Mathematica Pannonica
8/1 (1997), 11-16

ON THE DEGREE OF NILPOTENCY
OF THE RADICAL OF RELATIVELY
FREE ALGEBRAS

M. Domokos

Mathematical Institute of the Hungarian Academy of Sciences,
Budapest, P.O. Box 127, H-1364, Hungary

A. Popov

Department of Mathematics and Informatics, University of Sofia,
5 James Bourchier, Sofia, P. O. Boz 48, 1126, Bulgaria

Dedicated to Prof. I. Gy. Maurer on his 70th birthday

Received: September 1996
MSC 1991: 16 R 10
Keywords:. T-ideal, identity, Grassmann algebra, radical

Abstract: We show that the index of nilpotency of the Jacobson radical of
a relatively free algebra of finite rank in a variety of associative algebras over
a field of characteristic zero defined by a T-ideal I is bounded by a constant
multiple of the rank, where the constant depends only on I. For T-semiprime

I we express such a constant as a function of the PI-degree.

1. Introduction

We work with unitary associative algebras over a fixed field K of
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characteristic zero. Let K (z1,%3,...) be the free associative algebra of
countable rank. An ideal I of the free algebra is called a T-ideal, if
I is closed under K—algebra endomorphisms. For any K—algebra R
denote by

T(R)={f € K(z1,23,...) | f =0 is a polynomial identity on R}
the T-ideal of identities of R.

The T-ideals of identities of the n x n matrix algebras M, =
= M,(K) over K (n=1,2,...) play a special role among T-ideals. For
any T-ideal I denote by n(I) the maximal natural number n such that
I is contained in T'(M,), this number is called the PI-degree of I. By
an old theorem of Amitsur in [1] if f is contained in T'(M,r)) then I
contains some power of f. Moreover, we can say more if we restrict the
number of variables. For any T-ideal I denote by I,,, the intersection of
I with the free algebra K(z1,...,Zn) of rank m. By the Razmyslov-
Kemer-Braun Theorem ([9], [7], [4]) we know that Ty, (M, 1)) is nilpo-
tent modulo I, say of index dm(I). In general T'(M,r)) is not nilpo-
tent modulo I, which implies that d,,,(I) goes to infinity as m grows.
Clearly, the number dp,(I) is a function of I and m. In this paper we
show that d,,(I) < Cm, where C is some constant depending only on
I. Moreover, we prove that for a T-semiprime I we may take C =
=2n%(I) + 1.

2. Preliminaries

Kemer developed a structure theory for T-ideals in [6]. We recall
his results. Any T-ideal I is contained in a unique minimal T-semiprime
T-ideal S. S is nilpotent modulo I. Any T-semiprime T-ideal is the
intersection of finitely many T-prime T-ideals. The T-prime T-ideals
are the following: T(M,), T(M,(G)) and T(M, ) (n,k € Nyn > k >
> n/2), where

G =K(vi,v2,... |vuj+vv; =0 4,7=1,2,...)
denotes the infinite dimensional Grassmann algebra, M,,(G) is the n xn
matrix algebra over G, and M,, ;, denotes the Zy—graded subalgebra of
é g such that A (D, resp.) is a
kxk ((n—k) x (n— k), resp.) matrix over Go, and B (C, resp.) is an
kx(n—k) ((n—k)xk, resp.) matrix over Gy. (G = Go+G1 is the usual
Zy—grading on G, that is, Go (G1, resp.) is spanned by monomials of

M, (G) consisting of matrices
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even (odd, resp.) length in the generators v;.) Though we have some
information about the cocharacter series of T'(M,(G)) and T(M, )
(see for example [2], [3]), we know only very little identities explicitly.
However, we have n(T(M(G))) = k and n(T(Mg,;)) = | where k& >
> 1 > k/2 (see [5]). Here we give explicit bounds on d,(T(M,(G))
and dp, (T'(My ). In particular, we get many explicit identities on the
algebras M, (G) and M, k.

Proposition 2.1. We have

dn(T(Ma(G)) < —12—.an +1.

In other words, let f1,...,fq € K(z1,...,2m) be elements of the T-
ideal of identities of M,,. If d > %nzm, then f1...fq =0 is an identity
on M, (G).

Proof. Denote by

U(r) = (@(r)) (r=1,...,m)
n X n matrices whose entries are non-commuting indeterminates. We
may substitute U(1),...,U(m) into the polynomials fi,..., f4, and we
" get matrices
F (U Um) = (faig) (s =1,...,d),
where the entries f,;; are elements of the free algebra
K(zij(r)[1<i,j<n, 1<r<m)

The assumption that f; = 0 is a polynomial identity on M, (K) implies
that each fy;; is contained in the commutator ideal of the free algebra.
Hence f,;; can be written as a linear combination of polynomials of the
form

(%) 21 2k Zk41y ZE42) 2643 - - - Zu,

where z1,...,24 € {z;;(r)]1 < 4,5 <m, 1 <r <m}and [z,w] =
= zw — wz denotes the commutator of z and w. Now the entries
of (fi...fa)(U(Q),...,U(m)) are linear combinations of products of d
polynomials of type (x). For each such product we have a variable
z € {z;;(r)|]1 < 4,j < m, 1 < r < m} occurring in at least two
commutators by the inequality d > %nzm. So it suffices to show that
- flz,ulg[2, v]h is contained in T'(G) for any f, g, h,u,v,z. T(G) is gen-
erated by [[z1, z2}, z3] (c.f. [8]), and any commutator is central modulo
this identity. Hence the claim follows from the well known fact that
[z, u][z,v] = 0 is an identity on G. ¢

