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Abstract: Coefficient estimates and distortion theorems are obtained for
meromorphic starlike univalent functions with alternating coefficients. Fur-
ther class preserving integral operators are obtained.

1. Introduction

Let ¥ denote the class of functions of the form
1 o0
1.1 z)= - mz
(1.1) flz) = -+ ,fi:l amz
which are regular in the punctured disc U* = {z: 0 < |z| < 1}. Define
D°f(z) = f(2).

1 .
D]f(z)::+3a13+4a222+ =

(22 f1z)

z

DQf(:) = D(D]f{z)).
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and forn =1,2,3,...

(D" f(2))

D"f(:) = D™ () = = + 3 (m +2)ame™ =

In [4] Uralegaddi and Somanatha obtained a new criteria for mero-
morphic starlike univalent functions via the basic inclusion relationship
Bhyi1(a) C Bp(a),0 S a<1,ne Ny ={0,1,...}, where B,(a) is the
class consisting of functions in ) satisfying

DHf(z)

(1.2) Re{ DF ()

2}<—a, lz] <1, 0Za<l neNg.

The condition (1.2) is equivalent to

D™t f(z) _ 1+ (3 —2a)w(z)
DfG) T ltu()

(1.3)

w(z) € H={w regular, w(0)=0 and |w(z)|<1,zeU={z: |2| < 1}},

or, equivalently,

prtt F(z) -1
D f(z)
Drt1 f(z)

(1.4)
O +2a —3

< 1

We note that By(a) = *(a), is the class of meromorphically starlike
functions of order a (0 < a < 1) and Bo(0) = X*, is the class of
meromorphically starlike functions.

Let o 4 be the subclass of ¥ which consists of functions of the form

1 p—
(1.5) f(2)= ;+alz—agz2+a323...=§+ Z(—l)m_lamzm, am >0
m=1

and let 0% (a) = Bp(a)Noa.

In this paper coefficient inequalities, distortion theorems for the
class 0} ,(a) are determined. Techniques used are similar to these of
Silverman [2] and Uralegaddi and Ganigi [3]. Finally, the class preserv-
ing integral operators of the form
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4

(1.6) F(z) = tf(t)dt (¢ >0)

1s considered.

2. Coefficient inequalities

Theorem 1. Let f(z) =1+ Y apnz™. If

m=1

o0

(2.1) > o (m+2)"(m + a)lam| < (1—a),

then f(z) € Bp(a).
Proof. Suppose (2.1) holds for all admissible values of @ and n. It
suffices to show that

Dn+1 f(Z) _
Dn+?;(£§z) <1 for |2|< 1.
D7) + 2a—3
We have
w N
D f(z) S (m+2)"(m + 1)a,z™t
D™ f(z) _ m=1 <
DnHLf(z) = = <
D7 f(z) + 20 -3 21 —a)— >, (m+2)*(m—1+ 2a)apzm*H!
m=1

S (m +2)"(m + 1)lan|

m=1
< =

21 —a)— > (m+2)"(m =1+ 2a) am|

m=1

The last expression is bounded above by 1, provided

Y (42" (m+1lam| <21 —a) = > (m+2)"(m — 1+ 2a)|an]
m=1 m=1

which is equivalent to (2.1), and this is true by hypothesis. ¢
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For functions in ¢% () the converse of the above theorem is also
true.

Theorem 2. A function f(z) in o4 is in 0 (@) if and only if

(2.2) > (m+2)"(m+ a)am < (1 - a).

m=1

Proof. In view of Th. 1 it suffices to show the only if part. Suppose‘

Re{w_z}z

Dnf(z)
(2.3) 14 Z (=)™ 1(m + 1)"ma,z™
= Re O=O < —«
L4 55 (-1 m o+ 2
Choose values of z on the real axis so that (25;%(;) — ‘7) is real. Upon

clearing the denominator in (2.3) and letting z — —1 through real
values, we obtain

1— i(m + 2)"ma, > a(l + i(m + 2)”am)

m=1 m=1

which is equivalent to (2.2). ¢

Corollary 1. Let the function f(z) defined by (1.5) be in the class
0% nl(a). Then

(1-a)
Ay <
T (m+2)(m+a)

Equality holds for the functions of the form

_1 _1ym—1 (1—0[) s
fm(z) = 2+ (=) (m+2)*(m +a)”

(m>1).

