best possible for the functions

f(z) = BBji-—Af—Tz € ¥,(A, B)
9(2) =

1
z
1 - A
z B’ + A +2
Remark. Taking A=2a—1,B=1, A’ =2vy—1,and B’ =1in Th. 2
we get the corresponding result obtained by Juneja and Reddy [1].
~ Corollary. If f(z),9(2),h(z) € £,(A,B) then f(2) * g(2) * h(z) €
€ ¥,(Az, By) where Ay <1 —2ky and By > % with
ky = 2(B — A)(By — A1)
(B+A+2)(Bi+ A1 +2)+ (B— A)(B1— Ay)

where A1, By are as given in Th. 1.
Proof. Since f(z),g(z) € ¥,(4, B) by Th. 1, f(z) * g(2) € (41, B1)
where A; < 1-—2k; and B; > 412E with

2(B — A)?
(B+A+2)2+4+(B-A4)?
Now letting f(z) € ¥p(A41, B1) and h(z) € (A4, B), the result follows
by Th. 2. ¢

Using Lemma 2 and proceeding exactly as in Th. 1 we have the
following result for functions of the class Cp(A4, B). _
Theorem 3. If f(z) € Cp(A,B) and g(z) € Cp(A’,B’) then f(z) *
* g(z) € Cp(A1,B1) where Ay < 1—2k and By > (A1 +k)/(1 — k)
with :

= k.

(10)

z € X,(4',B). O

k=
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2(B—-A)(B' -4
(B+A+2)(B' + A +2)+ (B - A)(B' - A4
The result is best possible.

o0
Theorem 4. If f(z) =1+ Y. anz", an > 0 belongs to Xp(A, B) and
n=1

k=

g(z)=1+ Z bnz™, with |bs| <1, n > 1, then f(z) * g(2) € X(A, B).
Proof. Smce f DY (A, B), we have

B4 an < 1.
n=1

Further |b,| <1, n > 1. Therefore

in(B—i—l)—i—A—l-l
B-A

n=1 n= 1

This shows that f(z) * g(2) € £(4, B). ¢
Corollary. If f(z) € £,(4,B) and g(z) = 2+ 3 bp2", 0 < by <1
n=1

forn > 1 then f(z) * g(2) € £,(4, B).

Note that g(z) need not even be univalent.
Remark. Our results generalize the corresponding results for the
classes X(a) and ¥,(a) obtained by Juneja and Reddy [1].

Consider the functions f(z) = - + E%z and g(z) = 1+
4 ZBB+AA+3 22 in 5, (A, B). It is easy to verify that h(z) = 1 + %z—%
+ mzz belongs to ¥,(—1,1) only for values of A and B such that
B — A < 3(A+1)? and h(z) need not belong to £,(—1,1) for all 4, B.
In (()Dzher words, f(z),9(z) € 5p(4, B) need not imply that h(z) = < +
+ > (an + by)2"™ € £,(A1, By) for any pair of values Ay, B;. But we

n=1
have

Theorem 5. If f(z) and g(2) are in T,(A4,B), then h(z) = L +

+ Z(aﬁ + b%) z" € Ep(Al,Bl) where Al S 1 — 2k and Bl Z
n=1

> (A1 +k)/(1 — k) with

n(B+1)+A+1
Y‘ B—-A

|anbn| =

anlbn] < 1.

4(B — A)?
(B+A+2)24+2(B—-A)?
The result is best possible.

Proof. Since f(z),g(2) € ¥,(4, B),

k =
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o0
Z B+1 +A+1an§1
and -
o0
Z B+1 +A+1bn§1.
Therefore B 5
co 2 oo
1
Z{n(B+1)-l;4A+1n} [Z B+1 +A+ ol <1
n=1 B— =1
Similarly
(o] 2
Z n(B—I—l)—I—A-i—lbn <1
B-A
‘ n=1
Hence
1 /nB+1)+4+1, \*, ,
- b2) < 1.
(11) ;2( = bn> (a7 +b7) <
We want to find values of A; and By such that
b2) < 1.
(12) ;( oA, bn) (B <

Comparing (12) with (11) we see that (12) is true if

nBi+1)+A+1 _1 (n(B+1)+A+1 2 1
— Ay =2 B—-A B

or
By — Al 2(7’L -+ 1)
(13) BT 1 > 213 n>1.
The right hand side of (13) is a decreasing function of n, hence the
maximum value is obtained by setting n = 1. This gives
B — A 4(B — A)? i
Bi+1,7 (B+A+2)242(B-—A)2
Keeping A; fixed in (14) we get By > (A1 + k)/(1 — k) and B; < 1
gives A; <1 — 2k with k given as in (14).

The functions f(z) = g(z) = 1 + Bﬁ A‘izz show that our result is
best possible . In fact, h(z) = £ + (%(i/{—fg)zz € 3,(1— 2k, 1) with & as
in (14). ¢ '
Remark. Choosing A =2a — 1 and B =1 in Th. 5 we get the corre-
sponding result of Juneja and Reddy [1].

(14)
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We have seen in Th. 1 that if f(z),g(z) € X,(4, B), then f(z) *
* g(z) € ¥p(A1,B1) where A; <1 — 2k and By > (A1 + k)/(1 — k)
with k = 2(B — A)?/[(B+ A+ 2)? + (B — A)?]. Conversely, if h(z) €
€ Xp(A1, B1), A1, By as described above , do there exist functions
f(2),9(2) € Xp(A, B) such that h(z) = f(z) + g(2)? The answer is
negative as is shown by the following example.

Let f(z) = 2+ 3 an2™ g(2) = 1 + 3 bn2™, with f(2),9(2) €
n=1 n=1
€ ¥y(A, B). Then
B-A B-A

n< 3 bnS ?
S BT ATL n(B+1)+A+1

n>1.

and

1 (o]
(@) +g(2) =~ + Zlanbnz" € $,(A41, B1)
n=
as described in Th. 1. But apb, < (B—A4)?/[n(B+1)+A+1)%,n>1
for the convolution of any two functions in %,(4, B). Now consider

1 Bl—A1
h = — neX (A, Bq).
(2) z + n(B1+1)+A1+1z € Zp(Ar, By)

For h(z) we have

B; — A S (B — A)?
n(B1+1)+A41+1~ (n(B+1)+A4+1)2
for n > 1 as in Th. 1. This shows that there is no f(z) and g(z) in
€ Xp(4, B) for which h(z) = f(z) * g(z), though h(z) € X,(A4;, By).

References

[1] JUNEJA, O.P. and REDDY, T.R.: Meromorphic starlike univalent functions
with positive coefficients, Ann. Univ. Marie Curie-Sklodowska Sect A 39
(1985), 65-76.

[2] PADMANABHAN, K.S. and GANESAN, M.S.: Convolutions of certain classes
of univalent functions with negative coefficients, Indian J. Pure Appl. Math.
(9) 19 (1988), 880-889.

[3] SCHILD, A. and SILVERMAN, H.: Convolution of univalent functions with

negative coefficients, Ann. Univ. Marie Curie-Sklodowska Sect A 29 (1975),
99-107.