The bound in Prop. 2.1 is sharp in case n = 1. For example,
[.’El, £E2] + [.’Eg, IL‘4] + ...+ [iligd_l, :Ezd] =0
is an identity on K, and
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([’Ul, ’Uz] - [2)3, ’U4] + ...+ ['02(1_1, ’U2d])d = 2d!’U1 ... VU2 75 0,
where vy, ..., Usq are generators of G.
Apply our result to M2(G) and the standard polynomial

Sy(z1, T2, T3,24) = Z SigN ()T (1)Tr(2) T (3) T (4)
nE€Sym(4)
We get that S = 0 is an identity on M3(G). However, this is not the
best possible result. The cocharacter series of T'(M3(G)) is contained in
the (4,4) hook (see [3]). Since S? generates an irreducible Gls—module
corresponding to the partition (5, 5,5, 5, 5), it follows that S2 = 0 is an
identity on My(G). On substituting zs by 1 we obtain that S; = 0
is an identity on M(G). We can get also that [[z,y]%, z]° = 0 is an
identity on M3(G).
Proposition 2.2. For any positive integers n > k > n/2 we have
dm(T(Mp i) < 2mk(n —k) + 1.
In other words, let fi,...,fq € K{(x1,...,Tm) be elements of the T-
ideal of identities of My. If d > 2mk(n — k), then fi...fa =01isa
polynomial identity on My, i.
Proof. We change slightly the notation of the proof of the previous
proposition. Put
_ (Uu(r) Un(r) _
U(r) = (Uzl(r) U22(T)) (r=1,...,m)
where Up1(r) = (yi;(r)) is a k x k matrix, Us(r) = (y;;(r)) is an
(n — k) x (n — k) matrix, Ur2(r) = (2;;(r)) is a k x (n — k) matrix and
Uz (r) = (zi;(r)) is an (n — k) x k matrix, and the entries y,y’, z, 2’ are
non-commuting indeterminates. It is easy to see that

(xx)  fs(UQ),...,U(m)) =

_ (fs(Ull(l),...,Ull(m)) 0 ) +A

o 0 fS(Uzz(l),...,ng(m)) 5
where each monomial of each entry of A, contains a variable z or 2.
We have to show that (fi...fs)(U(1),...,U(m)) vanishes whenever we
substitute the variables y,y’ by elements of Gy and the variables z, 2’
by elements of G1. fs = 0 is a polynomial identity on Mj (and on
M, _3), and Gy is commutative, so the first summand of the right hand
side of (x*) vanishes under such a substitution. So it suffices to show
that A;...Ag vanishes. The inequality d > 2mk(n — k) implies that
for each monomial of each entry of A;... Ay there exists a variable z
or z' which occurs at least twice. Now Gy is the center of G, and the
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elements of G; anticommute. Moreover, we have 22 = 0 for any = € G4,
so such monomials vanish under the prescribed substitutions, showing
the claim. ¢

For example, apply the proposition for the algebra My ; (which
has the same identities as G ® G) and the polynomial [z,y]. We get
that [z,y]° = 0 is an identity on My ;. |

3. Main results

For any T-ideal I denote by s(I) the smallest positive integer s
such that S*° is contained in I, where S is the minimal T-semiprime
T-ideal containing I.

Theorem 3.1. For any T-ideal I we have d,(I) < s(I)(2mn2(I) +
+1).

Proof. Let S be the minimal T-semiprime T-ideal containing I. By the
results of Kemer quoted in Section 2 we have S = Py N...N P, where
Py, ..., P, are T-prime T-ideals. Now n(I) = n(S) = max{n(F;)|i =
=1,...,t} (c.f. [5]). Hence if d > s(I)(2mn?(I)+1) and fy,..., fq are
m—variable polynomial identities of M1y, then by Prop. 2.1 and 2.2
fi...fae 8D CI. O

The next statement shows that we can not expect better general
upper bound for the order of magnitude of d,(I) as a function of m.
Proposition 3.2. If the T-ideal I does not contain any power of
T (Mp(1)), then dm(I) > gngym.

Proof. The condition on I means that T'(My(G)) or T(My,;) (for some
k,1) occurs among Py, ..., P; (they are the T-prime T-ideals of I as in
the proof above). Consider d copies of the standard polynomial Sy, (1)
in pairwise disjoint sets of variables. The product of them is clearly not
an identity on any M (G) or on any My (since it is not an identity on
@), hence it is not contained in I. This shows the required inequality,
since S2n(1) € T(Mn(I))- O

Remark. Obviously, if I contains some power of T'(M,, ) (or equiv-
alently, I contains some standard polynomial), then d,,(I) is bounded
as a function of m.

For any T-ideal I and integer m the Jacobson radical of the rela-
tively free algebra K(z1,...,Zm)/Im i Tm(My(1))/Im- Hence we may
express the content of our theorem in a slightly different way.
Corollary 3.3. Let R be a relatively free algebra of rank m in a
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variety of unitary K -algebras. There exists a constant C depending on
the variety such that the indez of nilpotency of the Jacobson radical of
R is at most Cm. Moreover, if the T-ideal of identities of the variety
is T-semiprime, then we may take C = 2n%(T(R)) +1. ¢
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