3. Distortion theorems

Theorem 3. Let the function f(z) defined by (1.5) be in the class
0% n(a). Then for 0 < |z| =r<l,

1 1-— l—«o
(3.1) - W lf(z)|_“ m—j
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with equality for the function

(3.2) f(z) = 3711(1—__'_0—) at z = r,ir.

Proof. Suppose f(z) is in 0% ,(a). In view of Th. 2, we have

3"(1+a) z am < Z(m+2)"(m+a)am <(1—-a)

m=1 m=1

which-evidently yields
i 1 -
= n(1+a)

Consequently, we obtain

1 & 1 > 1 l—a
2)| < = < = m< =t —r.
| f( )I_r+m§=1a r _r+rm§=1:a _r+3"(1+a)r,
Also . oo . o ) .
) —
> - m~s > -
[f(2)] 2 = m§=1 ™ 2 - rmgzlam s

Hence the results (3.1) follow. ¢
Theorem 4. Let the function f(z) defined by (1.5) be in the class
0hn(a). Then for 0 < |z| =r <1,

1 1-— 1 l-«

(3.3) v s SIS ey

The result is sharp, the extremal function being of the form (3.2).
Proof. From Th. 2, we have

3"(1+ a) Z My < Z (m+2)"(m+ a)am < (1 —a)
m=1 m=1

which evidently yields

Zm“ < _Ll-a
"= 3n(14a)
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Consequently, we obtain

) 1 & 1 l-a
|f(z)lﬁﬁ+2=:mam7' S +Zmam_— m-
Also ~
1 1 1—a
|f(z|>——2mamr Zﬁ—n;mamzr_z_m

This completes the proof. <>

Putting n = 0 in Th. 4, we get
Corollary 2. Let the function f(z) defined by (1.5) be in the class
04 ola) =a4(a). Then for 0< |2| =r < 1,

1 1-a , )]<1+1——a
—r2 14a

r? 14

The result s sharp.
We observe that our result in Cor. 2 improves the result of Urale-

gaddi and Ganigi [3, Th. 3 (Equation 4)].

4. Class preserving integral operators

In this section we consider the class preserving integral operators

of the form (1.6).
Theorem 5. Let the function f(z) be defined by (1.5) be in the class
0% n(a). Then

z

— —c—1 m
F(z) = cz /t fydt==+> (- —C+m+1 , ¢>0

0 m=1

NI:——A

belongs to the class o% (B(a,n,c)), where

(14+a)(c+2)—c(l—a)
(I1+a)c+2)+c(l—a)

Bla,n,c) =

The result 13 sharp for
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l—a

f(z)— 3"(1+0£)

Proof. Suppose f(z) € 0 ,(a), then

oo

> (m+2)"(m+ a)am < (1-a).

m=1

In view of Th. 2 we shall find the largest value of B for which |

o0

(m +2)"(m + B) c ‘
Z (1—ﬁ) c-Fm—}—lamsl'

m=1
It suffices to find the range of values of § for which

e(m +2)"(m+6) _ (m+2)"(m+ )

0= Blctm+1) = 0=a) for each m.

Solving the above inequality for f we obtain

(m+a)c+m+1)—me(l —a)
(m+a)c+m+1)+c(l—a)

B <

For each « and c fixed let

(m+a)(c+m+1)—me(l—a)

F(m) = m+a)ctm+D+e(l—a)
Then N
F(m+1)— F(m) = B >0 for each m,
where
A=cm+1)(m+2)(1—a)
and

= [(m+1+a)(c+m+2)+c(1—a)][(m+a)(c+m+1)+c(1—-a)].

Hence F(m) is an increasing function of m. Since

(1+a)(c+2)—¢(l—a)

FO= ot rdi-a)

the result follows. ¢
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Remark. Putting n = 0 in the above theorems, we have the results
obtained by Uralegaddi and Ganigi [3].
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