67

Mathematica Pannonica

2/1 (1991), 67 — 70

BERNSTEIN APPROXIMATION OF
A FUNCTION WHICH DERIVATI-
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Abstract: Let Bf be the Bernstein polynomial of a function f such that its
first derivatives satisfy the Lipschitz condition of order 1 on the unit square
or on the standard triangle. It is shown that the approximation-error of the
function f by the polynomial Bf does not exceed a quantity depending on the
Lipschitz constants and the degree of Bf only. This way it is the full analogue
to the one-dimensional case observed first by A.O. Geldfond.

% This research was supported by grant CPBP 01.01.1/3 (1987,1989)
from the Polish Academy of Sciences.




68 J. Albrycht, A. Marlewski

1. One-dimensional case. Gelfond has shown [1] that
maxo<z<i1 |Baf(2) — f(2)| < ;L

for every function f € Cio,1> such that its derivative f' satisfies the
Lipschitz condition of degree 1 and constant L. Here B, f stands for
the classical Bernstein polynomial of degree n built for a function f,
i.e. Bpf(z):= X7, (1) pn,j(z), where p, ;j(z) = (’J.‘):cj(l —z)™7 and
z€e<0,1>.

2. Approximation on the unit square. In 1933 Hildebrandt
and Schoenberg have extended the notion of Bernstein polynomial to
the case when a function f being approximated is defined on the unit
square

K :={(z,y) €R?: 0 < z,y < 1}.
They set
Bm,nf(z, y) = Zm=o ZZ:D f (#7 %) pm,j(z)pn,k(y)

and they proved that B,, ,f tends to the function f uniformly in the
space Ck (of all functions continuous on the domain K) as m and n
increase to the infinity.

The polynomials By, ,f have been investigated a.o. by Butzer
and Aramd (for details on bibliography see [2]). In the fifties they have
proved the analogues of the classical one-dimensional cases (concerning
the approximations of the derivatives of the function f by the deriva-
tives of the polynomial B,, , f and the preserving of the convexity of the
function f by its polynomial By, ,f, respectively). Here we complete
these analogues, namely we give the analogue to the Gelfond’s result
listed in Part 1, that is we show that there holds the following
Theorem 1. Let f; and f, be the first derivatives (with respect to the
first and the second argument, respectively) of a function f € Cy and
let Ly, Ly be the positive constants such that

(*) fi(z,y) = f(s,8)] < L1l — s| + Loy — |

for j =1,2 and for every points (z,y),(s,t) € K (we assume here that
|z — 3|, |y — t| <1, naturally). Then

|Bm,nf(z,y) — f(z,9)| < 2 (2L, + 1 L,).
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Proof. We will use the identities
m . '
Y (LY pmile)=2”  for  r=0,1
=0

and the following form of the Mean Value Theorem

f(zay) - f(37t) = f1(0'7y)(z - 3) + fz(z,T)(y - t)a

where o and 7 are the points laying somewhere in the intervals
(z—|z—s|,z+|z—s|) and (y—|y—1|, y+|y—t|), respectively. Applying
the above and the Lipschitz condition (*) we obtain

|f(z’y) - f(sat) - fl(sat)(m - 8) - fZ(sat)(y - t)l <
< Li(z — 8)% + La(y — t)2.

Therefore the remainder R := B, »f(2z,y) — f(2,y) can be estimated
as follows

B < S A ) ~ Ao e L1t

§=0 k=0

FIR(L ) = Aol )l 1y = =3P s(2)ps(y) <
<L1M+L2ggk_) 1(1L1+_L2) <>

- m n 4 'm

3. Approximation on the standard simplex. Now we investi-
gate the case when a function f is defined on the standard simple

T :={(e,y) eR*: 0< z,y,z +y < 1},

On this triangle there are defined the Steffensen polynomials p,, ; «

Pm,j k(T Y) = <TJn) (mk_ j> oIyt (1— ¢ — y)™ Ik,

Making use of them one can define (see [3]) the following polynomials
Smf,
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Smf(z,y) = ZJ ozk f(mam)Pm,J, (z,9)-

These polynomials, called the Bernstein polynomials on the triangle
T, were investigated a.o. by Stancu (1960) and Lupag (1974) whose
obtained the analogical theorems to Butzer’s and Arama’s results. That
analogues can be completed (comp. Theorem 1) by the following
Theorem 2. If f € Ck and if the Lipschitz condition (x) holds true
for j =1,2 on the whole triangle T, then

1S f(2,y) — f(z,9)| < g (L1 + L2).-

Proof goes similarly to the proof of Theorem 1, one has only use the
identities

Yo Zm—_j Pm,jk(2,y) =1,
Z] OZk 0 mpm,J, Kz,y) = =,
ZJ OZkOum,J,( y)=y. ¢

4. Multidimensional cases. Using the same technique as in Part
2 and Part 3 one can easily obtain the multidimensional analogues of

" the Theorems 1 and 2 concerning the Bernstein approximation on the
cubes

{(z1,22,...,24):0<z; <1 for j=1,2,...,d}
and on the simplexes

{(z1,22,...,24): 0<2; <1 for j=1,2,...,d andz z; <1}

j=1
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